International Journal of Mathematical Archive-9(1), 2018, 191-207
@§mAvailable online through www.ijma.info ISSN 2229 - 5046

APPROXIMATE CONTROLLABILITY OF SECOND-ORDER
NEUTRAL IMPULSIVE EVOLUTION DIFFERENTIAL INCLUSIONS
OF SOBOLEV-TYPE WITH NONLOCAL CONDITIONS

M. TAMIL SELVAN*1 & R. MURUGESU?

L2Department of Mathematics,
SRMYV College of Arts and Science, Coimbatore - 641 020, Tamil Nadu, India.

(Received On: 06-10-17; Revised & Accepted On: 05-01-18)

ABSTRACT

In this paper, we consider a class of second-order neutral impulsive evolution differential inclusions of Sobolev- type
in Hilbert spaces. This paper deals with the approximate controllability for a class of second-order control systems. We
establish a set of sufficient conditions for the approximate controllability for a class of second- order neutral impulsive
evolution differential inclusions of Sobolev-type in Hilbert spaces by using the Bohnenblust- Karlin’s fixed point
theorem. Finally, an example is given to illustrate our main results.
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1. INTRODUCTION

In this paper, we establish a set of sufficient conditions for the approximate controllability for a class of second- order
neutral impulsive evolution differential inclusions with nonlocal conditions in Hilbert spaces of the form

%[(EX(’[)) —g(t, x(t))] e At)x(t)+ F(t,x(t))+Bu(t), tel=[0,b], (1.1)
X(0) =%+ p(x), x'(0) =y, +a(x), (1.2)
AX(t) =1,(x(t)), (1.3)
AX'(t) =J,(x(t)), i=12,..,n. (1.4)

In this equation, A(t): D(A(t)) = X — X and E: D(E) = X — X are closed linear operators on a Hilbert space X and

the control function u(:) e LZ(I,U), a Hilbert space of admissible control functions. Further, B is a bounded linear

operator from Uto X,g:I1xX = X, p,q:PC(l,X)> XandF:IxX — 2% \{0} is a nonempty, bounded, closed
and convex multivalued map. Similarly, the impulsive moments {tj }are given that 0=t <t <--- <t = b are fixed
numbers and the functions 1j(): X — X, Jj(-): X — X defined later in the preliminaries section. The symbol A&(t)

represents the jump of the function £() at t,which is defined by A&(t) = §(t+) —&(t).

Various evolutionary processes from fields such as physics, population dynamics, aeronautics, economics and
engineering are characterized by the fact that they undergo abrupt changes of state at certain moments of time between
intervals of continuous evolution. The duration of the changes made here are often negligible compared to the total
period of time but such changes can be reasonably well approximated in the form of impulses. These process tend to
more suitably modeled by impulsive differential equations. For more details on this theory, we refer the monographs of
Samoilenko and Perestyuk [32] , Lakshmikantham et al. [23], Bainov et al. [7] and the references cited therein. The
literature on this type of problrms is vast, and different topics on the existence and qualitative properties of solutions
are considered. Concerning the general motivations, relevant developments and the current status of the theory, we
refer the reader to papers [2, 16, 34, 35, 38, 42, 43].
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There exists an extensive literature of differential equations with nonlocal conditions. Since it is demonstrated that the
nonlocal problems have better effects in applications than the classical ones, differential equations with nonlocal
problems have been studied extensively in the literature. The result concerning the existence and uniqueness of mild
solutions to abstract Cauchy problems with nonlocal initial conditions was first formulated and proved by Byszewski,
see [10, 11]. Since the appearance of these papers, several papers have addressed the issue of existence and uniqueness
of nonlocal differential equations. Existence and controllability results of nonlinear differential equations and fractional
differential equations with nonlocal conditions has been studied by several authors for different kinds of problems
[3, 13, 16, 26]. Sobolev-type evolution equations often arise in various applications such as in the flow of fluid through
fissured rocks, thermodynamics, and shear in second order fluids. For Sobolev- type differential equations, readers may
refer [1, 5, 8, 14]. It is helpful to study the controllability of the second- order abstract differential system directly rather
than to convert that into first- order system since the conversion does not give the desired results due to the behavior of
the semi group generated by the linear part of the converted first order system.

Since the introduction of controllability concept by Kalman in 1960, it has been one of the fundamental concepts of the
mathematical control theory. This concept led to some very important conclusions regarding the linear and nonlinear
dynamical systems. Many scientific and engineering problems are nonlinear in nature and so it is necessary to study the
controllability results in infinite dimensional spaces. Two basic concepts of controllability can be distinguished which
are given as exact and approximate controllability. Exact controllability enables to drive the system to arbitrary final
state with a set of admissible control function while approximate controllability means that system can be steered to
arbitrary small neighborhood of final state. In other words, approximate controllability gives the possibility of steering
the system to states which form the dense subspace in the state space. Various authors extended the controllability
concept to infinite dimensional systems and established sufficient conditions for the controllability of nonlinear systems
in abstract spaces, see the references [2, 18, 26-28, 31, 39-41, 43, 45]. In the work [26], Vijayakumar et al. established
a set of sufficient conditions for the approximate controllability for a class of second- order evolution differential
inclusions in Hilbert spaces by using Bohnenblust- Karlin’s fixed point theorem. In this paper, we extended the work to
a class of second-order evolution impulsive neutral differential inclusions of Sobolev-type with nonlocal conditions in
Hilbert spaces.

This paper is organized as follows. In Section 2, some necessary definitions and preliminary results to be used in the
article are given. In Section 3, a set of sufficient conditions are established for the approximate controllability for a
class of Sobolev type second-order neutral impulsive evolution differential inclusions with nonlocal conditions in
Hilbert spaces. An example is presented in Section 4 to illustrate the theory of the obtained results.

