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ABSTRACT

In this paper, Homotopy perturbation method is applied to solve some partial differential equations. Examples of
PDEs are presented and give some useful help to solution of PDEs.

Keywords: Homotopy perturbation method (HPM); Mathematical modeling; Partial differential equation.

1. INTRODUCTION

In recent years, many mathematicians have developed the new techniques to find exact and approximate solutions for
linear and nonlinear partial differential equations which describe in different fields. Some important methods have been
appeared like homotopy perturbation method which is analytic technique for solving linear and nonlinear problems.
The first mathematician proposed this was Ji-Huan in 1999[1]. This method gives analytical exact and approximate
solutions of nonlinear partial differential equations easily without transforming the equation or linearizing the problem
with very good results. Some mathematician’s author has used the homotopy perturbation method for solving partial
differential problem [2-10]. In this work, we represent the solution for partial differential equations by homotopy
Perturbation method in linear, nonlinear and some type.

2. ANALYSIS OF HE’'S HOMOTOPY PERTURBATION METHOD

To explain this method, we consider the following differential equation

D,(u)—f(r)=0, reQ 1)
with the boundary conditions
Bo(u, 6—“}:0, rel’ 2
on

where D, is a general differential operator, B is a boundary operator, f(r) isa known analytical function and /7~
is the boundary of the domain €. In general, the operator D, can be divided into a linear part L and a non-linear

part N . Eqgn. (1) can therefore be written as
L) +N@u)-f(r)=0 @)
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By the homotopy technique, we construct a homotopy V(r, p): 2 x[0,1] — ‘R that satisfies

H (v, p) = (1= p)[L(v) — L(ug)]+ p[D, (V) — £ (r)] =0. “

H (v, p) = L(v) — L(ug) + pL(uo) + p[N(v) - £ (r)] =0. ®)
where pe [0, 1] is an embedding parameter, and U, is an initial approximation of Eqn. (1) that satisfies the boundary
conditions. From Eqns. (4) and (5), we have

H(v,0) =L(v)—L(uy,) =0 (6)

H(v1)=D,(v)- f(r)=0 ()
When p=0, Eqgn. (4) and Eqgn. (5) become linear equations. When p =1, they become non-linear equations. The process
of changing p from zero to unity is that of L(v)—L(u,)=0toD,(v)— f(r)=0. We first use the embedding
parameter P as a “small parameter” and assume that the solutions of Eqns. (4) and (5) can be written as a power series
inp:

V=V, + pv, + P2V, +... (8)

Setting p =1 results in the approximate solution of Eqn. (1):
u=limv=vy,+v, +v, +... 9)
p—1
This series is convergent for most cases.

However, the convergence rate depends on nonlinear operator.
3. EXAMPLES

Example 1: Consider the following linear PDEs

ou
— =u,, +COoSX (10)
ot

with initial condition

u(0, x) = 2(sin x + cos X) (12)
and a given solution

u(t,x) =2sinxe™ +cosx(e™ +1).

To solve Eqgn.(10) by Homotopy perturbation method, we will have

ou  au, o%u
E_Ezp thcosx (12)

Suppose that the solution of Egn.(10) is the form
U=U,+ pu, + p°u, +.. (13)

Substituting Eqn. (13) into Eqn. (12) and equating the coefficients of like power p, we will have the set of differential
equations:

ot ot
2
pl:%:aauzo+cosx—%
X
,.0u, 0%,
2= 14
P T e (4
ps'a&:azu2
ot ox?
p4.%_62u3
ot o
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and so on. Solve the system of Eqns.(14) to get the solutions
u, = (2sin x + cos x)t
t2
u, =—(2sin x+cosx)§ (15)

3
u, = (2sin x + cos x)%

4

u, =—(2sin x+cosx)%

Solution of Eqn. (10) will be derived by adding these terms, so
U, E) =Ug + U + Uy + e,

. .t . t? t t?
=[25|nx—25lnx—+23mx—— .......... J+(Zcosx—cosx—+cosx—— .......... j
1! 21 1! 21
2 2
=2$inx(1—£+t—— .......... ]+cosx+cosx[l—l+t—— .......... j
1 21 1 21
u(t,x) =2sinxe™ +cosx (e +1).
Example 2: Consider the following nonlinear PDEs
u
U =—u, —2X 16
t 2 X ( )

with initial condition

u(0,x) =5 17
and a given solution

u(t,x) =5secht —2xtanht.

To solve Eqgn.(16) by Homotopy perturbation method, we will have

ou
a_u__ozp Ea_u_zx (18)
ot ot 2 OX
Suppose that the solution of Eqn.(16) is the form
U=U,+ pu, + p°u, +.. (19)

Substituting Eqn. (19) into Eqn. (16) and equating the coefficients of like power p, we will have the set of differential
equations:

0-%_%_0
ot ot

1:%;”&%_2)(
ot 2 oOx

2, Oy _ Uy Oy Uy Oy

ot 2 ox 2 ox

ot 2 OX 2 OX 2 OX
4.6U4_U_08U3+ﬂ6u2 +u_2%+u_3%

P T2 T2k 2 ox 2 ox

(20)
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and so on. Solve the system of Eqgns. (20) to get the solutions

U, =—2X
t2
U2 :—SZ (21)
tS
u3:—2xa
S 4
u, =——t
Y12

and so on. Solution of Eqgn. (16) will be derived by adding these terms, so
UG E) =Ug + U + Uy + e,
2 3

:5—2xt—5t—+2xt—+it4+ ................ .
21 3 12

u(t,x) =5secht—-2xtanht.

Example 3: Consider the following PDEs in second order

2 7t -
u, =—{ U, +—u, +2e" sinx (22)
X
subject to the initial conditions
CoSX .
u(0,x) = ——+sinx (23)
X

COS X

and a given solution u(t,x) =e ( +sin XJ .

To solve Eqgn.(22) by Homotopy perturbation method, we will have

2
a—u—%:—p{a—qugg—quZe“sinx} (24)
X OX

Suppose that the solution of Eqn.(22) is the form
U=U, + puU, + p°u, +... (25)

Substituting Eqgn. (25) into Eqn. (22) and equating the coefficients of like power p, we will have the set of differential
equations:

po : %_%: 0

ot ot

2

pl:%:— 0 UZO +g%+29“sinx+%

ot OX X OX

ou o°u, 2adu

2. % _ 1, 2% 26

P (axz X OX (29)
o ou, _ 82u22 +g@u2

ot OX X OX

and so on. Solve the system of Eqgns. (26) to get the solutions
COS X : .

ulz—Tt+tsmx+2e sin X
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cosxt® t* . Y 4COSX _
u, =-3 —+—sinx—2e"'sinx + e’ (27)
x 20 2 X
cosx t® t° . L 8cosx
Uy =—5———+—sinx+2e" sinx— e
x 3 3 X
cosxt* t* . L 12cosx
U, =-7—-—+-—sinx—-2e'sinx+——-¢
x 41 4 X

and so on. Solution of Eqn. (22) will be derived by adding these terms, so

U, E) =Ug + U AUy + e

2 43 4
_ Cosx {(1_1_3t__5t__7t__ _______ j+(4—8+12—16+ ........ )e™

X

COSX . .
=——""¢ ' +sinxe
X

uit,x)=e™ (COSX +5sin xj.
X

4. CONCLUSION

In this paper, we used the homotopy perturbation method for solving some partial differential equations. We get the
result is very effective and have an exact to find the solutions for the PDEs. Furthermore, HPM was successful
implemented in approximating the solutions of nonlinear systems of PDEs.
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