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ABSTRACT

Sudha et al. [7] found equitable vertex coloring of Sudha graph S(n, 2) and found its chromatic number is either 3 or
4 according to n = 0(mod 3) or n # 0(mmod 3). In this paper, we have extended our discussion of equitable vertex
coloring to the Sudha graph S(n,m) for m = 3,4 & 5 and its chromatic number lies between 2 and 4.
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1. INTRODUCTION

Mayer [1] introduced the definition of a equitable vertex chromatic number of a graph. An equitable vertex coloring is
an assignment of colors to the vertices of a graph in such a way that no two adjacent vertices have the same color and
the number of vertices in any two color classes differ atmost by one. Application of equitable vertex coloring is found
in scheduling and timetabling problems. D. Grittner [2] discussed adout the equitable chromatic number of a complete
bipartite graph. Dorothee [3] found the equitable vertex coloring of complete multipartite graphs and Lih [4]
elaborately discussed about the equitable vertex coloring of graphs, in particular about bipartite graphs and trees in his
handbook. Sudha et al. [5] introduced S(n, m) graph and found total coloring of S(n, m) graph. Sudha et al. [6] found
equitable chromatic number of S(n, 2) is either 3 or 4 according to n = 0(mod 3) or n # 0(mod 3).

Definition 1: Graph vertex coloring is the coloring of the vertices of a graph with the minimum number of colors
without any two adjacent vertices having the same color.

Definition 2: In vertex coloring of a graph, the set of vertices of same color are said to be in that color class.

In k-coloring of a graph, there are k color classes. They are represented by C[1],C[2], ... , where 1,2, ... denote the
colors.

Definition 3: A graph G is said to be equitable k-vertex colorable if its vertex set V can be partitioned into k subsets
Vi, Va,..., Vg, such that each V; is an independent set and the condition ||VL-| - |V]|| <1 holds for all 1 <i <k,
1<j<k

The smallest integer k for which G is equitable k-vertex coloring is known as the equitable vertex chromatic number of
G and is denoted by ,,,G.

Definition 4: The Sudha graph S(n,m) is a graph with the vertex set {v; / 1 < i < n} and the edges are defined as for
1<i<n,

(i) v, isadjacentto v, ifi +1 < nand v, is adjacent to v,,

(if) wv; is adjacent to v;,,, if i + m < n and

(iii) v; is adjacentto v; 4, ifi + m > n.
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2. EQUITABLE VERTEX COLORING OF §(n, 3) GRAPHS

Theorem 1: Sudha graph S(n, 3) admits equitable vertex coloring and its chromatic number is either 2 or 3 according
to n is even or n is odd.

Proof: Let vy, v,, v, ..., V1, Uy, be the vertices of the graph S(n, 3) and its edges are defined as follows:
forl1<i<n,

(i) v, isadjacentto vy, ifi +1 < nand v, is adjacent to v,,

(if) v; is adjacentto v;,5 ifi + 3 <nand

(iii) v; is adjacent to v;,,,_5 if i + 3 > n as shown in figure 1.

Figure-1: Sudha graph S(n, 3)

There are two cases:
(i) nisodd
(ii) niseven
Here there are three types
(@ n=7+6j,j=1,2,3,..
by n=9+6j,j=1,2,3,..
() n=11+6j,j=1,2,3,...

The function f from the vertex set of S(n, 3) to the set of colors {1, 2, 3} is defined as follows :

Case-(i): Let n be even.
The vertices of S(n, 3) are colored as
forl1 <i<n,
i
i

1(mod 2)
0(mod 2)

fw =1,

The color classes C[1] and C[2] satisfy the condition [|C[i]| — [C[j]I| < 1,1 <i<2, 1<) < 2.Since
n
IC[1]] = IC[2]] = >

Sudha graph S(n, 3) has equitable vertex coloring with this type of coloring and hence xev(s(n, 3)) = 2ifniseven.

Case-(ii): Let n be odd.

Type-(a): Letn =7+6j, j =1,2,3, ..
The vertices of S(n, 3) are colored as
for 1<i<™*

_ (1 iisodd
flwi) = {2 i is even
for 21 < <2070
- <
_ (3 iisodd
fld = {2 iiseven
for 220 i <n—1
- <
_ (3 iisodd
fwi) = {1 i is even
and  f(v,) =2
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The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[j/]D]| <1,1<i<3,1<j < 3.Since
n—1
IC[A]l = IC3]l = ——

3
and |C[2]| ="T”.

Sudha graph S(n, 3) has equitable vertex coloring with this type of coloring and hence )(ev(S(n, 3)) =3ifn="7+6j,
j=123,...

