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ABSTRACT

In this present paper, we introduce the concept of intuitionistic fuzzy bi-ideals of near-rings. Also we investigate some
algebraic nature of intuitionistic fuzzy bi-ideals of near-rings and some related properties of these fuzzy substructures.
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1. INTRODUCTION

The notion of intuitionistic fuzzy set (IFS) was introduced by Atanassov [2] as a generalization of notion of fuzzy sets.
The concept of near-rings was introduced by Pilz [9] and that of quasi-ideal in near ring was introduced by Yakabe
[12]. The notion of bi-ideals was introduced by Chelvam and Ganesan [4].

In this paper we study the intuitionistic fuzzification of the notion of bi-ideals in near-rings. We show that every
intuitionistic fuzzy bi-ideal of a near-ring is an intuitionistic fuzzy subnear-ring. We give characterizations of
intuitionistic fuzzy bi-ideals in near-rings.

A near-ringisa non empty set N with two binary operations “+” and “.”such that
(i) (N,+) isagroup not necessarily abelian
(if) (N, .)isasemigroup
(iii) x +y).z=x.z+y.z, forall x,y, zeN.

Precisely speaking it is a right near-ring because it satisfies the right distributive law. If the condition (iii) is replace by
z(x+y)=zx+zyforall x,y, z €N, then it is called left near- ring .We denote xyinstead of x.y. A near-ring N is called
zerosymmetric if x.0 = 0 for all x eN.
Given two subsets A and B of N, the product ABis defined as

AB = {abla€A, beB}
A subgroup S of (N, +) is called left (right) N-subgroup of N if NS €S(SNES). A subgroup M of (N, +) is called
subnear-ring of N if MM < M. A subnear-ring M is called invariant in N if MN € NM € M.

2. PRELIMINARIES

Throughout this paper N stands for a right zero symmetric near-ring.
Definition 2.1: An ideal of a near-ring N is a subset | of N such that
(i) (1,+)isnormal subgroup of (N, +)
(i) INcl
(ii)y(x+i)-yxel forallx,yeNandi€l
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Note that | is right ideal of N if | satisfies (i) and (ii), and | is left ideal of N if I satisfies (i) and (iii).
Definition 2.2: A subgroup Q of N is called a quasi-ideal of N if QNNNQNN*QZ<Q.
Proposition 2.3: Let Q be a quasi-ideal and M be a sub near-ring of a near-ring N then QNM is a quasi-ideal of N.

Proposition 2.4: Let N be a zero symmetric near-ring and Q be the subgroup of N. Then Q is a quasi-ideal of N if and
only if QN N NQ € Q.

Proof: Letn €N, g €Q be any element. As N is zero symmetric near-ring. Therefore ng=n(0 + q) - n0EN* Q implies
NQZEN*Q so that NQNN*Q =NQ.Hencewe have QN N NQ € Q.

Definition 2.5: A subgroup B of N is called a bi-ideal of N if BNBN(BN)*B<B.

Proposition 2.6: Let N be a zero symmetric near-ring and B be the subgroup of N. Then B is abi-ideal if andonly if
BNB c B.

Proof: Since N is a zero symmetric, therefore NBSN*B. Hence BNB = BNB n BNB < BNB n (BN)*B < B.
Proposition 2.7: Intersection of a bi-ideal B and a sub near-ring S of a near-ring is a bi-ideal of S.
Lemma 2.8: Let N be a zero symmetric near-ring and Q be a quasi-ideal in N. Then every Q is bi-ideal.

Proof: Let Q be a quasi ideal in a zero symmetric near-ring N. Then (Q, +) is a subgroup of N and QN n NQ € Q.
Now, QNQ < QN and QNQ < NQ. Thus, QNQ < QN n NQ < Q.Hence Q is bi-ideal of N.

Definition 2.9: Let X be a non-empty set. A mapping x: X— [0, 1] is a fuzzy set in X.The complement of 4, denoted
by 4, is the fuzzy set in X given by x°(x) = 1 — u(x) for all x €X. For anyl € X, y,denote the characteristicfunction of I.

Definition 2.10: For any fuzzy set x in X and re [0, 1], we define two sets, U (i, ) = {xeX | u(x) > r} and
L(y, 7) ={x € X | u(x) <r}, which are called an upper andlower r-level cut of x respectively and can be used to the
characterization of u.

Definition 2.11: A fuzzy set . in N is a fuzzy subnear-ring of N if for all x, yeN,
(i) w(x— ) =minfu(x), u(y)} and
(i) u(xy) = minfu(x), u(y)}-

Definition 2.12: A fuzzy set « in N is a fuzzy bi-ideal of N if for all x, y €N,
() u(x = y) = minfu(x), u(y)} and
(i) u(xyz) =minfu(x), u(2)} for all x, y, z eN.

3. INTUITIONISTIC FUZZY SETS AND BI-IDEALS

Definition 3.1: An intuitionistic fuzzy set A in a non-empty set X is an object having the form A= {(X, xa(X), va(X))|
X€eX }, where the functions ua: X — [0, 1]Jandva:X — [0, 1]denote the degree of membership and the degree of non-
membership of each element x €Xto the setA, respectively, and 0 < ua(x) +va(x) < 1for all x eX.

For the sake of simplicity, we shall use the symbol A = (ua, va) for the intuitionistic fuzzy set A = {(x, ua(x),
Va(X))[XEX}.

