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ABSTRACT 
In this paper the approximate functional equation for 𝑒𝑖𝜃ℌ(1

2
+ 𝑖𝑡) due to E.C. Titchmarash has been analysed. A 

minor simplification of the above equation has been obtained. New forms of the above equation in a similar way are 
derived. 
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INTRODUCTION  
 
One of the important theories in the study of complex analysis is the theory of Riemann zeta function. In 1921 and 
subsequently, Hardy and title wood [5,6,7] developed the approximate functional equation for the Riemann zeta 
function. They regarded the functional equation as a “Compromise” between the series expansion ℌ(𝑠) = ∑ 𝑛−𝑠∞

𝑛=1   
and the functional equation  ℌ(𝑠) = 𝜒(𝑠)ℌ(1 − 𝑠) [1, 2, 3]. This paper contains, the approximate functional equation 
as given by E.C.Titchmarsh in his book, “The theory of the Riemann zeta-function” published in 1951 [10, 11, 12]. 
 
This paper is useful to understand and further simplify a theory of E.C.Titchmarsh on the mean square of �ℌ(1

2
+ 𝑖𝑡)�. 

 
DEFINITION OF 𝕳(𝒔): The Riemann zeta function ℌ(𝑠) has its origin in the identity expressed by the two formulae  

ℌ(𝑠) = �
1
𝑛𝑠

∞

𝑛=1

 

where n runs through all intervals and 

ℌ(𝑠) = ��1 −
1
𝑝𝑠
�
−1

𝑝

 

where p runs through all primes and s is a complex variable 𝑠 = 𝜎 + 𝑖𝑡 
 
Theorem: Let f(x) be a real function with continuous derivatives upto the third order. Let 𝑓 ′(𝑥) be steadily decreasing 
in 𝑎 ≤ 𝑥 ≤ 𝑏 and 𝑓 ′(𝑏) = 𝛼, 𝑓 ′(𝑎) = 𝛽. Let 𝑥𝑉  be defined by 𝑓 ′(𝑥𝑉) = 𝑉 < 𝛼 < 𝑉 ≤ 𝛽 >. Let 2𝜋𝜆2 ≤ 𝑓 ′′(𝑥) <
𝐴𝜆2 , �𝑓 ′′′(𝑥)� < 𝐴𝜆3. Then 

 ∑ 𝑒2𝜋𝑖𝑓(𝑛)
𝑎<𝑛≤𝑏 = 𝑒−

𝜋𝑖
4 ∑ 𝑒2𝜋𝑖<𝑓�𝑥𝑉�−𝑉𝑥𝑉>

�𝑓′′(𝑥𝑉)�
1
2

+ 𝑂 �𝜆2
−12�𝛼<𝑉≤𝛽 + 𝑂 

                            < log[2 + (𝑏 − 𝑎)𝜆2] > +𝑂 < [(𝑏 − 𝑎)𝜆2
1/5𝜆3

1/5] >                                                        (1) 
 
The general form of the approximate functional equation  

ℌ(𝑠) = �
1
𝑛𝑠

+ 𝜒(𝑠)
𝑛≤𝑥

�
1

𝑛1−𝑠
+ 𝑂(𝑥−𝜎)

ℎ≤𝑦

+ 𝑂 < |𝑡|
1
2−𝜎𝑦𝜎−1 > 

                                                                                       𝑓𝑜𝑟 0 < 𝜎 < 1                                               (2) 

Where 𝕳(𝒔) = 𝜒(𝑠)𝕳 (1-S), the functional equation 𝜒(𝑆) =
2𝑠−1𝜋𝑠 sec�𝑠𝜋2 �

Γ(s)
  [4,13,14] 
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We use (1) with an extra factor g(n) in the sum and if we ignore error terms for the moment. Then 

∑ 𝑔(𝑛)𝑒2𝜋𝑖𝑓(𝑛) 
𝑎<𝑛≤𝑏  ≈ 𝑒−

𝜋𝑖
4 ∑ 𝑒2𝜋𝑖{𝑓(𝑥𝑣 )−𝑉𝑥𝑣}

[𝑓′′(𝑥𝑉)]1/2 𝛼<𝑣≤𝛽  g(𝑥𝑣) 
 