2. PRELIMINARIES

In this section, we introduce few results, notations and lemmas which are required to establish our main results. The
notations which are mentioned here will be used throughout the article without any further references. Let

(X,||-||X ) and (Y,||-||Y ) be Hilbert spaces and L(Y, X) be the Hilbert space of bounded linear operators from Y into X
equipped with its natural topology; in particular, when Y = X we use the notation L(X). The resolvent set of a linear
operator Ais given by p(A).Throughout this paper, By (x, X) will denote the closed ball with center at x and radius
r>0in a Hilbert space X.We denote by PC,the Hilbert space endowed with supnorm given by
IX|lpc =supter [x®)]. for x e PC.

The operators A(t): D(A(t)) c X —» X and E: D(E) < X — X satisfy the following hypothesis.
(S1) A(t)and E are linear operators, and A(t) is closed:;
(S2) D(E) — D(A(t)) and E is bijective;

(Sa3) e l.x & D(E) is compact..

The hypothesis (S;) - (S3) and the closed graph theorem imply that the boundedness of the linear operator
AEL:X 5 X,

In recent times there has been an increasing interest in studying the abstract non-autonomous second order initial value
problem

x"(t) = A()x(t) + f (1), 0<s,t<a @.1)
X(S) =X, X'(8) =X, (2.2)
where A(t): D(A(t)) = X — X,te[0,a]is a closely densely defined operator and f :[0,a]— X is an appropriate

function. Equations of this type have been considered in many papers. The reader is referred to [14, 25, 30] and the
© 2018, IJMA. All Rights Reserved 192



M. Tamil Selvan*' & R. Murugesuz / Approximate controllability of second-order neutral impulsive evolution differential
inclusions of Sobolev-type with nonlocal conditions / IJIMA- 9(1), Jan.-2018.

references mentioned in these works. In the most of works, the existence of solutions to the problem (2.1) — (2.2) is
related to the existence of an evolution operator S(t, s) for the homogenous equation

x"(t) = At)x(t), 0<s,t<a (2.3)

Let us assume that the domain of A(t) is a subspace D dense in X and independent of t, and for each x e D the
function t — A(t)x is continuous.

Following Kozak [22], in this work, we will use the following concept of evolution operator.

Definition 2.1: A family S of bounded linear operators S(t,s):[0,a]x[0,a] — L(X) is called an evolution operator
for (2.3) if the following conditions are satisfied:

(Z1) Foreach x e X, the mapping [0,a]x[0,a]> (t,s) = S(t,s)x € X isof class c! and
(i) for eacht €[0,a], S(t,t) =0,
(ii) forallt,s €[0,a],and foreachx e X,

0 0
—S(t,s)X|_=%x, —S(t,8)x]|_=—X
5 S8 ~ S(Ls)xl.

(Z2) Forall t,s[0,a], if xe D(A),then S(t,s)x € D(A), the mapping [0, a]x[0,a] > (t,s) — S(t,s)x e X is of class
c? and
0] %S(t,s)x=A(t)S(t,s)x,
ot

(i) <5 (t,5)x=S(t, AG),
0s

... 0 0
1) ——S(t,8)X |_s = 0.
( )asat (t, $)X l=s

(Z3) For all t,se[0,a], if xe D(A), then S(t,s)xe D(A),theniiS(t,s)x , iES(t,s)x and
at? os os? ot
L 0 0 0
i) ——S(t,s)x = A(t)—S(t, s)x,
()8'[255() ()65()

.. 0 0 _ 0
(i) aS—ZES(t,s)x = ES(t,s)A(s)x,

and the mapping [0, a]x[0,a] > (t,s) > A(t)aiS(t, s)x is continuous.
S

Throughout the work, we assume that there exists an evolution operator S(t,s)associated to the operator A(t). To

abbreviate the text, we introduce the operator C(t,s) = —%. In addition, we set N and N for positive constants
S

such that Sup o<t s<a[S(t, )| < N and supgy s<a[C(t,5)| < N . Furthermore, we denote by Nja positive constant such
that
[S(t+h,s)=S(t,s)| < Nqglh, (2.4)

for all s,t,t+he[0,a]. Assuming that f :[0,a]— X is an integrable function, the mild solution x:[0,a] > X of the
problem (2.1) — (2.2) is given by

t
X(t) = C(t, )Xo + S(t, 5)% +j5(t,r) f(r)dz.
0
In the literature several techniques have been discussed to establish the existence of the evolution operator S(t,s). In
particular, a much studied situation is that A(t) is the perturbation of an operator A that generates a cosine operator

function. For this reason, below we briefly review some essential properties of the theory of cosine functions. Let
A:D(A) < X — X be the infinitesimal generator of a strongly continuous cosine family of bounded linear operators

(Co(t))tcr ON a Hilbert space X. We denote by (Sq(t))tcr the sine function associated with (Cq(t))icgr Which is
defined by
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t
Sy(t)x = [Cy(s)xds, xe X, teR,
0

We refer the reader to [15, 36, 37] for the necessary concepts about cosine functions. Next we only mention a few
results and notations about this matter needed to establish our results. The function S (-) satisfies

S, (t+5) =S, (1)C, (1)S,(s), s,teR. 25)

The notation [D(A)]stands for the domain of the operator A endowed with the graph norm Ml 5 =X +[/Ax], x € D(A).
Moreover, in this paper the notation E stands for the space formed by the vectors x e X for which Cg (-)x is a function

of class CL. It was proved by Kisynski [21] that the space E endowed with the norm
M =+ sup Ao x<x
<t<

is a Hilbert space. The operator valued function

TCo So®)
0 {Asoa) coaJ

. . . 0 1 .
is a strongly continuous group of linear operators on the space E x X generated by the operator A= {A 0} defined on

D(A)xE. It follows from that ASq(t)x: E — X is abounded linear operator and that ASj(t)x — 0,t — 0, for each

t
x € E. Furthermore, if x:[0,00) — X is a locally integrable function, then z(t) =ISO(t—s)ds defines a E —valued

0
continuous function.
The existence of solutions for the second- order abstract Cauchy problem
x"(t) = Ax(t)+h(t), 0<t<a, (2.6)
X(8) = %o, X'(8) =X, (2.7)

where h:[0,a] » X, is an integrable function, has been discussed in [36]. Similarly, the existence of solutions of the
semi linear second order Cauchy problem it has been treated in [37]. We only mention here that the function x(-) given
by

t
X(t) = C,(t—5)X, +S,(t—5)X +jso(t ~7)h(r)dz, 0<t<a, 2.8)
is called the mild solution of (2.6) - (2.7), and that when xq € E, x(-) is continuously differentiable and
t
X'(t) = AS,(t—5)X, +C,(t—8s)x, +jco(t —7)h(r)dr, 0<t<a,

In addition, if xo € D(A), X; € E and h is a continuously differentiable function, then the function x(-) is a solution of
the initial value problem (2.6) - (2.7).