Type-(b): Letn=9+6j, j =0,1,2, ...
The vertices of S(n, 3) are colored as
for 1<i<™2

_ (1 iisodd
fwi) = {2 i is even
for 223 < <2073
3 =73
_ (3 iisodd
fwi) = {2 i is even
for Z("T_g) <i<n-3
_ (3 iisodd
fld) = {1 iiseven
fn-2) =3,
fWno1) =1,
and  f(v,) = 2.

The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[j/]D| <1,1<i<3,1<j < 3.Since
n
Il =IC2ll =1CBl =35

Sudha graph S(n, 3) has equitable vertex coloring with this type of coloring and hence )(EV(S(n, 3)) =3ifn=9+6j,
j=0,12,...

Type-(c): Letn=11+6j, j=0,1,2, ...

The vertices of S(n, 3) are colored as

for1SiSnT+1

(1 iisodd
flon) = {2 iis even
for M < < 20¥D
. <
_ (3 iisodd
fl) = {2 i is even
for @ <i<n
(3 iisodd
fl) = {1 i is even
The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[j/]D| <1,1<i<3,1<j < 3.Since
n—2
C[1]| = —
Tl ==

_ n+1

and |C[2]| = |C[3]| =

Sudha graph S(n, 3) has equitable vertex coloring with this type of coloring and hence y,, (S(n, 3)) =3ifn=11+
6j, j=0,1,2,...

Therefore the equitable vertex chromatic number of S(n, 3) is either 2 or 3 according to n is even or n is odd.
Illustration 6.1.10: Consider the graph S(15,3). Using theorem 1 case (ii), type (b), we assign the color 1 to the

vertices vy, vz, V19, V12, V14, COlOr 2 to the vertices v,, vy, vg, Vg, V15 and color 3 to the vertices vs, v;, vo, V11, V13 Shown
in figure 2.
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Figure-2: Sudha graph S(15, 3)

Here [C[1]] = 5,|C[2]] =5 and |C[3]| = 5. They satisfy the conditions |(|C[i]| = IC[j/]D] <1,1<i<3,1<j<3.
This type of coloring on Sudha graph S(15, 3) satisfy the conditions for equitable vertex coloring.

Hence x.,(S(15,3)) = 3.
Illustration 6.1.11: Consider the graph S(17,3). Using theorem 6.1.6 case (ii) type (c), we assign the color 1 to the

vertices vy,v3, Vs, V14, V16, COlOr 2 to the vertices wv,,v,, v, Vg, V10, V12 and color 3 to the vertices
Vg, Vg, V11, V13, V15, V17 @S Shown in figure 3.

Figure-3: Sudha graph S(17,3)

Here |C[1]] = 5,|C[2]] = 6 and |C[3]| = 6. They satisfy the condition |(|[C[i]| = IC[J]D| < 1,1 <i<3,1<j<3.
This type of coloring on Sudha graph S(17, 3) satisfy the conditions for equitable vertex coloring.

Hence x.,(5(17,3)) = 3.
3. EQUITABLE VERTEX COLORING OF S(n,4) GRAPHS
Theorem 2: Sudha graph S(n, 4) admits equitable vertex coloring and its chromatic number is 3.
Proof: Let vy, vy, v3, ..., V4, U, e the vertices of the graph S(n, 4) and its edges are defined as follows:
forl1 <i<n,
(i) v, isadjacentto v;,, ifi +1 < nand v, is adjacent to v,,

(if) v; is adjacentto v;,, ifi + 4 <nand
(iii) v; is adjacent to v;,,_, if i + 4 > n as shown in figure 4.
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Figure-4: Sudha graph S(n, 4)

There are three cases:
(i) n=10+6j, j=0,1,2,..
(i) n=13+6j, j=0,1,2,..
(iin+10+6jandn + 13+ 6§, j=0,1,2,...

The function f from the vertex set of S(n, 4) to the set of colors {1, 2, 3} is defined as follows :
Case-(i): Let=10+6j, j =0,1,2,....

The vertices of S(n, 4) are colored as
for 1<i<>

1 i=1(mod 3)
f(w) =<2 i=2(mod 3)
3 i=0(mod3)
for ><i<n
2 i=1(mod3)
f(v) =<3 i=2(mod 3)
1 i=0(mod3)
and f(v,) =3.
The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[j]1D] < 1, 1<i<3,1<j<3.Since
n+2
IC[1]] = T

and [C[2]] = |C[3]] = =

Sudha graph S(n,4) has equitable vertex coloring with this type of coloring and hence y,, (S(n, 4)) =3ifn=10+
6j, j=0,1,2, ...

