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ABSTRACT 
In this paper, we introduce α − admissible function associated with four maps and obtain a unique common fixed 
point theorem. We also give an example to illustrate our main theorem. 
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1. INTRODUCTION AND PRELIMINARIES 
 
In 1973, Geraghty [3] introduced an interesting class of auxiliary functions to refine the Banach contraction mapping 
principle. Let ℱ denote a set of   all functions [ ) [ )1,0,0: →∞β  satisfying the condition 

( ) 1lim =
∞→ nn

tβ implies   .0lim =
∞→ nn

t  

 
By using the function ∈β ℱ, Geraghty [3] proved the following remarkable theorem. 
 
Theorem 1.1 [3]: Let ( ),X d  be a complete metric space and XXT →:  be an operation. If T satisfies

( ) ( )( ) whereXyxallforyxdyxdTyTxd ,,),(,, ∈≤ β ∈β ℱ, then T has a unique fixed point in X. 
 
Definition 1.2: Let  Ψ  denote the class of all functions [ ) [ )∞→∞ ,0,0:ψ  which satisfy the following conditions 

(a) ψ  is non-decreasing and continuous,  
(b) .00)( =⇔= ttψ     

 
Definition 1.3 [4]: Let gandf  be self mappings on a metric space ( ),X d . The pair ( ),f g  is said to be 

compatible if ( ), 0n nd fgx gfx → whenever there exists a sequence { }nx  in X such that nfx z→ and
.ngx z for some z X→ ∈  

 
Samet et.al [6] introduced the notion of α − admissible mappings as follows 
 
Definition 1.4 [6]: Let X be a non empty set, XXT →:  and [ )∞→× ,0: XXα be mappings. Then T is called 

α − admissible if for all Xyx ∈, , we have ( ) ( ) .1,1, ≥≥ TyTximpliesyx αα  
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Some interesting examples of such mappings are given in [6]. Actually, they proved the following 
 
Theorem 1.5 [6]: Let ( )dX ,  be a complete metric space. Suppose that [ )∞→× ,0: XXα  and [ ) [ ): 0, 0, ,ϕ ∞ → ∞

where φ  is non-decreasing and ∑ ∞<)(tnφ for each .0>t  Suppose that XXT →: satisfies 

( ) ( ) ( )( )yxdTyTxdyx ,,, φα ≤  for all ., Xyx ∈  
 
Assume the following  

(i) T is −α admissible, 
(ii) there exists Xx ∈0 such that ( ) ,1, 00 ≥Txxα  

       (iii) either T is continuous or if { }nx is a sequence in X with ( ) 1, 1 ≥+nn xxα  

             for all ∈n 𝒩(the set of all natural numbers) ,∞→→ nasxxand n  then ( ) 1, ≥xxnα  for all ∈n 𝒩. 
Then T has a fixed point in X. 
 
Further, if for any ,, Xyx ∈ there exists Xz ∈  such that ( ) 1, ≥zxα and ( ) 1, ≥zyα  then T has a unique fixed 
point in X. 
 
Recently. Karapinar et.al [5] defined the notion of triangular α − admissible mappings as follows  
 
Definition 1.6 [5]: Let X be a non empty set, :T X X→ and [ ): 0,X Xα × → ∞  . Then T is called triangular α −
admissible if 

(i) ( ) ( ) 1,1,,, ≥⇒≥∈ TyTxyxXyx αα  

(ii) ( ) ( ) ( ) .1,1,1,,,, ≥⇒≥≥∈ yxyzandzxXzyx ααα  
 

Later Shahi et.al [7] and Abdeljawad [1] defined the following  
 
Definition 1.7 [7]: Let X be a non empty set, , :f g X X→ and [ ): 0,X Xα × → ∞  . Then f  is said to be α −

admissible with respect to g  if ( ) ( ) .,1,1, Xyxallforfyfximpliesgygx ∈≥≥ αα  
 
Definition 1.8 [1]: Let X be a non empty set, , :f g X X→ and [ ): 0,X Xα × → ∞  . Then the pair ),( gf  is said 

to be −α admissible if ( ) ( ), 1 , 1x y implies fx gyα α≥ ≥ ( ), 1 , .and gx fy for all x y Xα ≥ ∈  
 
