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ABSTRACT

The purpose of the present paper is to investigate some interesting criteria for hypergeometric functions belonging to
classes T(A,a) and C(A,a). We also studied an integral operator related to hypergeometric functions relevant
connection of the results presented herewith various well known results are briefly indicated.
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1. INTRODUCTION
Let T be the class consisting of functions of the form:
f(z)=2-) a,z" (a,20) (1.1)
n=2

which are analytic and univalent in the open unit disc U ={z:|z|<1}. Let T (4,) be the subclass of T consisting of
functions which satisfy the condition

SR{ 2@ (2) }> a (1.2)
22E(2)+ A=) (2)

forsome (0 <a <1), A(0<A<1) andforallzeU .

Also let C(A,a) denote the subclass of T consisting of function which satisfy the condition

g F@+7'@) |, (13)
f'(2)+ 1zf"(2)
for some (0 < <1), A(0< A <1) and forall zeU also from (1.2) and (1.3) we have
f(z2)eC(A,a)  2f'(2) e T (4, ). (1.4)

We note that T (0,a) =T (), the class of starlike functions of order (0 < a <1)and C(0,a) =C(a), the class of
convex functions of order a(0 < a <1), (see Mostafa [5], Silverman [7]).

Let F(a,b;c;z) be the Gaussian Hypergeometric function defined by

Fabicz)=3 @hlh

15
20,0, 49
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where ¢ #0,-1,-2,...and (a), is the Pochhammer symbol defined by

1 n=0
@, = a(@+1....(a+n-1), neN

We note that F(a,b;c;1) converges for R(c—a—b) >0 and is related to the Gamma function by

rc)r(c-a->n)

I'(c-a)l(c—b)

Silverman [8] and Mosftafa [5] (see also [2]-[4], [6]) gives necessary and sufficient conditions for zF (a,b;c;z) to be
in T"(a) and C(«). Now presented here 1(a,b;c;z) by the z{(1- x)F(a,b;c,z) + u[zF (a,b;c,2)]}

where (0 < u<1).

F(a,b;c;l) =

2. MAIN RESULTS

To establish our main result, we need the following lemma due to Altinats and Owa [1].

Lemma 2.1: A function f(z) defined by (1.1) is in the class T (4, ) if and only if
i(n—ﬂan—ourﬂa)an <l-a. (2.1)
n=2

Lemma 2.2: A function f(z) defined by (1.1) isin C(4,«), if and only if
3 n(n-Aan-a+ia)a, <l-a. (2.2)

n=2

Theorem 2.1: If a, b>-1 and ab<0, c>a+b+1 then zI(a, b; c; z) where
I(a,b;c;z) = (1— x)F(a,b;c;z) + y[zF (a,b;c; z)] isin T(A,a), ifand only if

I'c+YIr'(c—a-b-1) B oy B a bc-a-b-1
T(c—a)(c—b) lie- 20001 -aut l)}( ab j -
+,u(1—)ta){5+w}—oc(l—/l)(l—,u)(c—a—b D] <@-a) -+ al-2)- 1) —.
—a-b-2 ab ab
. C A _ a_b S _ (a+1)n—2 (b +1)n—2 n
Proof: We have zI (a,b;c;z) =z + . nz:;(l LA+ pn) )0, z
—z7- ‘%b i(l— fi+ pn) (a(i);)z (b(I)l)” 2", (2.4)
According to Lemma 2.1 we must show that o
n;(n —dan—a+Aa)L- u+ un) (a(Z?i)i(?(I)?IZ s%(l—a) . 2.5)

Note that the left side of (2.5) diverges if c<a+b+1. Now

nZ::(I’l —dan—a+ Aa)(L— p+ un) (a(:; 1)5?](:)(;)?:_2

_ _ _ _ _ - (a +1)r|—2 (b + 1)n—2

=[A-Aa)1-p) - pa(l /1)];” c+D) ).,

a+l), , 0+, , . o @D, ,b+D).,
) e I
_f1_ N (1 N (@+D,(b+D, <~ (a+1),(b+1),
_{(1 la)(l IU) /ua(l l)}{g(n-Fl) (C+1)n(1)n+1 +; (C+1)n(1)n+1 }
a+1),(b+1),