Case-(ii): Letn =13+ 6j, j=0,1,2, ...
The vertices of S(n, 4) are colored as
for 1<i< nT”

1 i=1(mod 3)
f(v) =<2 i=2(mod3)
3 i=0(mod 3)
for 22 <i<n
2 i=1(mod3)
f(w) =<3 i=2(mod 3)
1 i=0(mod 3)
and  f(v,) =3.
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The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[F/ID| <1, 1<i<3, 1<) <3.Since
n+2
IC[1]] = ——

and [C[2]| = |C[3]] =

(NS

n—
3

Sudha graph S(n,4) has equitable vertex coloring with this type of coloring and hence y,, (S(n, 4)) =3ifn=13+
6j, j=0,1,2,...

Case-(iii): Letn #10+ 6jandn £#13+ 6,7 = 0,1, 2, ...
The vertices of S(n, 4) are colored as
for1<i<n

1 i=1(mod 3)
f(w) =<2 i=2(mod 3)
3 i=0(mod3)
The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[[]D]| <1,1<i<3, 1 <j < 3.Since
n
IC[1]l =
and |C[2]] = |C[3]] =

HW‘-}-
N

n—
3

Sudha graph S(n, 4) has equitable vertex coloring with this type of coloring and hence y.,,, (S(n, 4)) =3ifnz10+
6jand # 13 +6j,j = 0,1,2,....
Therefore the equitable vertex chromatic number of S(n, 4) is 3.

Illustration 3: Consider the graph S(15,4). Using theorem 2 case (iii), we assign the color 1 to the vertices
V1, V4, V7, V10, V13, COlOr 2 to the vertices v,, vs, vg, V11, V14 and color 3 to the vertices v, vg, Vg, V15, V15 @S Shown in
figure 5.

Figure-5: Sudha graph S(15,4)

Here [C[1]] = 5,|C[2]] = 5 and |C[3]| = 5. They satisfy the conditions |(|C[i{]| — |C[/IDI < 1,1<i<3,1<j<3.
This type of coloring on Sudha graph S(15, 4) satisfy the conditions for equitable vertex coloring.

Hence x.,(S(15,4)) = 3.
4. EQUITABLE VERTEX COLORING OF §(n,5) GRAPHS
Theorem 3: Sudha graph S(n, 5) admits equitable vertex coloring and its chromatic number is lies between 2 to 4.
Proof: Let vy, v,, V3, ..., Un_q, Uy, be the vertices of the graph S(n, 5) and its edges are defined as follows:
forl<i<n

(i) v;isadjacentto v;,, ifi +1 < nand v, is adjacent to v,,

(if) v; is adjacentto v;,s ifi +5 < nand
(iii) v; is adjacent to v;,,,_s if i + 5 > n as shown in figure 6.

© 2018, IJMA. All Rights Reserved 179



S. Sudha & G. M. Raja* / Equitable Vertex Coloring of Sudha graphs S(n,m) / IJMA- 9(1), Jan.-2018.

Figure-6: Sudha graph S(n, 5)

There are two cases :
(i) niseven
(if) nis odd
Here there are three types
(@ n = 0(mod 3)
(b) n#O0(mod3)andn=7+4j, j=1,2,3,..
() n#O0(mod3)andn=9+4j, j=1,2,3,..

The function f from the vertex set of S(n, 5) to the set of colors {1, 2, 3,4} is defined as follows:

Case-(i): Let n be even.

The vertices of S(n, 5) are colored as

forit<i<n

i
i

1(mod 2)
0(mod 2)

fo ={)

The color classes C[1] and C[2] satisfy the condition ||C[i]| —|c[j]
IC[1]l = IC[2]] =

<1,1<i<2, 1<j<2.Since

NS

Sudha graph S(n, 5) has equitable vertex coloring with this type of coloring and hence )(e,,(S(n, 5)) = 2ifniseven.
Case-(ii): Let n be odd.

Type-(a): Let n = 0(mod 3).
The vertices of S(n, 5) are colored as
foril<i<n
1 i=1(mod 3)
f(v) =<2 i=2(mod3)
3 i=0(mod 3)

The color classes C[1], C[2] and C[3] satisfy the condition |(|C[i]| — |C[j/ID| <1, 1<i<3, 1 <j < 3.Since

:
crl = Ie2l = 1er3l = 5.

Sudha graph S(n,5) has equitable vertex coloring with this type of coloring and hence Xe,,(S(n, 5)) =3 ifn=
0(mod 3).

Type-(b): Letn # 0(mod 3)and =7+ 4j, j =1,2,3,....
The vertices of S(n, 5) are colored as

forl1<i<n
1 i=1(mod4)
)2 i=2(mod4)
FOD =33 i = 30mod 4)
4 i=0(mod4)

© 2018, IJMA. All Rights Reserved 180



S. Sudha & G. M. Raja* / Equitable Vertex Coloring of Sudha graphs S(n,m) / IJMA- 9(1), Jan.-2018.

The color classes C[1], C[2], C[3] and C[4] satisfy the condition|(|C[i]| — |C[/ID| < 1,1 <i <4, 1 <j < 4.Since
n+1
IC[]l = IC[2]l = IC[3]l = ——

4
and |C[4]| = "7‘3

Sudha graph S(n,5) has equitable vertex coloring with this type of coloring and hence Xe,,(S(n, 5)) =4 ifn#
O(mod3)and =7 +4j, j =1,2,3,....