Taking g(u)= 𝑢−𝜎 , 𝑓(𝑢) = 𝑡𝑙𝑜𝑔 𝑢

2𝜋
  

 f’(u)= 𝑡
2𝜋𝑢

,       𝑓 ′′(𝑢) = −𝑡
2𝜋𝑢2

 
𝑥
𝑉= 𝑡

2𝜋𝑣 ,   𝑓(𝑥𝑉)=
𝑡𝑙𝑜𝑔 �𝑥𝑉�

2𝜋  ,   𝑓"( 𝑥𝑉)=−2𝜋𝑣
2

𝑡   
 

 
We have 𝛼 = 𝑓 ′(𝑏) = 𝑡

2𝜋𝑏
 , 𝛽 = 𝑓 ′(𝑎) = 𝑡

2𝜋𝑎
  

g(𝑥𝑉) = (𝑥𝑉)−𝜎  
           = ( 𝑡

2𝜋𝑣
)−𝜎   

and consider the functional equation ℌ(𝑠) = 𝜒(𝑠)ℌ(1 − 𝑠) where  

𝜒(𝑠) =
2𝑠−1𝜋𝑠sec (𝑠𝜋2 )

Γ(𝑠)
 𝑎𝑛𝑑 𝐼𝑛 𝑎𝑛𝑦 𝑓𝑖𝑥𝑒𝑑 𝑠𝑡𝑟𝑖𝑝 𝛼 ≤ 𝜎 ≤ 𝛽 as 𝑡 → ∞ 

 
Replacing a, b by x, N and i by  –i we obtain 

ℌ(s)=∑ 1
𝑛𝑠

+𝑛≤𝑥 𝜒(𝑠)∑ 1
𝑛1−𝑠𝑛≤𝑦 + 𝑂(𝑥−𝜎) + 𝑂 < |𝑡|

1
2−𝜎𝑌𝜎−1 > 𝑓𝑜𝑟 0 < 𝜎 < 1 

 
This is known as the approximate functional equation                                                                                                     (3) 
 
As a special case of the approximate functional equation we have the following theorem 
 
Theorem: We have 𝑒𝑖𝜃  ℌ�1

2
+ 𝑖𝑡� = 2∑ 𝑐𝑜𝑠(𝜃1−𝑡𝑙𝑜𝑔 𝑛)

√𝑛
 𝑚

𝑛=1 + 0(𝑡−1/4)                                                                            (4) 
where 

𝜃 = �− 1
2
� am𝜒 < 1

2
+it >= (1/2)t log< 𝑡

2𝜋
> − 𝑡

2
− 𝜋

𝜃
+ 𝑜 �1

𝑡
� 𝜃1=12𝑡 log�

𝑡
2𝜋�−

𝑡
2−𝜋/𝜃   

m =�( 𝑡
2𝜋

)  and 𝜒(𝑠) = 𝜋𝑠−(12)  
Γ(12−

𝑠
2)

Γ(𝑠2)
  

 
Proof: Consider the approximate functional equation (3) 
 

Taking 𝜎 = 1
2
  and X = Y = � 𝑡

2𝜋
�
1
2  

 
We get 

ℌ(1
2
+it) = ∑ 𝑛−

1
2−𝑖𝑡 + 𝑛≤𝑥  𝜒 < 1

2
+ 𝑖𝑡 > ∑ 𝑛−

1
2+𝑖𝑡 + 𝑂 �𝑥−

1
2�𝑛≤𝑥 +𝑂 < |𝑡|<

1
2>−−(12)𝑦

1
2−1 > 

= ∑ 𝑛−
1
2−𝑖𝑡 +𝑛≤𝑥  𝜒 �1

2
+ 𝑖𝑡� ∑ 𝑛−

1
2+𝑖𝑡 + 𝑂 < {� 𝑡

2𝜋
�
1
2}−1/2 >𝑛≤𝑥 + 𝑂 < {� 𝑡

2𝜋
�
1
2}−1/2 > 

= ∑ 𝑛−
1
2−𝑖𝑡 +𝑛≤𝑥  𝜒 < 1

2
+ 𝑖𝑡 > ∑ 𝑛−

1
2+𝑖𝑡 + 𝑂(𝑡−

1
4)𝑛≤𝑥     [8, 9]                                                               (5) 

