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ABSTRACT

In this paper we present acyclic and star coloring algorithms to color the vertices of Duplicate graph of ladder L.,
Also we obtain the chromatic numbers of the same.
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INTRODUCTION

A proper coloring of a graph G is the coloring of the vertices of G such that no two neighbors in G are assigned the
same color. Thoughout this paper, by a graph we mean a finite, undirected, simple graph and the term coloring is used
to denote vertex coloring of graphs.

A acyclic coloring of a graph G is the proper vertex coloring such that the subgraph induced by 2 colors . and B is a
forest. The notion of acyclic chromatic number was introduced by B.Grunbaum in 1973. The acyclic chromatic number
of a graph G = G(V, E) is the minimum number of colors which are necessary to color G acyclically and is denoted by
a(G).

A star coloring of a graph G is the proper vertex coloring in which every path on 4 vertices uses atleast 3 distinct
colors. Equivalently, in star coloring, the induced subgraph formed by the vertices of any 2 colors has connected
components that are stars. The notion of star chromatic number was introduced by B.Grunbaum in 1973. The star
chromatic number, x4(G) of G, is the least number of colors needed to star color G.

A ladder graph L, is a planar undirected graph with 2m vertices and 3m-2 edges. It is obtained as the cartesian product
of two path graphs, one of which has only one edge: Ly, 1= Py X Py, where m is the number of rungs in the ladder.

A duplicate graph of G is DG = (Vy, E;) where the vertex set V=V u V' andV n V' = ¢ and f: V — V' is bijective
(for v € V, we write f(v) = V') and the edge set E; of DG is defined as. The edge uv is in E if and only if both uv’ and
u'v are edges in E;.

Acyclic Coloring of DG(L,)

Coloring Algorithm

Input: DG(Lyy), m> 3

Vo« {Vy, Vo, ooy Vi, VI, VL, Vo o, Vi)
if m = 0(mod 3)

{

m+1
for(k=1to 2{TJ)
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Vi Vako < 1
Vaiet, Vit < 2,
Vi, Vi < 3;

else if m = 1(mod 3)

{
2m+1
for(kzltot 3 J)

{

Vako Vako < 1
Vaiet, Vit < 2,

}

for(k=1to Z{m—HJ)
3

{

¥
}

else

{
for(kzltot

{

Vi, Viae <= 3;

2m+1
J>

Vi, Vi < 3;
Vaiet, Vit < 2,

}

for(k=1to Z{mTHJ)

{

¥
}

Output: vertex colored DG(Ly,)

Vo, Ve < 1;

Theorem: The acyclic chromatic number of DG(L,) is a[DG(L,)] =3, m > 3.
Proof: Color the vertices of DG(L,,) as given in the algorithm.
CASE-(1): When m= 0(mod 3)

. m+1 . m+1
The color class of 1 is {Vax.z, V32 1 <k <2 T }. The color class of 2 is {Vay.1, V'akq; 1 <k <2 T } The

. m+1
color class of 3 is {Vay, V'3 1 <k <2 T }

Case-(i): Consider the color classes 1 and 2. The induced subgraph of these color classes is the union of paths P; and
Py

Case-(ii): Consider the color classes 1 and 3. The induced subgraph of these color classes is a collection of P,.

© 2018, IIMA. All Rights Reserved 2



C. Shobana Sarma® and K. Thirusangu*2 /
Acyclic and Star Coloring of Duplicate graph of Ladder Graph / IIMA- 9(2), Feb.-2018.

Case-(iii): Consider the color classes 2 and 3. The induced subgraph of these color classes is the union of paths P; and
Py

© & & ©o oo o O o o O
v’ LA LA L LA v, v v’ v’ V.

a[DG(L,)]=3

CASE-(11): When m = 1(mod 3)
2m+1

2m+1
The color class of 1 is {Vaxo, V'ak2; 1 <k < { J}. The color class of 2 is {Vax.1, V'ak1; 1 <k < [ 3 J}. The

. m+1
color class of 3 is {Vay, V'3 1 <k <2 T }

Case-(i): Consider the color classes 1 and 2. The induced subgraph of these color classes is the union of paths P; and
Py

Case-(ii): Consider the color classes 1 and 3. The induced subgraph of these color classes is a collection of P,.

Case-(iii): Consider the color classes 2 and 3. The induced subgraph of these color classes is the union of paths P; and
P4

CASE-(I11): When m = 2(mod 3)

. m+1 ) 2m+1
The color class of 1 is {Vac2, V'ak2s 1 <k <2 T }. The color class of 2 is {va.1, V'3k1; 1 <k < 3 }. The
m+1
color class of 3 is {vax, V'3 1 <k<2 {TJ }.
Case-(i): Consider the color classes 1 and 2. The induced subgraph of these color classes is the union of paths P; and

Pa.

Case-(ii): Consider the color classes 2 and 3. The induced subgraph of these color classes is the union of paths P; and
P4

Case-(iii): Consider the color classes 1 and 3. The induced subgraph of these color classes is a collection of P,.
In all the cases, the induced subgraph of any two color classes is not a cycle.

Thus coloring given in the algorithm is an acyclic coloring.

Therefore a[DG(L,)] =3, m> 3.

Star Coloring of DG(L.,)

Coloring Algorithm

Input: DG(Ly,), m> 3

Ve—{V, Vo oo, Vi, Vi, V7o, oo, Vi }
fork=1ton

{
Vi, V' (k-1)(mod 5)+1;

end for
Output: vertex colored DG(Ly,).
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Theorem: The star chromatic number of M(Y’{n+1}) is given by ¢s[DG(L’,)] =5, m > 4.
Proof: Color the vertices of DG(L,,) as given in the algorithm.

Consider the duplicate graph of the ladder graph DG(L,,) with V(DG(Lm)) = <V, V1, Vy, ..., Vim, V), V'1, V'2, vuo, V>,

m m+4
The color class of 1 is {Vsx.4, V'skq; 1 <k < [EJ }- The color class of 2 is {Vsks, V'sk3; 1 <k < [ J }. The color

. m+
class of 3 is {Vsk.2, V's5x2; 1 < k<

ens| M2y

2
J }. The color class of 4 and 5 are {Vgy.1, V’sk.1; 1sk{ J} and {Vsy, Vs

x,[DG(L)]=5

Now we need to examine the subgraphs induced by <C;, Cj> (1 < i < j < 5) a bichromatic path or not.

Consider the color classes <C;, Cj> (1 < i <j < 5), the induced subgraph of these color classes is either K, graph and
isolated vertices or Ky ; graph

Therefore <C;, Cj> has no bicolored path of length 3.

Thus the induced subgraph of any pair of the color classes is a collection of stars and hence the coloring given in the
algorithm is star coloring.

CONCLUSION

In this paper, we obtained the exact value of the acyclic and star chromatic numbers of the Duplicate graph of ladder
Lo
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