Type-(c): Letn # 0(mod 3)and =9+ 4j, j =1,2,3,....
The vertices of S(n, 5) are colored as
fori<i<n-5

1 i=1(mod 4)
oo -2 {22
4 i=0(mod4)
fn-g) =2,
fns) =3,
fns) =4,
fn-1) =1,
and  f(v,) = 2.

The color classes C[1], C[2], C[3] and C[4] satisfy the condition |(|C[i]]| — |C[/IDI < 1,1 <i <4, 1 <j < 4. Since

c1)l = Ic131) = lefe] ="

n+3

and |C[4]] = -

Sudha graph S(n, 5) has equitable vertex coloring with this type of coloring and hence y., (S(n, 5)) =4if
n#0(mod3)and=9+14j, j=1,2,3, ...

Therefore the equitable vertex chromatic number of S(n, 5) is lies between 2 to 4.
Illustration 4: Consider the graph S(17,5). Using theorem 3 case (ii) type (c), we assign the color 1 to the vertices

V1, Vs, Vg, V14, COlOr 2 to the vertices v,, vg, V14, V13, V17, COlOr 3 to the vertices vs,v,,v14, 14 and color 4 to the
vertices v,, Vg, V15, V15 as shown in figure 7.

Figure-7: Sudha graph S(17,5)

Here |C[1]] = 4,|C[2]] = 5,|C[3]| = 4 and |C[4]| = 4. They satisfy the conditions |(|C[i]| — |C[/ID| < 1,1 <i <
4,1 < j < 4. This type of coloring on Sudha graph S(17, 5) satisfy the conditions for equitable vertex coloring.
Hence x.,(S(17,5)) = 4.
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5. EQUITABLE VERTEX COLORING OF S(n,m) GRAPHS

Theorem 4: Sudha graph S(n, m), n is even and m is odd admits equitable vertex coloring and its chromatic humber is
2.

Proof: Letv,,v,,vs, ..., V4, Uy be the vertices of the graph S(n, m) and its edges are defined as follows:
fori<i<n

(i) v, isadjacentto v;,, ifi+1 < nand v, is adjacent to v,

(if) v; is adjacent to v;,,, if i + m < n and

(iii) v; is adjacent to vy, if i + m > n.

The function f from the vertex set of S(n, m), n is even and m is odd to the set of colors {1, 2} is defined as follows :
The vertices of S(n,m), n is even and m is odd are coloredasfor1 <i <n

(1 i 1(mod 2)
D ‘{2 i = 0(mod 2)

The color classes C[1] and C[2] satisfy the condition ||C[i]| —|c[j]
IC[1]] = IC[2]] =

<1,1<i<2 1<j<2.Since

NS

Sudha graph S(n,m), n is even and m is odd has equitable vertex coloring with this type of coloring and hence
Xer(S(n,m)) = 2 if nis even and m is odd.

Theorem 5: Sudha graph S(n,m), n is odd and divisible by 3, m is odd and not divisible by 3 admits equitable vertex
coloring and its chromatic number is 3.

Proof: Let vy, vy, v, ..., Vp_q, Uy, b€ the vertices of the graph S(n, m) and its edges are defined as follows:
forl<i<n

(i) v; isadjacentto v;,q ifi + 1 < nand v, is adjacent to v,

(if) v; is adjacent to v;,,, if i + m < n and

(iii) v; is adjacent to vy, if i + m > n.

The function f from the vertex set of S(n, m), n is odd and divisible by 3, m is odd and not divisible by 3 to the set of
colors {1, 2,3} is defined as follows :

The vertices of S(n,m), n is odd and divisible by 3, m is odd and not divisible by 3 are coloredasfor1 <i<n

1 i = 1(mod 3)
f(w) =<2 i = 2(mod 3)
3 i = 0(mod3)

The color classes C[1], C[2] and C[3] satisfy the condition ||C[i]| — IC[j]]| < 1,1 <i <3, 1 <j < 3. Since
n
crll = [cl21l = [ei3] = 5.

Sudha graph S(n,m), n is odd and divisible by 3, m is odd and not divisible by 3 has equitable vertex coloring with
this type of coloring and hence )(EV(S(n, m)) = 3 if nis odd and divisible by 3, m is odd and not divisible by 3.

CONCLUSION

We have established the equitable vertex coloring of Sudha graph S(n,m) for any n, m = 3,4, 5 and their equitable
vertex chromatic number lies between 2 and 4 depending on the values of m and n.
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