Assume now that A(t) = A+ §(t) where I§(-) :R — L(E, X) is a map such that the function t — I§(t)x is continuously
differentiable in X for each x e X. It has been established by Serizawa [33] that for each (xq, X;) € D(A)x E , the non
autonomous abstract Cauchy problem

X"(t) = (A+ B(®)x(t), teR, (2.9)

X(0) = x,, X'(0) =%, (2.10)
has a unique solution x(-) such that the function t — x(t) is continuously differentiable in E. It is clear that the same
argument allows us to conclude that equation (2.9) with the initial condition (2.7) has a unique solution x(-,s) such that
the function t — x(t) is continuously differentiable in E . It follows from (2.8) that

t
X(t,8)=Cq(t—3)Xg +Sq (t —S)X1 +I Soft —r)é(r)x(r, s)dz. (2.11)

S
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In particular, for xo =0, we have

t
X(t,8)= Sg(t—3)Xq +I30(t—r)§(r)x(r, s)dz. (2.12)
Consequently, )

[x(s. ) d7

t
It 9 <109, eyl 150y 8@ 1
S

and applying the Gronwall-Bellman lemma, we infer that

[x(t,5)||l. <M x|, s,t[0,a].

We define the operator S(t, s)x; = X(t,s). It follows from the previous estimate that S(t,s): (E.[{) - (E,[{|¢) is a

bounded linear map on E . Since (E. ) is dense in X and (E.|}{) is complete, we can extend S(t,s) to X . We keep
the notation S(t,s) for this extension. Combining this assertion with (2.12), we obtain that

S(t,s)x =S, (t— s)x+j[80 (t—7)B(7)S(r,s)xdz, xe X. (2.13)

In similar way, from (2.11) we have

t
C(t, $)%g = Co (t—5)%o +ISo(t—r)§(r)C(1,S)Xodr.

for xg € D(A)..

Assume that the following condition holds:
(S4) The operator Sq(t)B(r) has an extension Hg(t,z) e L(X)for all 0<r,t<a, and the operator valued map
Hg :[0,a]x[0,a] — L(X) is strongly continuous.

In this case, proceeding as above, we can consider C(t,s) defined on X , and
C(t,s)x=C,(t —s)x+j H,(t—7,7)C(zr,s)xdz, x e X. (2.14)
We denote S
R(t,s)x = 't[ H,(t—-7,7)C(z,s)xdz, x e X.
s

Theorem 2.2: [18, Theorem 1.2]. Under the preceding conditions, and assuming that condition S, holds, then S(-,-) is
an evolution operator for (2.9) - (2.10). Moreover, if Sy (t) is compact for allt € R, then S(t, s) is also compact for all
s<it.

On the other hand, it is well known that, except in the case dim(X) < oo, the cosine function C(t) cannot be compact
for all t e R. By contrast, for the cosine functions that arise in specific applications, the sine function S(t) is very often
a compact operator for allt — R..

Concerning the impulsive conditions in system (1.1)-(1.4), it is convenient to introduce some additional concepts and
notations.

A function u:[o,7]—> X is said to be a normalized piecewise continuous function on [o,7] if u is piecewise
continuous and left continuous on (o, 7]. We denote by PC([o,z]; X) the space of normalized piecewise continuous
functions from [o, 7] into X . In particular, for fixed a>0 and t; € (0,a),i =12,...,n,, we introduce the space PC
formed by all normalized piecewise continuous functions u:[0,a] - X such that u is continuous at t =t;,i=12,...,n.
It is clear that PC endowed with the norm |juf,. =sups[u(s)| is a Hilbert space. In what follows, we set

to =0,t,,1 =a,, and foru e PC , we denote by u; € C([t;,tj;1]; X),i=0.12,...n, , the function given by
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30 {u(t), forte (t,t;,4],
u(t;’, fort=t;.

Moreover, for a set B — PC , we represented by I§i ,i=012,...n, the sets éi ={U; :ueB}.

Lemma 2.3: A set B < PC is relatively compact in PC if and only if, the set §i , is relatively compact in the space
C([tj, tj11; X) foralli=012,...n.

Throughout this paper, B, (x, X) will denote the closed ball with center at xand radius r >0 in a Hilbert space X.
Some of our results are proved using the next well-known results.

We also introduce some basic definitions and results of multivalued maps. For more details on multivalued maps, see
the books of Deimling [12] and Hu and Papageorgious [20].

A multivalued map G: X 2% \{0}is convex (closed) valued if G(x) is convex (closed) for all xe X. G is
bounded on bounded sets if G(C)=u,,cG(x) is bounded in X for any bounded set C of X, i.e,

sup ¢ fsupd]y|: y € G(O}} <.

Definition 2.4: G is called upper semicontinuous (u.s.c. for short) on X if for each xg € X, the set G(xg)is a
nonempty closed subset of X, and if for each open set C of X containing G(Xg), there exists an open neighborhood
V of xq suchthat G(V)cC..

Definition 2.5: G is called completely continuous if G(C) is relatively compact for every bounded subset C of X .