Using these definitions, we introduce the following  
 
Definition 1.9: Let X be a non empty set and XXTSgf →:,,, and [ )∞→× ,0: XXα  . The pair ),( gf  is 
said to be −α admissible w.r.to the pair ),( TS  

( ) ( ) ( ) ( ), 1 , 1 , 1 , 1.if Sx Ty implies fx gy and Tx Sy implies gx fyα α α α≥ ≥ ≥ ≥  
 
Definition 1.10: ),( gf  is called triangular −α admissible w.r.to (S,T) if  

(i) ),( gf is −α admissible w.r.to (S,T) and  

(ii) ( ) ( ) ( ) .,,1,1,1, Xzyxallforzxzyandyx ∈≥⇒≥≥ ααα  
 
Recently Shahi et.al [7] and Cho et.al [2] proved the following 
 
Theorem 1.11 (Theorem 3.1, [7]): Let ( ),X d  be a complete metric space and , :f g X X→ be such that 

( ) ( ).f X g X⊆  Assume the following  
(1.12.1) f  is −α admissible with respect to ,g  

(1.12.2) ( ) ( ) ( )( ) wheregygxMfyfxdgygx ,,,, ψα ≤  

             
( ) ( ) ( ) ( ) ( ) ( ) andfxgydfygxdfygydfxgxdgygxdgygxM







 ++

=
2

,,,
2

,,,,max,
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              [ ) [ )∞→∞ ,0,0:ψ is continuous, nondecreasing and ∑
∞

=

>∞<
1

,0)(
n

n tallfortψ  

(1.12.3) there exists Xx ∈0 such that ( ) ,1, 00 ≥fxgxα  

(1.12.4) if { }ngx is a sequence in X such that ( ) andnallforgxgx nn ,1, 1 ≥+α  

       ),(Xggzgxn ∈→ then there exists a subsequence { }ofgx
kn { }ngx  such that ( ), 1, .

kngx gz for all kα ≥  

 
Also suppose that )(Xg  is closed. 
 
Then gandf have a coincidence point. 
 
Theorem 1.12 (Theorem 2.1, [2]): Let ( )dX ,  be a complete metric space [ )∞→× ,0: XXα be a function and 

.: XXT → suppose that the following conditions are satisfied  
(1.13.1) ( ) ( ) ( )( ) ( ) whereXyxallforyxMyxMTyTxdyx ,,,,,, ∈≤ βα ∈β ℱ  and   

              ( ) ( ) ( ) ( ){ },,,,,,max, TyydTxxdyxdyxM =  
(1.13.2) T is triangular −α admissible, 
(1.13.3) there exists Xx ∈1 such that ( ) ,1, 11 ≥Txxα  
(1.13.4) T is continuous. 
Then T has a fixed point. 
 
Now we prove our main result to generalize Theorems 1.11 and 1.12. 
 
2. MAIN RESULT 
 
Theorem 2.1: Let ( )dX , be a complete metric space and [ ): 0,X Xα × → ∞ be a function. Let , ,f g S and T be self
mappings on X satisfying 
(2.1.1) ( ) ( ), ( ) ( ),f X T X g X S X⊆ ⊆  

(2.1.2) ( ) ( )( ) ( )( )( ) ( )( ), , , , ,Sx Ty d fx gy M x y M x y for all x y Xα ψ β ψ ψ≤ ∈  
             where ∈β ℱ,  ∈ψ   Ψ   and 

           
( ) ( ) ( ) ( ) ( ) ( )[ ] ,,,

2
1,,,,,,max,







 += fxTydgySxdgyTydfxSxdTySxdyxM                  

(2.1.3) the pairs ( ) ( ), g,Tf S and  are compatible and S and T are continuous on X, 

