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ABSTRACT

In this paper, a method to construct sheaf of «2-algebras via compatible tolerance relations is presented. A necessary
and sufficient condition for the existence of sheaf of (2-algebras via tolerances is also observed. Further, using the
method a sheaf is constructed over a bounded distributive lattice L such that L is isomorphic with the collection of all
global sections.
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I. INTRODUCTION

The theory of sheaves dates back to 1950’s when Jean Leray first introduced the concepts. Later Grothendieck [10]
gave a category theoretic approach to sheaves. Subsequently the sheaf concepts are developed by several
mathematicians in different fields like Complex analysis and Partial Differential Equations. Recently applications of
sheaf theory are also reported in the domain of Philosophy. Grant Malcolm [9] applied sheaves concepts in theoretical
computer science. However, the Algebraic, Topological approach is developed by the works of researchers like Comer
[22], Keimel [16], Hofmann [15], Swamy [23].

Swamy [23] and Wolf [1] independently developed a construction mechanism for sheaves of Universal algebras based
on Chinese reminder theorem. The construction of global sheaves of algebras over Boolean spaces is done via
congruences. The elements of the stalks are the congruence classes in the sheaves of algebras as per the construction
given by Swamy [23], which in turn are generated from equivalence classes. However, in real life on a collection of
objects establishing equivalence relations restricts the information and hence there is a need to relax them to tolerance
relations as they inherits a great amount of information of the objects as well as easier to establish in several ways.

However, the tolerances are not that friendly to establish the algebraic structures when compared with equivalences.
The algebraic theory of tolerances and compatible tolerances were studied by Chajda [11], Pogonowski [13] and
Zelinka [5]. Recently the construction of sheaves of sets via tolerance relations is studied by M.P.K.Kishore [19] et al.,
in which a construction mechanism based on tolerances is presented on the lines of construction given by Swamy [23]
and established linkages with graphs.

In the present work, the construction of sheaves of (2-algebras over compatible tolerances is studied and established a
necessary and sufficient conditions for existence of global sheaves of algebras over compatible tolerances. The
construction is applied on a Distributive lattice in which tolerances are constructed through Prime ideals.

2. PRELIMINARIES

To make the paper almost self-contained we recall some basic definitions that will be useful for out presentation. We
start with the following.

Corresponding Author: P. Vamsi Sagar?*,
Research Scholar, Department of Mathematics,
Rayalaseema University, Kurnool, Andhra Pradesh, India.
International Journal of Mathematical Archive- 9(3), March-2018 142


http://www.ijma.info/�

P. Vamsi Sagar* and M. P. K. Kishore / Construction of Sheaves of Algebras via Tolerances / IJMA- 9(3), March-2018.

Definition 2.1: Lattice: An algebraic structure (L, v, A), consisting of a set L and two binary operations v and A on L is
a lattice if the following axiomatic identities hold for all elements a, b, ¢ of L.

(i) Commutativelaws:a Vb =bVa,aAb=>bAa

(if) Associative laws: a v (b Vc) = (a Vb)Vc, a A (b /\c) =(a Ab) Ac
(iii) Absorption laws:a v (aA b) =a, a A(a Vb) =a

(iv) Idempotentlaws: a V. a = a, a A a =a

Definition 2.2: Bounded lattice: A bounded lattice is an algebraic structure of the form (L, v, A, 0, 1) such that
(L, v, A)is a lattice, 0 (the least element) is the identity element for the join operation v, and 1 (the greatest) is the
identity element for the meet operation A.

Identity laws:av0=0va=a,anl=1Aa=a

Definition 2.3: Distributive lattice: A lattice L is distributive if for all elements a, b, ¢ of L.
i) av(bac)=(avb)a(avec).
ii) anbbvec)=(@Aab)v(@nac).

Definition 2.4: Tolerance relation: A tolerance relation is a reflexive and symmetric relation on a set.

Definition 2.5: Compatible tolerance: Let (4,Q) be an algebra. Let n be a tolerance on A. Then n is said to be
compatible tolerance if for every o € Q,, aay ..,a,by b, ...,b, €A such that (a;b;)1<<n € n implies
(U(alﬁaZﬁ '"Pan)’ U(blﬁbZﬁ an)) € 77

Definition 2.6: Bijective tolerance: A tolerance n on A is said to be bijective tolerance if A = A|n.