 
This can also be put into another form which is sometimes useful, we have 

𝜒 �
1
2

+ 𝑖𝑡� 𝜒 �
1
2
− 𝑖𝑡� = 1 

Then | 𝜒(1
2

+ 𝑖𝑡)| = 1 
 
Let 𝜃 = 𝜃(𝑡) = −(1

2
) arg 𝜒(1

2
+ 𝑖𝑡) then 

-2𝜃 =arg 𝜒 < 1
2

+ 𝑖𝑡 > 

𝜒 �1
2

+ 𝑖𝑡� = |𝜒(1
2

+ 𝑖𝑡|𝑒−𝑖2𝜃=𝑒−𝑖2𝜃                                                                                                                    (6) 
 
We have 𝑒𝑖𝜃ℌ < 1

2
+ 𝑖𝑡 >= [ 𝜒(1/2 + 𝑖𝑡)]−1/2 ℌ�1

2
+ 𝑖𝑡�                                                                                             (7) 

 

Now  𝜒(𝑠) =
𝜋𝑠−1/2Γ<12−

𝑠
2>

Γ(s2)
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Then 𝜒 �1
2

+ 𝑖𝑡� = 𝜋
1
2+𝑖𝑡−1/2 Γ<12−

1
2�
1
2+𝑖𝑡�>

Γ<12�
1
2+𝑖𝑡�>

 

                           = 
𝜋𝑖𝑡Γ<12−

1
4−

𝑖𝑡
2>

Γ<14+
𝑖𝑡
2>

 

                           = 
𝜋𝑖𝑡Γ<14−

𝑖𝑡
2>

Γ(14+
𝑖𝑡
2>

                                                                                                                                            (8) 

[𝜒(1/2 + 𝑖𝑡)]−1/2 = 𝜋−𝑖𝑡/2 �
Γ �1

4
− 𝑖𝑡

2
�

Γ �1
4

+ 𝑖𝑡
2
�
�

−12

 

    = 𝜋−𝑖𝑡/2 �
[Γ(14+

𝑖𝑡
2 )]1/2[Γ�14+

it
2�]1/2

[Γ�14−
𝑖𝑡
2�]1/2[Γ�14+

𝑖𝑡
2�]1/2

�  =    𝜋−𝑖𝑡/2 Γ<14+
𝑖𝑡
2>

[Γ(14−
𝑖𝑡
2 )Γ(14+

𝑖𝑡
2 ]1/2

 

    = 𝜋−𝑖𝑡/2 Γ(14+
𝑖𝑡
2 )

[|Γ(14+
𝑖𝑡
2 )|2]1/2

                                                                                                                    (9) 

We have 𝜉(𝑠) = (1/2_𝑠(𝑠 − 1)𝜋−
𝑠
2Γ(𝑠

2
)ℌ(𝑠) 

 
Then 𝜉 < 1

2
+ 𝑖𝑡 >= �1

2
� < 1

2
+ 𝑖𝑡 >< 1

2
+ 𝑖𝑡 − 1 > 𝜋(−12)(12+𝑖𝑡)Γ ��1

2
� �1

2
+ 𝑖𝑡��ℌ �1

2
+ 𝑖𝑡� 

 = <1/2><1/2+it><it-1/2>𝜋−
1
4−

𝑖𝑡
2Γ < 1

4
+ 𝑖𝑡

2
> ℌ < 1

2
+ 𝑖𝑡 >  

 = <1/2><1/2+it><it-1/2>𝜋<−
1
4−

𝑖𝑡
2>Γ < 1

4
+ 𝑖𝑡

2
> ℌ�1

2
+ 𝑖𝑡�                                                              (10) 

ℌ�
1
2

+ 𝑖𝑡� =
𝜉 < 1

2
+ 𝑖𝑡 >

< 1
2

> �− �𝑡2 + 1
4
��𝜋−

1
4−

𝑖𝑡
2Γ(1

4
+ 𝑖𝑡

2
)
 

                                                = 
−2𝜋

1
4𝜋

𝑖𝑡
2 𝜉(12+𝑖𝑡)

�𝑡2+14�Γ(14+
𝑖𝑡
2 )

                                                                                                                 (11) 