If the multivalued map G is completely continuous with nonempty values, then G is u.s.c., if and only if G has a
closed graph, i.e., X, = X, Y, = Y=, Y € Gx, imply y« € Gx+. G has a fixed point if there is a xe X such that

X € G(X).

Definition 2.6: A function xePC is said to be a mild solution of system (1.1)-(1.4) if
X(0) + p(x) = Xg, x'(0) +q(x) = yg and there exists f e Ll(l, X) such that f(t) e F(t,x(t)) on tel and the integral
equation

t t
x(t) = ELC(t,0)[Exg + Ep(X)]+ E LS (t,0)[Eyo + Eq(X) — g (0, X(0)] + I E-LC(t, 5)g(s, x(s))ds + j ELs(t,s)f (s)ds
0 0

t

+ IE‘ls(t,s)Bu(s)ds+ SEICE)L )+ Y ETSEE)I(x(t),  tel.
0 O<tj<t O<tj<t

is satisfied.

In order to address the problem, it is convenient at this point to introduce two relevant operators and basic assumptions
on these operators:

b

rp =IE‘ls(b,s)BB*E_ls*(b,s)ds: X = X,
0

R(a,T)=(ad +T) ™ : X - X

where B” denotes the adjoint of B and S*(t) is the adjoint of S(t). It is straightforward that the operator Fg is a
linear bounded operator.

To investigate the approximate controllability of system (1.1)-(1.2), we impose the following condition:
(Hp) eR(e, Fg) —0asa — 0" in the strong operator topology.
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In view of [28], Hypothesis (H ) holds if and only if the linear system
(Ex(t))"= AX(t) + (Bu)(t), te[0,b], (2.15)
x(0) =x,, X'(0)=y,, (2.16)

is approximately controllable on [0, b].

Some of our results are proved using the next well-known results.

Lemma 2.7: [24, Lasota and Opial] Let | be a compact real interval, BCC(X) be the set of all nonempty, bounded,
closed and convex subset of X and F be a multivalued map satisfying F: 1 x X — BCC(X) is measurable to t for
each fixed xe X , u.s.c.to x foreach te |, and for each x e C the set

S ={f eL'(1,X): f(t) e F(t,x(t), tel}
is nonempty. Let F be a linear continuous from L'(l, X)to C, then the operator

FoS, :C—BCC(X), x— (FoS.)(X)=F(S;,),
is a closed graph operator in CxC.

Lemma 2.8: [9, Bohnenblust and Karlin] Let D be a nonempty subset of X, which is bounded, closed and convex.

Suppose G:D —» 2% \{0} is u.s.c. with closed, convex values and such that G(D) < D and G(D) is compact. Then G
has a fixed point.

3. APPROXIMATE CONTROLLABILITY RESULTS

In this section, we need the following hypotheses to establish a set of sufficient conditions for the approximate
controllability for a class of second-order evolution differential inclusions of the form (1.1)-(1.4) in Hilbert spaces by
using Bohnenblust-Karlin's fixed point theorem.

(Hy) Sq (t),t >0 is compact.

(H,) For each positive number r and x e PC with |||, <r, there exists L () e LY(1,R™) such that
sup{| f[|: £ (t) € F&, x())}< L, (1), forae. tel.

(Hs) The function s - L ((s) e Ll([O,t], R*)and there exists a » > 0 such that

t
j Ly, (s)ds
lim% — - y < +oo,
r—o r
(H,) The function g:1x X — X satisfies the following conditions:

(i) The function g(t,-): X — X iscontinuous a.e. te |,
(if) The function g(t,-): 1 — X is strongly measurable for each x e X,

(iii) There exists positive constants Ly >0, Eg >0, such that
lot x®)-g(t, y®)|<Lg|x-y| foraexyeX, tel,
o xO)]< L X+ L

where Ly =max. [|9(t.0)]-

(Hs) The function p,q:PC(l, X) — X are continuous and there exists constants L, >0, Ly > 0 such that

[p() = p(Y)[| < Lp|x-y|. forx,yePC,
lac)-a(y)| < Lg|x-y|. forx,yePC.

(He) (i) There are positive constants L|i , LJi such that
I ) =12l < Ly Jwi —wal,
Fiw)-3iw2)| <Ly lva-va| viwveeX, i=12..n.
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(i) The maps 1;,J; : X — X,i=12,..nare completely continuous and there exists continuous non-decreasing
functions Mj, Mi :[0,0) > (0,0),i =1,2,...n,such that
L@l < Mi(wl).
[3:)][< M), weX.

It will be shown that the system (1.1-1.4) is approximately controllable, if for all « > 0, there exists a continuous
function x(-) such that

x(t) = E"'C(t,0)[EX, + Ep(x)]+ E'S(t, 0)[Ey, + Eq(x) — (0, x(0))] + j' E'C(t,s)g(s, x(s))ds

+J.E’18(t s)f(s)d S+IE’18(t s)Bu(s, x)d s Z E7C(t,t )1 (x(t,))+ Z E'S(t,t)d,(x(t)), feS,,
u(t,x) =B E'S"(b,)R(ar. T) p(X()),
b
P(X()) = X, — EC(b,0)[Exp + Ep()]—E 'S(b.O)[EYo + E(x) —g(0, x(O)] - [ E™'C(b, 9)g(s, X(5))ds
0

IE‘ls(b s)f(s)ds— ZE‘1C(bt)I (x(t;)) - ZE-ls(bt)J (X(t;))-

O<tj<b O<tj<b
Theorem 3.1: Suppose that the hypotheses (Ho)-(Hs) are satisfied. Assume also
[1+£N Mg 2G2 b}[GN(GL +bL )+GN(GL +L +;/)+GZ(NL|I +NLJ )<L, (3.1)

=)
where Mg =|[B|, then the system (1.1) - (1.4) has a solution on .