Example 2.7: Let A = {1,2,3,4}and n = A U {(1,2),(2,1), (3,4), (4,3), (2,3), (3,2)}
where A= {(1,1),(2,2), (3,3), (4,4)} then the tolerances n on A are n[1] = {1,2}, n[2] = {1,2,3}, n[3] = {2,3,4}
,n[4] = {3,4} and the tolerance classes are

Aln = {nl1],n[2],n[3],n[4]}

Definition 2.8: Sheaf: A sheaf (of sets) is a triple(S, &, X) satisfying the following
(i) S,X are topological spaces.
(ii) m is alocal homeomorphism of S onto X,

that is, m: S — X is surjection such that for any s € S, there exists open sets G, U in S, X respectively such thats € G,
n(s) € U and m|s: G — U is a homeomorphism. S is called the sheaf space, X is called the base space and 7 is called
the projection. Often we say that (S, , X) is a sheaf over X. For any p € X,z~1(p) is a non-empty set and is called the
stalk at p, denote it by S,,. Note that S is a disjoint union of all 5,'s.

Definition 2.9: Sheaf 2-of algebras: By a sheaf of Q-algebras we mean a sheaf (S, , X) satisfying the following.
(i) Foreachp € X, the stalk S,, is anQ-algebra.

(if) The Qoperations are all continuous, that is, if o is an n-ary operation, then the map (51,52, Sn) -
(51,5, -, Sy is a continuous map of S™ = {(sy 5, ..., s,) € S™|m(sy) = m(s;) = -+ = m(s,)} into S.Here,
we regard S™as a subspace of the product space S™.

Theorem 2.1: Let(4,2) be an algebra. Letn be a compatible tolerance on A. For eacha, a, ...,a, € 4, ¢ € {2,
define (c(n(ay), n(ay), ...,n(ay)) = n(a(ay,a,, ...,a,)) then A|n is also an £2-algebra.

Proof: Letn(a,), n (ay),...,n(ay) € A/n.  Observe that a[n(a,), n(a,), ...,n(a,)] = nlo(ay, a,, ..., a,)]. Since A
is an 2 -algebra, a(ay,a,, ...,a,) € A implies n(o(ay, ay, ..., a,)) € Aln implies a[n(a,), n(a,), ...,n(a,)] € Aln.
Hence A|n is an 2-algebra.

3. EXISTENCE OF SHEAVES OF Q-ALGEBRAS

Theorem 3.1: Let(4, 2) be an 2-algebra. Let X be a topological space. Let T(A) be the set of all compatible tolerances
on A. Suppose there exists a continuous map p - n, from X to T(A) where n,, is a compatible tolerance on A. Then

there exists a sheaf of 2-algebras on 4 if and only if for any a, b € A, X(a,b) = {p € X|a(p) = b(p)} is open in X.

Proof: First we observe the construction of sheaf of algebras via compatible tolerances.
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Sheaf Construction: Let X be a topological space and (4, 2) be an Q-algebra. Let T(A)be the set of all compatible
tolerance relations on A. Let p +~ 1, be a map of X into T'(A). LetS,, be the quotient space A|n,, for any p € X. Since n,
is a compatible tolerance, by the above theorem (2.1) each S, = A|n,, is an Q-algebra. Define S = Ujex Sp,be the
disjoint union of S,,'s. Define a@: X — S by a(p) = n,(a) for a € A. Consider a largest topology on S such that a is
open and continuous for each a € A and define m: S — X by n(s) = p forall s € S,,. (S, «, X) forms a triple.

Now we prove the necessary and sufficient condition for (S, 7, X) to be a global sheaf of algebras.

Let (S, 7, X) be a global sheaf. First we prove that for a € 4,4 is a global section. Continuity of @ is clear from the
definition. Also 7o a(p) = n(a(p)) == (np(a)) = p, for all p € X. Therefore o @ is the identity and hencedis a

global section. Now we claim that X(a,b) is open in X. Let p € X(a,b) that is, p € X and a(p) = b(p) = s
(say), s €S. By the definition of sheaf there exists open sets Gand Uin Sand X respectively such that s € G
and |z G - U is a homeomorphism. Observe that (s) = n(@(p)) = p, p € U.