(2.1.4) ( ),gf is triangular α − admissible w.r.to ( )S,T ,  

(2.1.5) 1),( 11 ≥fxSxα  and   1),( 11 ≥Sxfxα  for some   Xx ∈1 , 

(2.1.6) Assume that ( ) ( ) ( ) ( )2 2 1 2 2 1 2 1, y 1, ,Ty 1, z, y 1 , 1n n n n nSy y and z zα α α α− + −≥ ≥ ≥ ≥  
            whenever there exists a sequence    
           { } 1( , ) 1 1,2,3,...... .n n n ny in X such that y y for n and y z for some z Xα + ≥ = → ∈   

Then , ,f g S and T have a common fixed point. 

(2.1.7)  Further if ( ), v 1uα ≥ whenever u  and v  are common fixed points of , ,f g S and T  

             then , ,f g S and T have unique common fixed point in X. 
 
Proof: From (2.1.5), we have ( )1 1 1, 1 .Sx fx for some x Xα ≥ ∈   
 
From (2.1.1), define the sequences { } { } :n nx and y as follows  

1 1 2 2 2 3 3 3 4 4 4 5, , , ,....y fx Tx y gx Sx y fx Tx y gx Sx= = = = = = = =  

2 1 2 1 2 2 2 2 2 2 2 3, , 0,1, 2,....n n n n n ny fx Tx y gx Sx n+ + + + + += = = = =  
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Now 

( ) ( )
( ) ( )
( )
( ) ( )
( )
( ) ( )

1 1 1 2

1 2 1 2

2 3

2 3 2 3

3 4

3 4 3 4

, 1 , 1

,g 1, (2.1.4), . , y 1

, 1

g , 1, (2.1.4), . , y 1

, 1

,g 1, (2.1.4), . , y 1

Sx fx Sx Tx

fx x from i e y

Tx Sx

x fx from i e y

Sx Tx

fx x from i e y

α α

α α

α

α α

α

α α

≥ ⇒ ≥

⇒ ≥ ≥

⇒ ≥

⇒ ≥ ≥

⇒ ≥

⇒ ≥ ≥

 

 
Continuing in this way, we have 

( )1, y 1 1,2,3,...n ny for nα + ≥ =                                                                                                  (1) 
 
Similarly using 1),( 11 ≥Sxfxα , we have 1),( 1 ≥+ nn yyα for  n=1,2,…….                                                             (1)1 

 
By (2.1.4), using triangular property, we have 

( ), y 1 .m ny for m nα ≥ <                                                                                                              (2) 
 
Case-(a): Suppose 2 2 1.m my y +=  
 
Then ( ) ( )2 1 2 2 2 2 1,T , y 1 (1).m m m mSx x y fromα α+ + += ≥  
 
Now 

( )( ) ( )( )
( ) ( )( )

( )( )( ) ( )( )

2 1 2 2 2 1 2 2

2 1 2 2 2 1 2 2

2 1 2 2 2 1 2 2

, y ,

,T ,

, , ,

m m m m

m m m m

m m m m

d y d fx gx

Sx x d fx gx

M x x M x x

ψ ψ

α ψ

β ψ ψ

+ + + +

+ + + +

+ + + +

=

≤

≤

 

where 

( )
( ) ( ) ( )

( ) ( )

( )

2 2 1 2 2 1 2 1 2 2

2 1 2 2
2 2 2 2 1 2 1

2 1 2 2

, , , , , ,
, max 1 , ,

2
,

m m m m m m

m m
m m m m

m m

d y y d y y d y y
M x x

d y y d y y

d y y

+ + + +

+ +

+ + +

+ +

 
 =  

 +   
=

 

 

Thus ( )( ) ( )( )( ) ( )( )2 1 2 2 2 1 2 2 2 1 2 2, y , ,m m m m m md y d y y d y yψ β ψ ψ+ + + + + +≤
 

 
Heance 

 ( )( )( )[ ] ( )( ) 0,,1 22122212 ≤− ++++ mmmm yydyyd ψψβ  which in turn yields that  

( )( )2212 , ++ mm yydψ =0  so that .2212 ++ = mm yy  
 
Continuing in this way we get  2 2 1 2 2 ....m m my y y+ += = =  

Hence { }ny is Cauchy. 
 