Proof: The main aim in this section is to find conditions for solvability of system (1.1)-(1.4) for « > 0. We show that,

using the control u(t, x), the operator Y : PC — 2PC , defined by

t
@ € PC 1 g(t) = EXC(t,0)[Exq + Ep(X)]+ E S(t,0)[Ey, + Eq(X) — g(0, X(0))] + j ElC(t,s)g(s, x(s))ds

Y (x) = 0 ,

jE-ls(t s)f(s)ds+ EIS(t, s)Bu(s, X)ds + ZE_lC(t t)1; (x(t)) + ZE_ls(t t)J3; (x(t;))

0 O<tj<t O<tj<t

has a fixed point x, which is a mild solution of system (1.1)-(1.4).

We now show that Y satisfies all the conditions of Lemma 2.8. We subdivide the proof into five steps for our
convenience.

Step-1: Y is convex for each x € PC.
In fact, if ¢;, ¢, belong to Y(x), then there exist f;, f, € Sg , such that for each t e I, we have

@ (t) = E"'C(t,0)[Ex, + Ep(X)]+ E*S(t, 0)[Ey, + Eq(x) — g (O, x(0))]+j'E‘1C(t, s)g(s, x(s))ds
+j E'S(t,s) f.(s)d s+ jE’ls(t, $)BB"E'S(b,t)R(a, I")[x, — E""C(b,0)[X, + Ep(X)]

—E7S(b,0)[Ey, +Eq(X) - 9(0, x(O)] - [ EC(b,5)g(s, X(5))d s [ES(b,5) f, ()7

= 2 ETCOh ) (x(®)— X ETS(b, ), (x(tNI(s)d s+ > ETC(E 1)1 (x(4)

O<t;<b O<t;<b O<t; <t

+ > ETS(, 1) 3, (X(,)).

O<t; <t
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Let 4 e[0,1]. Then foreacht eI, we get

2¢,(t) + (L= A)g, (t) = E"C(t, 0)[Ex, + Ep(x)]+ E'S(t, 0)[Ey, + Eq(x) - g(0, x(0))] + f E7C(t,s)g(s, x(s))ds
+jE’1S(t, S)AT,(s)+(L—A)f,(s)ld s+ jE*s (t,s)BB'E'S(b,t)R(e, T7)[x, — E"C(b,0)[x, + Ep(X)]

—E"S(b,0)[EY, + Ea(x) — g(0, x(0))] —IE’lC(b, $)g(s, x(s))ds —f E7S(b, s)[21,(7) + L A) f,(m)]dn

- Z E_lc(biti)li(x(ti))_ Z E_lS(b,ti)Ji(X(ti))](S)dS+Z E_lc(t’ti)li(x(ti))

O<t; <b O<t; <b O<t; <t

+ > ETS(t,1)J,(x(1,)).

O<t; <t

It is easy to see that Sg , is convex since F has convex values. So, Af; +(1—-A4)f, € Sg . Thus,
/1¢71 + (l—ﬂ)¢2 S Y(X)

Step-2: For each positive number r >0, let B, = {x e PC:|x| pc < r} Obviously, B, is a bounded, closed and convex

set of PC.We claim that there exists a positive number r such that Y(B,) < B,.

If this is not true, then for each positive number r, there exists a function x" e B,,but Y(x") does not belong to B,
ie,

[y o'

=5 0" eY r} r
be up{ be o eY(X')p>
and

t
o (t) = E7IC(t,0)[Exq + Ep(X)]+ E 1S(t,0)[Eyo + Eq(x) — g (O, x(O))]+I ELC(t,s)g(s, x" (s))ds
0

t t n n
+£ EIs(t,s)f " (s)ds +0 E1s(t,s)Bu’ (s, x)ds+§ E1C(t t;)1; (x" (t; ))+§ E1S(t,t;)d; (x" (t;)),

for some f' e S+ Furthermore we take G = |E| and G= “E’l“ and by using (Hy)-(Hg), we have
r< HY(Xr )(t)”

<|E"c(t,0)[Ex, + Ep(x)]|+ |E St O)[EY, + Eq(x) - g (0, x(0)]| + j”E'lC(t, $)g(s, X' (s))] ds
+j||E’lS(t,s)fr(s)||d srj”E’lS(t,s)Bu’(s, X)||d &i”E1C(t,ti)li(xr(ti))||+zn:||E1S(t,ti)Ji(xr(ti))||

t
< {GNG (%] + Lor +[[p(@)]) + GN (G |y, |+ GL,r + G la(@)] + L,r + L, )+ GN [ (L,r + L, )ds + GN Lf'r(s)ds}
0

O — )

t
L NzMBzézb{éNG(||xO||+ L,r +[[p(@)]) + GN (G|ly, |+ GL,r + G [la(O)] + Lyr + L, )+ GN [ (L,r + L, )ds
o 0

i=1

+GN [ L, (5)ds+ GNY [, et )~ 1,0+ 1, @) + GR Y. []3,(x(t) - 3, 0] 3, (0)||]}

N Y[ ) -1, O+ L O] +CNY[13, 6t )~ 3,0 +13, 0]
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Dividing both sides of the above inequality by r and taking the limit as r — oo, using (Hs), we get

n
{1+1N M BZGZb}[GN(GLp +bLg)+GN(GLg +Lg +7)+G D (NLy, +NLy,) |21
[24 .

i=1

This contradicts with the condition (3.1). Hence, for some r >0, Y(B,) < B,.