@D, 04D, &
CiD,@., A S
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={@-Ax)1—-p) —,ua(l—/i)}{F(a+1,b+1;c +1,1) +%F(a,b;c;1)}

ey L S (a),(b), ab o
+y(1—/1a){4F(a+1,b+1,c+1,1)+a—[t(c_a_b_2)z+(C_a_b_1)jF(a,b,c,1)}

—a(l- #)(1—1)%{F(a,b;c;1) =)

~{(t- 2a)a- ) —ﬂa(l—@}{r(c”)“C‘a‘b‘l) +£F(°>F(C—a—b)}

I'(c-a)l'(c-h) a bB(c—-a)'(c—b)

4F(c+1)F(c—a—b—1)+ c(a+(b+1) r'(c)r'(c—a-h)
I'(c—a)'(c—b) (c-a-b-2 ,)I'(c-a)l(c—b)

a b F(C)F(c—a—b)}_a(l_#)(1_/1)£{F(c)l“(c—a—b)_1}

ft—a-b-1) T'(c-a)l'(c—b) a [(c—a)l'(c—b)
I(c+1)T(c—a-b-1)

~ T(c-a)l(c—b)

b+c-a-b-1 1)(b+1
)

+u(l- /la){

c
+_
a

—a(l-w)1-A)c-a-b-1)<(1-a)

c c
=5 +a(1—,u)(l—/1)£. (2.6)

Remark 1: If we put 2 =0 in (2.6) of Theorem 2.1 we abtain the result which is correct to the Mostafa [5].

Corollary 2.1: If a,b>-1,ab<0 and c>a+b+1 then zl(a,b;c;z) isin T (), if and only if
I(c+1)T(c—a-b-1)
I'(c—-a)l(c-b)

[ab+(c—a-1)(1-ab)]>c.

Theorem 2.2: If a,b>-1,ab<0 and c>a+b+1, then zl(a,b;c;z) where
I(a,b;c;z) = (1— x)F(a,b;c;z) + u(zF (a,b;c;z)) isin C(A,a)if and only if
F(c+l)l"(c—a—b—1)[

ul-Aa)
F(c-a)r{c=b) {(a),(b),(c+3)+(a),(b),(c+2)(c—a—b-2)+7a (b—a—b—-2),(c+1)

abc

(@a+D(b+1)

+c+(c—a-h),}+{1-1a)1- 1) —a,u(l—l)}n[5+ )—a(l—,u)(l—/l)(c —-a-b-1)
(c-a-b-2)

<(l-a)

% +{(a-p)l-a) —Aa}%.

Proof: We have

ab & (a+1), ,(b+1),, _,
zl(a,b;c;z)=z+— ) (1—pu+un) . -2 7
C ; (C+1)n—2(1)n—1
ab

°° (a+1),,(b+1),, .
P T T

Now according to the Lemma 2.2, we have

- _ _ _ (a+1)n—2 (b+1)n—2 i _
2. n(n—Aan—a+ Aa)d— i+ un) 1)) < " (l1-a)
- (a+l)n—2 (b +1)n—2

> n(n—Aan—a+ Aa)(l— p+ un) c+1). @0,
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3 (a+1)n(b+1)n +

- ull-22)y(n+2) {A-Aa)(1- 1) - aud-2)}

(C + 1)n (1)n+l
. :(@+),(b+1), e (h+2)(@a+1),(b+1),
DI e N (N Y T W

By solving the above calculation we get the result.

F(C+1)F(C‘a—b—1)[/4(1—w); _a—b-—
(c—a)r(c-b) o {(a);(b),(c+3)+(a),(b),(c+2)(c-a-b-2)

+7a (b—a—-b-2),(c+1) +(c+1)(c—a—b),}+{l- Aa)(L— u) — aud - )}

(5+ L+1)(b+1)
(c-a—-b-2)

]—a(l—,u)(l—/i)(c—a—b -1)

<1-a) +(a—,u)(1—a)—/1a)%.