Case-(b): Suppose 1 .n ny y for all n+≠  
 
As in Case (a), we have 

( )( ) ( )( )( ) ( )( )2 1 2 2 2 1 2 2 2 1 2 2, y , ,n n n n n nd y M x x M x xψ β ψ ψ+ + + + + +≤                                                  (3) 
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where 

( ) ( ) ( ){ }
( ) ( ) getwethenyydxxMIf

yydyydxxM

nnnn

nnnnnn

22122212

22121222212

,,
,,,max,

++++

+++++

=
=

 

( )( ) ( )( )( ) ( )( )
( )( )

2 1 2 2 2 1 2 2 2 1 2 2

2 1 2 2

, y , ,

,

n n n n n n

n n

d y d y y d y y

d y y

ψ β ψ ψ

ψ

+ + + + + +

+ +

≤

<
 

It is a contradiction. Hence 

( )( ) ( )( )( ) ( )( )
( )( )

2 1 2 2 2 2 1 2 2 1

2 2 1

, y , ,

,

n n n n n n

n n

d y d y y d y y

d y y

ψ β ψ ψ

ψ

+ + + +

+

≤

<
 

 
which in turn yields that ( ) ( )2 1 2 2 2 2 1, y , y .n n n nd y d y+ + +<  
 
Similarly using (2.1.2) and (1)1, we can show that ( ) ( )2 2 1 2 1 2, y , y .n n n nd y d y+ −<  
 
Thus ( ){ }1,n nd y y + is a decreasing sequence of non-negative real numbers. 

 
Hence it converges to some real number 0r ≥ such that 

( )1lim , .n nn
d y y r+→∞

=  

 
Suppose 0.r >  
 

From (3), 
( )( )
( )( ) ( )( )( )2 1 2 2

2 1 2 2
2 1 2 2

, y
, x 1.

, x
n n

n n
n n

d y
M x

M x

ψ
β ψ

ψ
+ +

+ +
+ +

≤ <  

 
Letting n → ∞ and using the continuity of ψ , we get 

( )( )( )2 1 2 21 lim , x 1n nn
M xβ ψ + +→∞

≤ ≤  

 
so that ( )( ) 0,lim 2212 =++∞→ nnn

xxMψ  which in turn yields that ( ) 0 0.r and hence rψ = =  

 
It is a contradiction. Thus 

( )1lim , 0n nn
d y y +→∞

=                                                                                                                                         (4) 

 
Now we prove that{ }ny  is a Cauchy sequence. In view of (4), it is sufficient to show that { }2ny  is Cauchy.  
 
Assume on the contrary that{ }2ny is not a Cauchy sequence. Then there exists 0∈>  for which we can find two 

subsequences { } { } { }2 2 2k km n ny and y of y so that kn is the smallest positive integer such that 2 2 ,k kn m k> >  

( )2 2,
k km nd y y ≥∈                                                                                                                                             (5) 

( )2 2 2,
k km nd y y − <∈                                                                                                                                         (6) 

 
Now from (5) and (6), we have 

( ) ( ) ( ) ( )
( ) ( )

kkkk

kkkkkkkk

nnnn

nnnnnmnm

yydyyd

yydyydyydyyd

2121222

212122222222

,,

,,,,

−−−

−−−−

++<∈

++≤∈≤
 

 



K.P.R. Rao*1 and P. Rangaswamy2 /  
Common Fixed Pointsfor Four Maps Using α − Admissible Functions in Metric Spaces / IJMA- 9(3), March-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                         55  

 

Letting k → ∞ and using (4), we get ( )2 2lim ,
k km nk

d y y so that
→∞

∈≤ ≤∈
 

( )2 2lim ,
k km nk

d y y
→∞

=∈
                                                                                                                                    (7)