 
Using (9) & (11) in (7). We get 

𝑒𝑖𝜃ℌ <
1
2

+ 𝑖𝑡 >= 𝜋−𝑖𝑡/2
Γ(1

4
+ 𝑖𝑡

2
)

|Γ < 1
4

+ 𝑖𝑡
2

> |

−2𝜋1/4𝜋𝑖𝑡/2𝜉 < 1
2

+ 𝑖𝑡 >

< 𝑡2 + 1
4

> Γ < 1
4

+ 𝑖𝑡
2

>
 

 = −2𝜋
1/4

𝑡2+1/4

𝜉(12+𝑖𝑡)

|Γ<14+
𝑖𝑡
2>|

 

 = −2𝜋
1/4

𝑡2+1/4
∑(𝑡)

|Γ�14+
𝑖𝑡
2�|

                                                                                                      (12) 

Where                 ∑(𝑡) = 𝜉 �1
2

+ 𝑖𝑡�                                                                                                            

Thus the function 𝑒𝑖𝜃ℌ �1
2

+ 𝐼𝑡� is real for real t and from (7), we have 

|𝑒𝑖𝜃ℌ �1
2

+ 𝑖𝑡� | = |ℌ�1
2

+ 𝑖𝑡� | 
 
Multiplying (5) by 𝑒𝑖𝜃, we get  

𝑒𝑖𝜃 ℌ�
1
2

+ 𝑖𝑡� = 𝑒𝑖𝜃�𝑛−
1
2−𝑖𝑡 + 𝑒𝑖𝜃 . 𝑒−2𝑖𝜃�𝑛−

1
2+𝑖𝑡 + 𝑂(𝑡−

1
4)

𝑛≤𝑥𝑛≤𝑥

 

 = 𝑒𝑖𝜃 ∑ 𝑛−
1
2−𝑖𝑡 + 𝑒−𝑖𝜃 ∑ 𝑛−

1
2+𝑖𝑡 + 𝑂(𝑡−

1
4)𝑛≤𝑥𝑛≤𝑥  

 = ∑ 𝑒𝑖𝜃𝑛−1/2𝑛−𝑖𝑡 + ∑ 𝑒−𝑖𝜃𝑛−1/2𝑛𝑖𝑡 + 𝑂(𝑡−
1
4)𝑛≤𝑥𝑛≤𝑥  

 = ∑ [𝑒𝑖𝜃𝑛−
1
2𝑛−𝑖𝑡 + 𝑒−𝑖𝜃𝑛−

1
2𝑛𝑖𝑡]𝑛≤𝑥 + 𝑂(𝑡−

1
4) 

 = ∑ [𝑒𝑖𝜃𝑛−1/2𝑒𝑙𝑜𝑔𝑛−𝑖𝑡𝑛≤𝑥 + 𝑒−𝑖𝜃𝑛−1/2𝑒𝑙𝑜𝑔𝑛𝑖𝑡] + 𝑂(𝑡−
1
4) 

 = ∑ 𝑛−1/2�𝑒𝑖(𝜃−𝑡𝑙𝑜𝑔 𝑛) + 𝑒−𝑖(𝜃−𝑡𝑙𝑜𝑔 𝑛)� + 𝑂(𝑡−
1
4)𝑛≤𝑥  

 = ∑ 𝑛−
1
2[2 cos(𝜃 − 𝑡𝑙𝑜𝑔𝑛)] + 𝑂 �𝑡−

1
4�𝑛≤𝑥  

 = 2∑ 𝑛−
1
2[cos(𝜃 − 𝑡𝑙𝑜𝑔𝑛)] + 𝑂 �𝑡−

1
4�𝑛≤𝑥  

 = 2∑ 𝑛−
1
2[cos(𝜃 − 𝑡𝑙𝑜𝑔𝑛]𝑚

𝑛=1 + 𝑂(𝑡−
1
4) 

 = 2∑ [cos(𝜃−𝑡𝑙𝑜𝑔𝑛)

𝑛
1
2

]𝑚
𝑛=1 + 𝑂 �𝑡−

1
4�                                                                                (13) 

Where m=[x] and 𝜃 = −1/2 arg 𝜒(1
2

+ 𝑖𝑡) 
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Taking logarithm on both sides of (8) and applying 

logΓ(𝜎 + 𝑖𝑡) = �𝜎 + 𝑖𝑡 − 1
2
� log 𝑖𝑡 − 𝑖𝑡 + 1

2
(𝑙𝑜𝑔2𝜋) + 𝑂 �1

𝑡
�                                                          (14) 