Step-3: 'Y sends bounded sets into equicontinuous sets of PC. For each x e By, ¢ e Y(x), there exists a f e Sg 4
such that

#(t) = ET'C(t,0)[Ex, + Ep(x)]+ E™'S(t, 0)[EyY, + Eq(x) — g (0, X(O))]+j E'C(t,s)g(s, x(s))ds

+jE 'S(t,s) f (s)d SFjEfls(t s)Bu(s, x)d s+ Z EC(t,t)1 (X(t))+ Z ES(t,t,)J, (X(t,)),
Let £>0and0 <ty <ty <b, then

o) - 4(t,)] =| ™ |llc ¢, 0~ (t,. 0)]|Ex, + Ep(x)]| + |[E ]S (1., 0) - S (1, O} Ey, + Ea(x) — 9 (0, x(0))]

+ TE‘l[C(tl,s)—C(tz,s)]g(s, x(s))d H+

4
[ E*[Ct.9)-C(t,,9)]g(s, x(s)d H

t—¢

+ jE’1C(t2,s)g(s, x(s))ds||+

t—¢
[ E*[St.9)-5(t,.9)] f(s)ds

+ j E*l[S(tl,S)—S(tz,s)] f(s)d n+

t-e

jE’ls(tz,s)f(s)d »
b

e Y
| [ EX[S@m St m]BuG, x)dn|+| [ E*[S,m)-S(t,.m]BuGr,x)dn

t-¢

D ET[C, ) —Ct, )] 1 (x@))||+

O<t; <t

> ETC(,, )1 (x(t,))

t<t<t,

+[ [ E7s(t,,m)B(u, 7)dn||+

> EP[S(t,0t) - St )], (x| +

O<t; <t

D ETS(t,, 1), (X(t))

t<t<t,

<G|C(t,0)~C(t, Ol (G[x[l+ GL,r + [ PO + G5, 0) = S(t, O (G 1ol + BL,r + Gl + L,r+ L, )

t-¢ t t,
+G [ et 9)-Ct, 9)|(L,r+L,)d G [ [C(t.9)-C(t,.8)] (L,r+L,)d s+GN[(L,r+L,)ds
0

t-¢

t-¢ Y t
+G [ st 9)-S(t,.9)| L, (5)d 5 G [ [S(t,,5)-S(t,.9)| L, ,(s)ds+CN [ L, (s)ds

4—¢ 4

t—¢ t
+GM, j I8t =S| Juer. ) dn+GM, [ [St.n) =S, 7)| Jutz,x)|dn
t-¢

+GNM j||u(77 Xdn +G Y [C(t,t)-Ct.t)| M, [x [+EN > M, [ |

O<t;<t t<t<t,

+G Y ||S(t t)-S(t.t)| M,

O<t; <t

P [+ 6N 3 W
t, <t <t,
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The right-hand side of the above inequality tends to zero independently of x € B,as (t; —t,) — 0and & sufficiently
small, since the compactness of the evolution operator S(t, s) implies the continuity in the uniform operator topology.

Thus Y(x") sends B, into equicontinuous family of functions.

Step-4: The set H(t):{¢(t):(peY(Br)} is relatively compact in X. Let te(0,b]be fixed and &a real number
satisfying 0 < ¢ <t. for x e B, , we define

@, (t) = E"C(t,0)[EX, + Ep(x)]+ E™'S(t,0)[Ey, + Eq(X) — (0, x(0))] +T ET'C(t,s)g(s, X(s))ds

+TE-1S(t,s)f(s)d srt:[sE‘ls(t,s)Bu(s, x)d s Y. ETCEE)L (X)) + Y, ETS(t)d (x(t,))

O<t;<t-¢ O<tj<t-¢
Since S(t) is a compact operator, the set IT,, (t) = {(pg (t):p, e Y(B, )} is relatively compact in X for each ¢,0<¢ <t.
Moreover, for each 0 < & <t, we have

[¢(t) -4, (H)] <GN

=& =&

(L,r+L,)ds+GN j Lf‘r(s)ds+GN~MBj||u(77,x)||d77+GN > M)

& t-e<t; <t

+6N > M, ”(xti )||

t-e<t;<t

Hence there exist relatively compact sets arbitrarily close to the set TI(t) :{(p(t):(peY(Br)}and the set TI(t) is

relatively compact in X for all t < (0,b]. Since it is compact at =0, hence TI(t) is relatively compact in X for all
t €[0,b].

Step-5: Y has a closed graph. Let X, = X+ as n— o, ¢, € Y(X,),and ¢, — @~ asn — . we will show that
@+ € Y(x+).Since ¢, € Y(xp), there existsa f,, € S,:’Xn such that

¢, (t) = E™'C(t,0)[Ex, + Ep(x)]+ E'S(t, 0)[Ey, + Eq(x) — g(0, x(0))] + j E'C(t,s)g(s, X,(s))ds
+ j ES(t,s)f (s)d s+ j ES(t,s)BB'E 'S (b, t)R(ar, [°)[x, — E"'C (b, 0)[X, + EP(X)]

—E7'S(b,0)[Ey, + Eq(x) - g(0, x(0))] —J.E’lC(b, $)9(s, x,(s))d S—j E7'S(b,s)f,(7)dn

= > ETC(,t)1L (X, () - D) ETS(B,t)I (%, t))I(s)d s> ETCE )1 (x, (1))

0<t;<b O<t;<b O<t; <t

+ D ETS(t,1)J, (%, (t,)).

O<t; <t

We must prove that there exists a f« € Sg ,, such that

¢.(t) = E7'C(t, 0)[Ex, + Ep(X)]+ E™'S(t,0)[Ey, + Eq(x) — g0, x(O))]+IE‘1C(t, s)g(s, x.(s))ds
+ j ES(t,s)f.(s)d st _th’lS(t, $)BB"E 'S (b,t)R(cx, )%, — E"'C(b, 0)[, + Ep(X)]

—E7'S(b,0)[Ey, + Eq(x) — g(0, x(0))] —f E"C(b,s)g(s, x.(s))d 9] E7'S(b,s)f.(n)dn

- 2 ETCO)LE) - X ETSB)L(E)(s)d 8 ETCE ) (% ()

O<t;<b O<t;<b O<t; <t

+ DT ETS(t,t)J, (x(t))-

O<t; <t
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Clearly we have

{yﬁn (t)— ET'C(t,0)[EX, + Ep(x)]- E™'S(t, 0)[Ey, + Eq(x) — g(0, x(0))] + _tf E7'C(t,s)g(s, X,(s))ds
- j ES(t,s)BB'E'S(b,t)R(cx, I)[x, — E'C(b,0)[x, + Ep(x)]- E 'S (b, 0)[Ey, + Eq(X) — g (0, x(0))]