 

                                  

We have ( ) ( ) ( )2 1 2 2 2 2 1 2, , ,
k k k k k km n m n m md y y d y y d y y+ +− ≤  

 
Letting k → ∞ and using (4) and (7), we get 

( )2 1 2lim ,
k km nk

d y y+→∞
=∈

                                                                                                                                 
 (8) 

                                 

We have ( ) ( ) ( )2 2 1 2 2 2 1 2, , ,
k k k k k km n m n n nd y y d y y d y y− −− ≤  

 
Letting k → ∞ and using (4) and (7), we get 

( )2 2 1lim ,
k km nk

d y y −→∞
=∈                                                                                                                                  (9) 

                                 

We have ( ) ( ) ( ) ( )2 1 2 1 2 2 2 1 2 2 2 1, , , ,
k k k k k k k kn m m n n n m md y y d y y d y y d y y− + − +− ≤ +  

 
Letting k → ∞ and using (4) and (7), we get 

( )2 1 2 1lim ,
k kn mk

d y y− +→∞
=∈                                                                                                                             (10) 

( ) ( )2 1 2 2 2 1, , 1
k k k km n m nSx Tx y yα α+ −= ≥   from (2) 

( )( ) ( )( )2 1 2 2 1 2, ,
k k k km n m nd y y d fx gxψ ψ+ +=  

 ( ) ( )( )2 1 2 2 1 2, ,
k k k km n m nSx Tx d fx gxα ψ+ +≤  

 ( )( )( ) ( )( )2 1 2 2 1 2, ,
k k k km n m nM x x M x xβ ψ ψ+ +≤  

where 

( )
( ) ( ) ( )

( ) ( )
2 2 1 2 2 1 2 1 2

2 1 2

2 2 2 1 2 1

, , , , , ,
, max 1 , ,

2

k k k k k k

k k

k k k k

m n m m n n

m n

m n n m

d y y d y y d y y
M x x

d y y d y y

− + −

+

− +

 
 =  

 +   

 

, (9), (4), (7), (10).as k from→∈ → ∞  
 
From (11), we get 
                                 

( )( )
( )( ) ( )( )( ) .1,

,
,

212
212

212 <≤ +
+

+

kk

kk

kk
nm

nm

nm xxM
xxM
yyd

ψβ
ψ
ψ

 

 
Letting ∞→k and using (8) and the continuity of ,ψ we get 

( )( )( ) 1,lim1 212 ≤≤ +∞→ kk nmk
xxMψβ  

 
so that ( )( ) 0,lim 212 =+∞→ kk nmk

xxMψ and hence .0.0)( ∈==∈ Thusψ  

 
It is a contradiction.  
 
Hence { }ny2 is a Cauchy sequence. From (4), { }12 +ny  is also Cauchy. 
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Since X is complete, there exists zythatsuchXz n →∈ and hence 

.limlimlimlim 12222212 zSxgxTxfx nnnnnnnn
==== +∞→+∞→+∞→+∞→  

Since S is Continuous, we have  
2

2 1 2 1lim lim .n nn n
S x Sz and Sfx Sz+ +→∞ →∞

= =
 

 
( ) ( )2 1 2 1Sin , , lim , 0.n nn

ce the pair f S is compatible we have d fSx Sfx+ +→∞
=

 
2 1lim .nn

Hence fSx Sz+→∞
=

 
 
Now 

( ) ( )2 1 2 2 2 1, , 1n n n nSSx Tx Sy yα α+ −= ≥
 from (2.1.6) 

( )( ) ( ) ( )( )2 1 2 2 1 2 2 1 2, , ,n n n n n nd fSx gx SSx Tx d fSx gxψ α ψ+ + +≤
 

                                       
( )( )( ) ( )( )2 1 2 2 1 2, , ,n n n nM Sx x M Sx xβ ψ ψ+ +≤

 
where 

( )
( ) ( ) ( )