 
We get 
log𝜒 �1

2
+ 𝑖𝑡� = 𝑖𝑡 log𝜋 + 𝑙𝑜𝑔Γ �1

4
− 𝑖𝑡

2
� − 𝑙𝑜𝑔Γ(1

4
+ 𝑖𝑡

2
) 

                       = itlog𝜋 + �< �1
4
− 𝑖𝑡

2
� − 1

2
>< log �− 𝑖𝑡

2
� > + �𝑖𝑡

2
� + 1

2
 𝑙𝑜𝑔2𝜋 + 𝑂 �1

𝑡
�� − {< 1

4
+ 𝑖𝑡

2
− 1

2
> log �𝑖𝑡

2
� 

                            −�
𝑖𝑡
2
� + �

1
2
� log 2𝜋 + 𝑂(

1
𝑡

)} 

                       = itlog𝜋 + {< −1
4
− 𝑖𝑡

2
> log �− 𝑖𝑡

2
� + �𝑖𝑡

2
� + �1

2
� log

2𝜋 + 𝑂(1
𝑡
)} − {�− 1

4
+ 𝑖𝑡

2
� log �𝑖𝑡

2
�

− �𝑖𝑡
2
� + 1

2
log 2𝜋 + 𝑂(1

𝑡
)}

 

                      = itlog𝜋 − �1
4
� log �− 𝑖𝑡

2
� − �𝑖𝑡

2
� log �− 𝑖𝑡

2
� + �𝑖𝑡

2
� + 1

2
log 2𝜋 + 𝑂 �1

𝑡
� + �1

4
� log �𝑖𝑡

2
� − �𝑖𝑡

2
� log �𝑖𝑡

2
� +

𝑖𝑡2−12log2𝜋+𝑂(1𝑡) 

                      = itlog𝜋 − 1
4

log < (𝑡
2
)𝑒−𝑖𝜋/2>-(it/2)log<(t/2)𝑒−𝑖𝜋/2 > +< 𝑖𝑡

2
> + �1

4
� 𝑙𝑜𝑔 < �𝑡

2
� 𝑒

𝑖𝜋
2 > −�𝑖𝑡

2
� 𝑙𝑜𝑔 <

�𝑡
2
� 𝑒

𝑖𝜋
2 > + �𝑖𝑡

2
� + 𝑂(1

𝑡
)  

                    = itlog𝜋 − �1
4
� {log �𝑡

2
� + log 𝑒−𝑖𝜋/2} − �𝑖𝑡

2
� {log �𝑡

2
� + log 𝑒−𝑖𝜋/2} + �𝑖𝑡

2
� + �1

4
� [log �𝑡

2
� + log 𝑒𝑖𝜋/2}  

                        - (it/2) {log(t/2)+log 𝑒𝑖𝜋/2} + �𝑖𝑡
2
� + 𝑂(1

𝑡
)  

                   = it log 𝜋 − �1
4
� log �𝑡

2
� − �1

4
� �− 𝑖𝜋

2
� − �𝑖𝑡

2
� log �𝑡

2
� − �𝑖𝑡

2
� �− 𝑖𝜋

2
� + 𝑖𝑡 + �1

4
� log �𝑡

2
� + �1

4
� �𝑖𝜋

2
� 

                          −�𝑖𝑡
2
� log �𝑡

2
� − �𝑖𝑡

2
� �𝑖𝜋

2
� + 𝑂(1

𝑡
)  

                  = itlog𝜋 − �1
4
� log �𝑡

2
� + 𝑖𝜋/8) − (𝑖𝑡/2)log (𝑡/2) − 𝑡𝜋/4 + 𝑖𝑡 + (1/4)log (𝑡/2) + 𝑖𝜋/8 − (𝑖𝑡/2)log (𝑡/2)                        

                       +(𝑡𝜋/4) + 𝑂(1/𝑡)  
 
                 = it log 𝜋 + 𝑖𝜋

4
− 𝑖𝑡 log �𝑡

2
� + 𝑖𝑡 + 𝑂(1

𝑡
) 

arg 𝜒 < 1
2

+ 𝑖𝑡 >= 𝑡 𝑙𝑜𝑔𝜋 + 𝜋
4
− 𝑡𝑙𝑜𝑔 �𝑡

2
� + 𝑡 + 𝑂(1

𝑡
)  =t+ 𝜋

4
− 𝑡 �log �𝑡

2
� − 𝑙𝑜𝑔𝜋� + 𝑂(1

𝑡
) 