Definition 3.2: An intuitionistic fuzzy set A = (ua, va) Of a group (G, +) is said to be an intuitionistic fuzzy subgroup of
Gifforallx,yeG

(i) pa(x +y) = minfua(X), ua(Y)}

(i) ua(-X) = ua(x)

(iii) va(x +y) < max{va(x), va(y)}

(iv) va(-X) =va(x)

Equivalently, ua(X - y) > min{ua(X), ua(y)} and va(x - y) <max{va(x), va(y)Hor all x, y €G.
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Let A = (ua, va) and B = (ug, vg) be two intuitionistic fuzzy subsetof a near-ring N. We define the product of A and B
as AB = (uag , vag )- If S © N, then, we define the characteristic functiony, on N is defined as

_( (1,0ifxeS
Xs(0) = {(0,1) ifx € N\S

The characteristic function on N is y, and yy(x) = (1, 0) for allx eN

Definition 3.3: An intuitionistic fuzzy set A = (ua, va) in N is an intuitionistic fuzzy subnear-ring of N if for all
X, YE N,

(i) a(x ~ ») = minfua(), 1a(y)}

(i1) ua(xy) = min{ua(x), ua(y)}

(i) Va(X ~ ) Smax{va(), vaW)}

(iv) va(xy) < max{va(x), va(y)}-

Definition 3.4: An intuitionistic fuzzy set A = (ua, va) in N is an intuitionistic fuzzy bi-ideal of N if for all x, y, z €N,
(i) pa(x = y) = minfua(X), ua(¥)}
(i) pa(xyz) = min{ua(x), ua(2)}
(iii) va(x = ) < max{va(x), va(y)}
(iv) va(xyz) < max{va(x), va(2)}-

Lemma 3.5: Let A = (ua, va) be an intuitionistic fuzzy setinN. Then A is an intuitionistic fuzzy bi-ideal of N if and
only if the fuzzy sets u, and vCaare fuzzy bi-ideals of N.

Proof: If A= (ua, va) is an intuitionistic fuzzy bi-ideal of N, then clearly u, is a fuzzy bi-ideal of N.

For all x, yeN,
V(X = ) = 1 —va(x—y)
=1 —max{va(x), va(y)}
=min{l —va(x), 1 —va(y)}
= min{v°a(x), v’a(y)}.
Forall x, y, zeN,

Va(xyz) =1 —va(xyz)
> 1 — max{va(x), va(2)}
=min{l —va(X), 1 —va(2)}
= min{va(x), va(2)}.

Thus v, is a fuzzy bi-ideal of N.

Conversely, suppose that u, and v, are fuzzy bi-ideals of N, then clearly the conditions (i) and (ii) of Definition 3.4 are
valid.

Now for all x, yeN,
1 —va(Xx—y) = va(x—)
> min{v°a(x), v’a(y)}
=1 —max{vA(X), VA(y)}
Therefore va(x—y) <max{va(X), va(y)}-
Forall x, y, zeN,
1 —va(xyz) = v°a(xyz)
> min{v°a(x), v’A(2)}
=1 —max{va(X), va(2)}.
Therefore va(xyz) < max{va(x), va(2)}-

Thus A = (ua, va) is an intuitionistic fuzzy bi-ideal of N.
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Theorem 3.6: Let A = (ua, va) be an intuitionistic fuzzy set in N. Then A is an intuitionistic fuzzy bi-ideal of N if and
only if A= (up 1) and A = (v, v,) are intuitionistic fuzzy bi-ideals of N.

Proof: If A= (ua, va) is an intuitionistic fuzzy bi-ideal of N, then ua= (uA)° and v°, are fuzzy bi-ideals of N, from
Lemma 3.5. Therefore A = (ua, 4#5) and A= (v, v,) are intuitionistic fuzzy bi-ideals of N.

Conversely, if A and A are intuitionistic fuzzy bi-ideals of N, then the fuzzy sets us and v, are fuzzy bi-ideals of N.
Therefore A = (ua, v,) is an intuitionistic fuzzy bi-ideal of N.

Theorem 3.7: Let A = (ua, va) be an intuitionistic fuzzy setinN. Then Ais a fuzzybi-ideal of N if and only if all the
non-empty sets U(ua, 1) and L(va, t)are bi-ideals of N for all r € Im(u,) and t € Im(v,) respectively.

Proof: Suppose that A = (ua, va) is an intuitionistic fuzzy bi-ideal ofN. For x, y €U(ua, 1), we have ua(x—y) > min{ua(x),
ua(Y)} >r. Hence, x—y €U(ua, 1). Let X, Z €U(ua, 1) and y €N. Then ua(xyz) = minfua(X), ua(z)} > and so xyz € U(ua, 1).

Hence U(up, 1) is a bi-ideal of N for all relm(u,). Similarly we can show that L(vy, t) is also a bi-ideal of N for all
telm(VA).

Conversely suppose that U(ua, ) and L(va, t) are bi-ideals of N for all r € Im(u,) and t € Im(v,) respectively. Suppose
that X, y € N and ua(x—y) <min{ua(x), ua(y)}. Choose r such that ua(x—y) < r <minfua(x), ua(y)}. Then we get
X, YEU(ua, 1) but x—y&U(ua, r), a contradiction.

Hence ua(x — y) = min{ua(x), ua(y)}- A similar argument shows thatua(xyz) > minfua(x), ua(2)} for all x, y, zeN.
Likewise we can show that va(x—y) < max{va(x), va(y)} and va(xyz) < max{va(X), va(z)}. Hence A = (ua, va) is an
intuitionistic fuzzy bi-ideal of N.
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