( ) ( )

2 1 2 2 1 2 1 2 2

2 1 2
2 1 2 2 2 1

, , , , , ,
, max 1 , ,

2

n n n n n n

n n
n n n n

d SSx Tx d SSx fSx d Tx gx
M Sx x

d SSx gx d Tx fSx

+ + +

+

+ +

 
 =  

+    
 

( ), .d Sz z as n→ → ∞
 

 
From (12), we get 

( )( )
( )( ) ( )( )( ) .1,

,
,

212
212

212 <≤ +
+

+
nn

nn

nn xSxM
xSxM
gxfSxd ψβ

ψ
ψ

 

 
Letting ∞→n and using the continuity of ,ψ we get 

( )( )( ) 1,lim1 212 ≤≤ +∞→ nnn
xSxMψβ  

which in turn yields that ( )( ) 0,lim 212 =+∞→ nnn
xSxMψ  so that ( )( ) ..0, zSzHencezSzd ==ψ  

 
Since T is continuous, we have 

2
2 2 2 2lim lim .n nn n

T x Tz and Tgx Tz+ +→∞ →∞
= =  

 
( ) ( )2 2 2 2Sin , , lim , 0.n nn

ce the pair g T is compatible we have d Tgx gTx+ +→∞
=

 
2 2lim .nn

Hence gTx Tz+→∞
=

 
 
Now 

( ) ( )2 1 2 2 2 2 1, , 1n n n nSx TTx y Tyα α+ + += ≥
 from (2.1.6) 

( )( ) ( ) ( )( )
( )( )( ) ( )( )

2 1 2 2 2 1 2 2 2 1 2 2

2 1 2 2 2 1 2 2

, , ,

, ,

n n n n n n

n n n n

d fx gTx Sx TTx d fx gTx

M x Tx M x Tx

ψ α ψ

β ψ ψ

+ + + + + +

+ + + +

≤

≤              (13) 

where 

( )
( ) ( ) ( )

( ) ( )

( )

2 1 2 2 2 1 2 1 2 2 2 2

2 1 2 2
2 1 2 2 2 2 2 1

, , , , , ,
, max 1 , ,

2
, .

n n n n n n

n n
n n n n

d Sx TTx d Sx fx d TTx gTx
M x Tx

d Sx gTx d TTx fx

d z Tz a sn

+ + + + + +

+ +

+ + + +

 
 =  

+    
→ → ∞
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From (13), we get 

( )( )
( )( ) ( )( )( ) .1,

,
,

2212
2212

2212 <≤ ++
++

++
nn

nn

nn TxxM
TxxM
gTxfxd

ψβ
ψ

ψ
 

 
Letting ∞→n and using the continuity of ,ψ we get 

( )( )( ) 1,lim1 2212 ≤≤ ++∞→ nnn
TxxMψβ  

which in turn yields that ( )( ) 0,lim 2212 =++∞→ nnn
TxxMψ  so that ( )( ) ..0, zTzHenceTzzd ==ψ  

 
Now 

( ) ( )2 2 1, , 1n nSz Tx z yα α −= ≥
 from (2.1.6) 

( )( ) ( ) ( )( )
( )( )( ) ( )( )

2 2 2

2 2

, , ,

, , ,

n n n

n n

d fz gx Sz Tx d fz gx

M z x M z x

ψ α ψ

β ψ ψ

≤

≤                                                   (14) 

where 

( )
( ) ( ) ( )

( ) ( )

( )

2 2 2

2
2 2

, , , , , ,
, max 1 , ,

2
, .

n n n

n
n n

d Sz Tx d Sz fz d Tx gx
M z x

d Sz gx d Tx fz

d z fz as n

 
 =  

+    
→ → ∞

 