Now take V = a~*(G) n b~1(G) n U. Since @, b are continuous and U is open, it follows that V is open in X andp € V.

Now for any q € V, a(q),b(q) € Gandn(a(q)) == (B(q)). From the fact that | ; is a one-one map, it follows that,
d(q) = b(q). Therefore g € X(a, b) and hence X(a, b) is open.

Conversely assume that X(a, b)is open in X. We now prove that(S,m, X) is a global sheaf. Let s € S. Then there
existsp € X, a € A suchthat s € n,(a). Now since n,(a) = @(p), a(p) € a(X) it follows that s € a(x).

We now prove that | 5(x): @(X) — X is a homeomorphism.

Suppose 7| 4(x) (np(a)) = lawn) (nq(a)). By definition of , it follows that p = q. Thus, ,,(a) = n4(a) and hence
| 4cx) iS ONe-to-one.

Given p € X, observe that m|;(x) (np(a)) =pfora € 4, n,(a) € a(X). Therefore |4 is onto.

Let U be open inX and s € (n|ﬁ(x))_1(U). Then 7|4(x)(s) € U. Now since s € S, for some p, there exista € A such
that s = n,,(a) and hence m|4(x) (np(a)) € U. Since 1| 4(x) (np(a)) = p, it follows that p € U, clearly a(p) € a(U).

From the fact that @ is an open map, it is clear that a(U) is open in S.

Lets’ € a(U). Thens' = a(q) (= nq(a)) for some g € U.

It can be observed that 7|4 (x) (nq(a)) elUasm (Tlp(a)) = q. Therefore s = n,(a) € (m|)~L().
Thus a(U) € m|ax)(U) and hence |4y is continuous.

Let H be an open set in @(X). By the subspace topology induced by S, there exists an open set G in S such that
H=aX)nG . Let se H; then there exists ¢ € X such that s = d(q) (= nq(a)),s € G. Since q € a~1(G),
consider W = a~1(G) n X. Clearlyq € W and W is openinX.

Now letp € W, that is, p € a~1(G) N X. Then a(p) € G and since a(p) € a(X), it follows that
a(p) € aX)NG =H.p =|ax(@(P)) € mlage(H). Thus 7|4k is an open map.

Now it is enough to show that every n-ary operation ¢ € Q,, is continuous from §™ — S,

Leto € Q,.To show that o:S™ — S is continuous, let H be an open set in S. We have to show that ¢~*(H) is open
in S™ . Let o(sysy .., 5,) € H, where s;5, ...,s, € S™ and there exists a,a,as, .., a, € A such that
Si=mnp(a;) for some p (Since (S,m, X) is global) and each S, being an algebra. Now
J(np(al),r}p(az),np(a3), ...np(an)) € H implies np(a(al,aZ, w,@y)) € H which implies o(ay, az, -, a,)(p) € H.
Since o(a,, a:, a,)being continuous there exists an open set U in X containing p such that o(a,, a:, a,)(U) € H.
Now consider W = (a;(U) X @;(U) X ...x @y (U)) n S®™. Clearly W is an open set in S®™ containing(sy s, .., S»)-
Let t = (a7(q), @3(q), .., @n(q)) € W forsomeq € U.
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Then o(t) = 0(a@(9), @ (9, -, @ (@) = 0(1g(@1), Ng(a2), Mg (@3), -, 1g(@n) = 1 (0(ar, az, ., ) =

I — —_—
2,

o(ay, ay ...,a,)(q) € H, since o(ay, a,, ..., a,)(U) S H. Which implies o(W) < H and hence o is continuous. Thus
(S, m, X) is a sheaf of Q-algebras.

Theorem 3.2: Let L be a bounded distributive Lattice |L| > 2. Let X = Spec(L) be the spectrum of L. For each P € X,
define np = {(x,y) € LXL|(x =y)V(x € P) V(y € P)}. Then (1) npis a tolerance on L. (2) npis lower semi
compatible.