                             = t+ 𝜋
4
− 𝑡 log � 𝑡

2𝜋
�+ 𝑂(1

𝑡
) 

 
But -2𝜃 = arg𝜒(1

2
+ 𝑖𝑡) 

𝜃 = �−
1
2
� �𝑡 +

𝜋
4
− 𝑡𝑙𝑜𝑔 �

𝑡
2𝜋
�� + 𝑂(

1
𝑡

) 

 = −𝑡
2

 -𝜋
8

+ �𝑡
2
� log � 𝑡

2𝜋
� + 𝑂(1

𝑡
) 

 = (t/2) log (t/2𝜋) − 𝑡
2
− 𝜋

8
+ 𝑂(1

𝑡
) 

 
We can replace 𝜃 𝑏𝑦 𝜃1 = �𝑡

2
� log � 𝑡

2𝜋
� − 𝑡

2
− 𝜋/8 

 
With an error  

= O[∑ {𝑐𝑜𝑠 (𝜃−𝑡 𝑙𝑜𝑔 𝑛)−(𝑐𝑜𝑠𝜃1−𝑡𝑙𝑜𝑔 𝑛)}
√𝑛

𝑚
𝑛=1 ] 

= O[∑
sin�θt�sin {θ+θ12 −tlog n}

√n
m
n=1 ] 

= O[∑ 1
√nt

m
n=1 ] 

= O[m
1/2

t
] 

= O[t
1/4

t
] 

= O(t−3/4)                                                                                                                                          (15) 
 
The theorem now follows using (15) in (14).  
 
Remark: We can replace 𝜃 by 𝜃1this in the other special form of the approximate functional equation in a similar way.  
 
 
 
 



K. Punniakrishnan / An Improvement On an Approximate Functional Equation for 𝒆𝒊𝜽𝕳(𝟏
𝟐

+ 𝒊𝒕) / IJMA- 9(1), Jan.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                        94  

 
REFERENCES 
 

1. Ahlfors.L.V “Complex Analysis” Mc Graw Hill, New York, 1979. 
2. Aswin.A “A functional equation from the theory of the Riemann ℌ(s) - function” Annals of Math. (2), 2d, 

359-366, 1923. 
3. Churchill.V.Ruel Brown.W.James and Roges.F.Verhery “Complex variables and Applications” Third Edition, 

Mc Graw-Hill Kogakusha Ltd,1934. 
4. Creightou Buck.R “Advanced Calculus” International Student Edition, Mc Graw-Hill, Kogakusha Ltd, 1965. 
5. Hardy.G.H “On the average order of the arithmetical functions P(u) and ∆(u)”P.L.M.S,(2),15,192-213, 1915. 
6. Mordell.L.J “Some applications of fourier series in the analytic theory of numbers”, P.C.P.S, 34,585-596, 

1928. 
7. Nevanlinna Rolf Paatero.V “Introduction to complex analysis” Addison-wesley publishing company, 

London,1969. 
8. Paley.R.E.A.C and Wienner.N “Note on the theory and application of fourier transforms” V.Trans Ameer, 

Math.Soc.35, 768-781,1933. 
9. Phillips,Eric “A note on the zeros of ℌ(s)”, Q.J.O.6,139-145, 1935. 
10. Ramanujan.S, “New expression for Riemann’s functions E(s) and I(t)” Quart. J of Math. 46, 253-261, 1951. 
11. Thiruvenkatachaya.V “On some properties of the zeta-function”, Journal Indian Math. Soc.19, 92-106, 1931. 
12. Titchmarasu.E.C “The theory of the Riemann Zeta-function” Oxford, At the clarendon press, 1951. 
13. Walter Rudin “Principles of mathematical analysis”, Third Edition, Mc Graw-Hill, International book 

company, 1976. 
14. Wilton.J.R “Note on the zeros of Riemann’s ℌ -function” Messenger of Math, 45 c, 180-193, 1915.  

 

 Source of support: Nil, Conflict of interest: None Declared. 
[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 

 