( )( )
( )( ) ( )( )( ) .1,

,
,

2
2

2 <≤ n
n

n xzM
xzM
gxfzd

ψβ
ψ

ψ
 

 
Letting ∞→n and using the continuity of ,ψ we get 

( )( )( ) 1,lim1 2 ≤≤
∞→ nn

xzMψβ  

which in turn yields that ( )( ) 0,lim 2 =
∞→ nn

xzMψ  so that ( )( ) ..0, zfzHencefzzd ==ψ  

 
Now 

( ) ( ), , 1Sz Tz z zα α= ≥
 from (2.1.6) 

( )( ) ( )( )
( ) ( )( )

( )( )( ) ( )( )

, ,

, ,

, , ,

d z gz d fz gz

Sz Tz d fz gz

M z z M z z

ψ ψ

α ψ

β ψ ψ

=

≤

≤
                                                                (15) 

where 

( )
( ) ( ) ( )

( ) ( )

( )

, , , , , ,
, max 1 , ,

2
, .

d Sz Tz d Sz fz d Tz gz
M z z

d Sz gz d Tz fz

d z gz as n

 
 =  

+    
→ → ∞

 

 
From (15), we have 

( )( )( )[ ] ( )( ) 0,,1 ≤− gzzdgzzd ψψβ  
 
which in turn yields that  ( )( ) 0, =gzzdψ . 
 
Thus gz = z. 
Hence z is a common fixed point of , ,f g S  and T  
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Suppose u and v are two common fixed points of , ,f g S and T  

Then ( ) ( ), , 1Su Tv u vα α= ≥  from (2.1.7)  

( )( ) ( )( )
( ) ( )( )

( )( )( ) ( )( )

, ,

, ,

, , ,

d u v d fu gv

Su Tv d fu gv

M u v M u v

ψ ψ

α ψ

β ψ ψ

=

≤

≤

                                                                (16) 

where 

( ) ( ) ( ) ( ) ( ) ( )

( )

1, max , , , , , , , ,
2

, .

M u v d u v d u u d v v d u v d v u

d u v

 = +    
=

 

 
From (16), we have 

( )( )( )[ ] ( )( ) 0,,1 ≤− vudvud ψψβ  
which in turn yields that  so that ( )( ) 0, =vudψ . Hence .vu =  
 
Thus , ,f g S and T have a unique common fixed point. 
 
Now, we give an example to illustrate Theorem 2.1.  
 
Example 2.2: Let [ )∞= ,0X be endowed with the metric ( ) .,, Xyxallforyxyxd ∈−=  

Define .,
327

,
2

,
18

:,,,
22

XyxallforxTxandxgxxSxxfxbyXXTSgf ∈====→  

Define [ ) ( ) [ ]


 ∈

=∞→×
otherwise

yxif
yxbyXX

,0
1,0,,1

,,0: αα  

Define [ ) [ ) ( ) [ ) [ ) [ ) byandtallforttby 1,0,0:,0
2

,0,0: →∞∞∈=∞→∞ βψψ  

[ ).,0
9
1)( ∞∈= tallfortβ  

 
Clearly the conditions ( ) ( ) ( )4.1.2,3.1.2,1.1.2 and condition ( )5.1.2  with 01 =x are satisfied. 

If [ ] [ ] ( ) .1,1,0
3

1,0
2

2

=∈=∈= TySxthenyTyandxSx α
 

( ) ( )( )
21, ,

2 18 27
x ySx Ty d fx gyα ψ = −

 

                                               

( )( )

( )( )

( )( )( ) ( )( )

21
9 4 6
1 ,
9
1 ,
9

, ,

x y

d Sx Ty

M x y

M x y M x y

ψ

ψ

β ψ ψ

= −

=

≤

=

 

If [ ] [ ] ( ) .0,1,0
3

1,0
2

2

=∉=∉= TySxthenyTyorxSx α  

Thus ( )2.1.2 is satisfied. 
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Clearly ( )6.1.2 is satisfied if we take 
1

.ny for all n
n

=  Clearly ‘0’ is a common fixed point of , ,f g S and T . 

The condition ( )7.1.2 is clear and ‘0’ is unique common fixed point of , ,f g S and T .  
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