<
ab

3. AN INTEGRAL OPERATOR

In the theorem below, we obtain similar results in connection with a particular integral operator k(a, b; c; z) acting on
I(a, b; c; z) as follows

k(a,b;c;z) = joz I(a,b;c;t)d 1. 3.1)

Theorem 3.1: Let a, b>-1, ab<0 and c>a+b+1. Then k(a, b; c; z) defined in (3.1) isin T (4, ), if and only if

I(c+1)r(c-—a-b-1) (c—a-b+1)
I(c-a)T(c—b) {y(l_/w) ab "

{(1—za)(1—u)—ya(l—z>}(°‘;b‘b]

+a(1—,u)(1—/1)(a)2(b)2(C_a_bj}—(l—a/1+y—/ly)C—(1+aj?z(l—y)(l—/l)(a)z(b)zs(l—a)C. (3.2)
(c), c ab c (), ab
Proof: Since
o ab|& (a+1), ,(b+1),,2"
k(a,b;c;z)=z—|—|> A+ u—un n n . (3.3)
@bica) =22 e = o

By Lemma 2.1, we have

(a +1)n—2 (b +1)n—2 < c

nZ:;(n —dan—a+ Aa)L—u+ un) 0. - - (1-a).
Now
(- A=+ Aa)(L- p+ ) @ chiniin(t: :1)1)2
{1~ 1a)) i n ("’1: P;)—Z‘Z; Doz (0 da)- 1) - pa(l- 1))
S nz(a+1)n—2(b+1)n—2 _ . (a+1)n—2(b+1)n—2
2 oL, LTS T,

— u(l- 2a)}{F(a+1b+Lc+11) +£F(a,b;c;1) _1

HL- 2a) ) - - 2} {Fabiei) -1+ al- )i z)%{ﬂa,b;c;n —1—%*3}

2

:ﬂ(l_/m){l“(c +1)r(c-—a-b-1) T(c+lcr(c—a-b) }

F(c-a)l(c-b)  T(c-a)l(c_b)
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@@, [ Ter(e—a=b) , ap
+a(l-u)1-2) (©), {F(C—a)r(c_b) ' C}
_I({c+Yr(c-a-b-1)

c—a-b
~ I(c-a)(c-b) {{(1_'10‘)(1_“)_/‘“(1—1)}(T)

+ﬂ(1_la)(%j+a(l—ﬂ)(l—l) (a),(b), (C_a—bJ}

(), c
{-ai+ ,u—ﬂy}%—(lJr%bja(l—,u)(l—ﬂ)%S 1-a) % .

Corollary 3.2: Let a,b>-1, ab<0 and c>a+b+1 with constant 4 =0 then k(a,b;c;z) isin T (4,«), if and only if

I'(c+1)I'(c—a-b-1) _, (c—a-h) _ (a),(b),(c—a-b
I'(c-a)l(c-b) {(1 Aa) ab +ral-4) (c), [ c j}\\

—a(a-i-a—bj(l—/‘t)ms 2-a-la)
c (c)

2

-
ab
Proof: By the (3.2) of the above Theorem 3.1 if we put x =0 then the above result can be find easily.

Corollary 3.3: If a,b>-1, ab<0 and c>a+b+1, then k(a, b; c; z) isin T () ,if and only if

I(c+1)r(c-a-b-1) 14 o @2(0); [a_bj _a(1+a_bjmab >(2-a)|c|
I'(c-a)l(c-b) (€, \c c) (© )

2

Theorem 3.4: If a, b>-1, ab<0 and c>a+b+1, then k(a, b; c; z) defined by (3.1) isin C(4, ) iff

CZ

r(c+1)r(c—a—b—l){ﬂ(l_m){(ab)(C_a_b)+3+[c—2—b}

I'(c-a)(c-b)

HA-Aa)A- p) —,Ltoc(l—l)}[l+—c_a_b}+a(1—#)(1_1)(_c_a_bﬂ
ab ab

< i‘(l—a) + (A= Aa)A- ) - pa(l- 2) + a(l- m)A-A)}.
ab ab

Proof: The proof of above theorem is much akin to that of Theorem 3.1, therefore we omit the details involved.
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