—jET(b,s)g(s, X (s))d srj‘Els(b,s) f.(ndn - 3 EZC,t)1,(x, ()

O<t;<b

- Z Efls(b,ti)h(Xn('[i))](s)d '52 EilC(t!ti)Ii(Xn(ti))_ z Els(t'ti)‘]i(xn(ti))j

0<t;<b O<t; <t O<t; <t

—(cfﬁ* (t) — E "C(t, O[Ex, + Ep(x)] - E 'S (t, 0)[Ey, + Eq(x) - g(0, x(O)] - [ E “C(t,5)g (s, x.(s))ds
- j ES(t,7)BB'ES(b,t)R(er, I'5)[X, — E~'C(b,0)[x, + Ep(X)]— E"*S(b, 0)[Ey, + Eq(x) — g (0, x(0))]

—jE‘lc(b,s)g(s, x.(s))d er.E'ls(b,s) Ldn - ETCb,t)1,(x(t)

0<t;<b

- Y ETSO )L A)IE) s ETCH )L () - D ElS(t,ti)Ji(x(ti))]

O<t;<b O<t; <t O<t; <t

PC
—0asn— .

Consider the operator W: Ll(l , X)—> PC,

(W )(t) = j EIS(t,s) f (s)d &j EIS(t, s)BB*E-ls*(b,t)R(a,rg)U S(b, ) f (n)dn] (s)d

We can see that the operator W is linear and continuous. From Lemma 2.8 again, it follows that Wo Sk is a closed
graph operator.

Moreover,
(cﬁn (t) - E"C(t, 0)[Ex, + Ep(x)] - E'S(t, 0)[EY, + Eq(x) — 9(0, x(0))] + f E"C(t,5)g(s, x,(5))ds
- lIE*S(t, S)BBE'S(b, t)R(«, l“g)[xb - E‘1C(b,0)[x0 +Ep(x)]-E*S(b, 0)[Ey, + Eq(x) —g(0, x(0))]
_j'E'1C(b,s)g(s, X (s))d &iE'ls(b,s) f (mdn — D E*Cb,t)1(x,(t))

_Z Eils(b’ti)‘]i(Xn(ti))](s)d 'SZ EilC(t’ti)Ii(Xn(ti))_ Z E1S(t’ti)Ji(Xn(ti)))EV\’-](SF,XH)‘

O<t;<b O<t; <t O<t; <t
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In view of X,, — X« as n — oo, it follows again from Lemma 2.8 that

(¢*(t) —E'C(t,0)[Ex, + Ep(X)] - E'S(t, 0)[Ey, + Eq(x) — g (0, x(0))] - j E"C(t,s)g(s, x.(s))ds
- IE'ls(t, 17)BB'E”'S(b,t)R(e, I';)[x, — E"'C(b,0)[x, + Ep(x)] - E"'S(b, 0)[Ey, + Ey(x) — g (0, x(0))]

—jE C(b,s)g(s, x.(s))d 9[5 S(b,s)f.odn — > E'C,t)1,(x.(t,))

0<t, <b

=D ETS )L (X (E)IS) s ETCH )L (x.(t) - Els(t,ti)\]i(x‘(ti))j eW (s, ).

o<t <b o<t <t O<t, <t
Therefore Y has a closed graph. As a consequence of Steps 1-5 together with the Arzela-Ascoli theorem, we conclude
that Y is a compact multivalued map, u.s.c. with convex closed values. As a consequence of Lemma 2.8, we can
deduce that Y has a fixed point x which is a mild solution of system (1.1)-(1.4).

Definition 3.2:  The control system (1.1) - (1.4) is said to be approximately controllable on 1 if

R(b, xg) = {xb (Xg;u):ue Ll(l ,U)} is called the reachable set of system (1.1) - (1.4) at terminal time b and its closure

in X is denoted by R(b, xq); Let xp(Xq,u) be the state value of (1.1) —(1.4) at terminal time b corresponding to the
control u and the initial value xq € X.

Frankly speaking, by using the control function u, from any given initial point xo € X we can move the system with
the trajectory as close as possible to any other final point xj, € X.

Theorem 3.3: Suppose that the assumptions (S;)-(S3) and (Ho)-(Hg) hold. Assume additionally that g(t,-) is continuous

from the weak topology of X to the strong topology of Xand (H,) there exists N eLl(I,[O,oo)) such that
sup xex [ (t, %) +supyex |9t )| < N(t) fora.e.t € I, then the system (1.1)-(1.4) is approximately controllable on 1.

Proof: Let X*(-) be a fixed point of ['in B,. By theorem 3.1, any fixed point of T is a mild solution of (1.1) — (1.4)
under the control

0%(t)=B"E'S" (b, )R(e, L) P(R¥)
and satisfies the following inequality

%% (b) = Xp +aR(a, T) p(R%).
By the condition (Hyp),

3.2)

H\f(s “o) ds+ j Jos. 2 sy os < j N2(s)ds

Moreover by assumption on F and Dunford-Pettis Theorem, we have that the {f « (s)}is weakly compact in Ll(l , X),

so there is a sub-sequence, still denoted by {f @ (s)}that converges weakly to say f(s)in Ll(l , X). Define

w = x, —E"C(b,0)[EX, + Ep(x)]- E 'S (b, 0)[Ey, + Eq(x) — g(0, x(0))] —TE1C(b, $)g(s, x(s))ds

—jE S(b,s)f(s)d s > E7C(b,t)1,(x(t))— D E7'S(b,t)J, (X(t,)).