Proof: (1) Claim: np is a tolerance on L. For any x € L, (x,x) € np therefore np is reflexive. Also for any x,y € L,
(x,¥) € np. we have to show that (y,x) € np

Case (@): Letx =y =2 y=x> (y,x) €Enp
Case (b): Letx € P = (y,x) Enp

Case (c): Lety € P = (y,x) € np. Hence in all the cases for (x,y) € np = (y,x) € np. Therefore np is symmetric.
Thus np is a tolerance on L.

(2) Claim: npis lower semi compatible.

Let (x1,¥1), (x2,¥2) € np. We have to show that (x; A x5, y; AV,) € np.

Case (i): Letx; = yyandx, =y, 2 x; Axy, =y, Ay, = (6 Ay, y1 AY2) € Bp.

Case (ii): Let x; = y,and x, € P, since x; A x, < x, € P implies x; A x, € P asaresult (x; Axy,y1 AYy,) € np.
Case (iii): Also let x; = y; and y, € P, since y; Ay, <y, € P impliesy; Ay, € P,asaresult (x; Ax,,y; Ay,) € 1p.
Case (iv): Let x; € P and x, = y,, since x; Ax, < x; € P implies x; A x, € P, and hence(x; A x5, ¥, AY,) € Np.

Case (v): Lety, € Pand x, = y,, sincey; Ay, <y, €EP =y, Ay, € P alsoy, € P,x, € P and since
X1 Ax, < x, € Pimpliesx; Ax, € PAlIsoy, €EP,y, EP =y, Ay, € P hence (x; A Xy, Y1 AY2) € Np.

Case (vi): Also x; € P,y, € Pand since y; Ay, <y, € P, hence (x; Ax,, vy, AY,) € np. Hence np is lower semi
compatible.

By interchanging the roles of x,, y,the other cases follows.

Theorem 3.3: Let L be a bounded distributive Lattice. Let X = Spec(L) be the spectrum of L. Let T(L) be the
tolerances on L . For each P € X , definenp, = {(x,y) € L X L|(x =y) V (x € P) V (y € P)} Topoligize T(L) with
the largest topology for which{< a,b > |a,b € L} forms a sub base where < a,b >= {np € T(L)|np(a) = np(b)}
then the map P = np: X — T(L) is continuous.

Proof: Let H be an open set in T(L). To show that f~*(H) is open in X. Let H =< a;,b; >N< ay, b, >N ...N<
an, b, >for some a,a, ...,an, by by ..., b, € L. Letq € f~1(H). Then f(q) € Hwhich implies f(q) € < ay,b; >N
< ay b, >N ..N< ay, b, >. Then there exists Wy, W,, ..., Wyopen in T(L) such that f(q) € W; € < a;, b; >(1<i<n)-
Thus f(q) € N, W; € NL, < a;, b; >= H which implies g € f~*(NIY, W;) < f~*(H). Therefore f:P » np: X -
T (L) is continuous.

Now the general method described above is applied on an algebraic structure of a bounded distributive lattice.

Theorem 3.4: Let L be a bounded distributive lattice, then there exists a sheaf of algebras (S, m, X) such that L is
isomorphic with

r'X,S) ={f — f is a continuous map from X to S such that w o f = idy} and each stalk is a lower semi
lattice.

Proof: Consider X = Spec(L) be the spectrum of L, that is, X = {P|P is a prime ideal of L} equipped with the well-
known hull-kernel topology. For each P € X define S, = L/npwhere np is defined as

np, ={(a,b) EL|(a=b)V(a€P)V(beEP)}=AUPXL)U XP)andn,(a) ={beL|(a,b)en,}

Case (i): If a € P thennp(a) = L
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L ifa€eP

Case (ii): If a ¢ P thennp(a) = {b € L|b € P} U {a}, hence np(a) = {P Ufa}ifa & P

Structure of L/np = {np(a)|a € L} (={@(p)/a € L})

Define <, on L|np by np(a) <, np(b) ifand only if a <b.
Thenfora,binLif a <b,

Case (i): Ifa,b € Pthennp(a) =L =np(b)

Case (ii): Ifa e P,b ¢ P thennp(a) = L,np(b) = P U {b}

Case (iii): If a ¢ P, b € P this case does not arise since P is an (prime) ideal.