O<t;<b O<t;<b
Now, we have

[px)-w| = IE’lC(b,s)[g(s, %°(s)) - g(s) |ds| + IE’ls(b,s)[f(s, %°(s)) - f(s) ] ds

<sup

tel

jE*C(t s)[ g(s, %“(s))—g(s) |ds

+sup

J.E’lS(t s)[ (s, °(s)) - (s) |ds

(3.3)
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By using the infinite-dimensional version of the Ascoli- Arzela theorem, one can show that an operator

1() —>IS(-,S)I(s)ds: Ll(I,X) — PCis compact. Therefore, we obtain that “p(x"‘)—wﬂ—>0a3a — 0". Moreover,

0
from (3.2) we get

|>“<“(b)—xb||s ”aR(a,Fg)(W)”+||aR(a,Fg)||||p(x"‘)—w”
< ||aR(a,rg)(w)||+|| p(x“)—w”

It follows from the assumption (Ho,) and the estimation (3.3) that ”)A(“(b)—xbu—>0a3a—>0+. This proves the

approximate controllability of system (1.1) — (1.4).
4. APPLICATION

In this section, we apply our abstract results to a concrete partial differential equation. In order to establish our results,
we need to introduce the required technical tools. Following the equations (2.9) — (2.10), here we consider

Alt)=A+ §(t) where A is the infinitesimal generator of a cosine function is C(t) with associated sine function S(t),
and I§(t): D(I§(t)) — X is a closed linear operator with D D(é(t)) for all t e I.We model this problem in the space
X = Lz(l',C), where the group T is defined as the quotient R/27Z.We will use the identification between functions
on T and 2 - periodic 2-integrable functions from R into C.Similarly, H 2(T,C) denotes the Sobolev space of 2r -

periodic functions x:R — Csuch that x''e L2 (T,C).

We consider the operator Ax(&) = x'' (&) with domain D(A)=H 2 (T,C). Itis well known that A is the infinitesimal
generator of a strongly continuous cosine function C(t) on X.Moreover, A has discrete spectrum, the spectrum of A

consists of eigenvalues — n?for n ez, with associated eigenvectors

Wn(é:)ziei”‘f' nEZ|

2z

the set {w, :neZ}is an orthonormal basis of X. In particular, define A(t): D(A(t)) c X —> X by A(t):z4y and
E:D(E)c X »> X by Ez=2-12z49where Aand E can be written as

Ax:—in2<z,wn>wn forz e D(A)

n=1

Ex= ) (1+n’){z,w,)w, forzeD(E)
n=1
The cosine function C(t) is given by

C(t)x = cos(nt){z,w,)w,, teR,
i=1
With associated sine function

S(t)x = z“’:sin(nt) (z,w,)w,, teR.
n

i=1

Itis clear that [C(t)|<1forall teR.Thus, C(;)is uniformly bounded on R.

Consider the second-order Cauchy problem with control

2
ﬁ[ﬁ Z(t,a)—ZHQ(t,H)—G(t,Z(t,H))ilE zgg(t,€)+a—z(t,0)+b(t)ﬁ Z(t, 6) + u(t, 6) +Q(t, z(t, 6))
ot ot 002 ot @.1)
for t e 1,0 < <, subject to the initial conditions
2(t,0 =1z(t,7)=0, tel, (4.2)
2(0,7) = z,(7) +Zaiz(ti,r), (4.3)
i=1
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%z(o,r):zl(r)fzn:ﬂiz(si,z), 0<r<m, (4.4)
Az(t)(7) = j'ai(ti —-s)z(s,7)ds, i=12,..n, (4.5)
AzZ'(t)(7) = I a(t —s)z(s,7)ds, 1=12,..n, (4.6)

—00

where z,2; € X, a;,3; e PC(R,R)and 0<t;,s; <7, aj, B are prefixed numbers,

b:[0,0) >R, G,F:1x X x X — X are continuous functions. We fix & >0and set /3 =supgc<a|b(t)]

We take §(t)x(r) =b(t)x'(r) defined on Hl(T,C). It is easy to see that A(t)= A+ I§(t) is a closed linear operator.

Initially we will show that A+ I§(t) generates an evolution operator. It is well known that the solution of the scalar
initial value problem
q" () =-nq(t)+ p(t),
a(s)=0,  g'(s)=qy,
is given by
1 t
a@t) = L sin n(t—s)+—jsin nt—17)p(z)dz.
n n
S
Therefore, the solution of the scalar initial value problem

q"(t) =-n’q(t)+in b(t) p(t), 4.7)
q(s)=0, q'(s)=q, (4.8)

satisfies the integral equation
t

q) =q?15in n(t—s)+i jsin n(t—)b(r)q(r)dr.

Applying the Gronwall — Bellman lemma we can affirm that
Iq(t)IS@eﬁ“‘” 49

for s <t.We denote by q,, (t, s) the solution of (4.7) — (4.8). We define

S(t,s)x:iqn(t,sxz, W, YW,.

It follows from the estimate (4.9) that S(t,s)x: X — X is well-defined and satisfies the conditions of Definition 2.1.
Put z(t) =z(t,), that is z(t)(z) =z(t,7),tel,z [0, 7z]and u(t) = u(t,"), here xz: 1 x[0, z] — [0, #]is continuous. Let us
define f:IxX > Xandg:IxX — X as

F(t, z)(r) =Q(t, z(7)), a(t, z)(r) =G(t, z(7)), ze X, 7 €[0, 7],
PO =X axt.0 a0 =3 Ao,

0

I, (X)(7) = I a,(s)x(s,7)ds, J,(X)(7) :T &;(s)x(s,7)ds.

—0
Furthermore for z e X, we have,

o0

_ 1
E 12:2 2(z,wn>wn,

o l+n

o 2
AE 1z = ziz(z Wi )Wy

o l+n
and the bounded linear operator B:U — X by
Bu(t)(r) = u(t,7), tel, re€[0,x].
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Assume these functions satisfy the requirement of hypothesis. From the above choices of the functions and evolution
operator A(t) with B =1,the system (4.1) — (4.6) can be formulated as the system (1.1)-(1.2) in X.Since all the

hypothesis of Theorem 3.3 are satisfied, approximate controllability of system (4.1) — (4.6) on | follows from Theorem
3.3.
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