Case (iv): Ifa ¢ P,b & Pthen np(a) = Pu{a} <p, PuU{b}= np(b).

Hence L <, PU{b}Vb & P,P U {a} <, P U {b} <, P U {1} where 1 is the greatest element of L.

Thus L/7np is a bounded lower semi-lattice with L as the least element and P U {1} as the greatest element.
Let S = Upex Sp, the disjoint union of Sp's. For each a € L define a(P) = np(a).

Topologise S with the largest topology with respect to each a is continuous. Then by theorem 3.1 (S, m, X) is a global
sheaf, since P ~ np being continuous. It is enough to show that L = I'(X, S).

Let a(P) = b(P) for all P. Then, (a,b) € 1p, VP and since P = {0} being the smallest prime ideal and Ny =4, it
follows that (a, b)e A and thus a = b.

Let f: X — S be a global section, then there exists a € A such that f(P) = np(a) = @(P) VP implies f = a. Hence
I'(X,S) isonto. Therefore L = I'(X, S).

Theorem 3.5: Let L be a bounded distributive Lattice. For P € Spec(L),
np ={(x,y) € LXL|(x =y)V (x € P) V(y € P)}define ~pon L/5,by np(x)~pnp(y) if and only if
x,y € PV (x =y)then ~, is an equivalence relation.

Proof: Reflexive: Let x € P, clearly (x, x) € n,, and hence 7,(x)~p np(x). Thus ~pis reflexive.
Symmetric: Let (7p(x), np(y)) € ~p, impliesx,y € PV (x = y), np(y)~pnp(x), therefore ~,is symmetric.

Transitive: Let np(x) ~p np(y) which implies x,y € PV (x =y) and np(y)~pnp(z) which implies y,z € Pv
(v =2).

Case (i): letx =y, y = zimplies x = z.
Case (ii): letx =y and y, z € P which implies x, z € P.
Case (iii): lety = z and x,y € P which implies x,z € P.

Case (iv): let x,y € Pandy, z € Pimpliesx,z € P in all the cases np(x)~pnp(z) therefore ~,is transitive.
Hence ~p is an equivalence relation.

Observe that in (L/77,)/~p, [1p(0)]~, = [Mp(x)]-, Vx € Pand [n,(3)]., = {np(»)} .Let us denote (L/7,)/~p as
I

Theorem 3.6: Let L be a bounded distributive Lattice. For P € Spec(L) ,

np ={(x,y) € LXL|(x=y)V(x €P) V(y€ P)}define ~pon L/n,by np(x)~pnp(y) if and only if

x,y € PV (x =y) then ~pis an equivalence relation. Let (L/7,)/~p be denoted as Ly then, (Lp,<p) is a lattice,
where <pdefined on L, by [n,()]~, <p [1p(2)]-, ifand only if y < z

Proof: First we observe that L, — [np (0)], is asub lattice of L.

Let [1p()]~p, 1, (D]~ € Lp = [1p(0)]-,
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which implies
Mp(]~p, Me(]~, # Mp(0)]-, and hene x,y & P. Since P is prime ideal,x Ay ¢ P,xVy & P which implies

[Mp&E AW ]~p, [(Mpx VY-, € Lp — Mp(0)]-,.

Hence L, — [7,(0)]-,is a lattice which is also distributive since L is distributive and

[(1p(X) VI, () A (D] <y = [ (V) Anp(D)], = [(1p(x VY)) A2)]-,and

[ )V (1, ) A (2] = (M) VI, (Y A2, = [Mp(xV P AZ)],
distributive lattice [np(1)]., as the greatest element. Hence (Lp, <p) is a distributive lattice. Hence each L/np,can be
regarded as a bounded distributive lattice.

4. CONCLUSION
In this paper, construction of sheaves of algebras via compatible tolerances is studied and the mechanism is
implemented on a bounded distributive lattice. It is observed that, with the tolerance relation being semi compatible, the

stacks are observed to be lower semi lattices isomorphic with the given lattice.
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