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ABSTRACT 
In this study, some properties of differentiability for intuitionistic fuzzy functions have been presented. Fuzzy 
differential transform method (FDTM) is applied to solve fuzzy Volterra integro-differential equations. In order to 
show the effectiveness of this method some illustrative examples are given. 
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1. INTRODUCTION 

 
The concept of fuzzy set theory has been extended into intuitionistic fuzzy set (IFS) theory by Atanassov [3, 4, 15]. 
There are huge applications of IFS in different fields of science like medical diagnosis [5], microelectronic fault 
analysis [17], pattern recognition [11], decision-making problems [2 & 12], drug selection [9] and etc. The studies on 
improvement of IFS theory, together with intuitionistic fuzzy geometry, intuitionistic fuzzy logic, intuitionistic fuzzy 
topology, an intuitionistic fuzzy approach to artificial intelligence, and intuitionistic fuzzy generalized nets have been 
given in [18]. 
 
There are only few works have been done on intuitionistic fuzzy differential equation (IFDE) [1, 6, 8, 13, 14, 16] 
although like fuzzy differential equations there are a large area of possible applications of IFDE in civil engineering, 
biology, physics, medical science and so many other fields of science. V. Nirmala and S. C. Pandian have studied 
Intuitionistic fuzzy differential equation with initial condition by using Euler method [16]. The existence and 
uniqueness of a solution of the intuitionistic fuzzy differential equation using the method of successive approximation 
has been discussed by R. Ettoussi et al. [8]. The existence and uniqueness theorem of a solution to the nonlocal 
intuitionistic fuzzy differential equation using the concept of intuitionistic fuzzy semigroup and the contraction 
mapping principle has been given by S. Melliani [13]. A system of differential equation of first order with initial value 
as triangular intuitionistic fuzzy number has been solved in [14]. Numerical Solution of intuitionistic fuzzy differential 
equations by Runge-Kutta method has been given by S. Abbasbandy, T. Allahviranloo in [1]. Solution intuitionistic 
fuzzy differential equation with linear differential operator by Adomian decomposition method has been given by us in 
[6]. 
 
There are also only few works have been done on intuitionistic fuzzy integral equation [7, 10] but there are no works on 
numerical solution intuitionistic fuzzy integral or integro-differential equation. This is the first paper where a numerical 
method for the solution of solution intuitionistic fuzzy integral or integro-differential equation has been given. In this 
paper, intuitionistic fuzzy derivative and its properties have been given in Section 3. FDTM and its properties have 
been given in Section 4. Finally illustrative examples and a brief conclusion are provided in Section 5.  
 
2. INTUITIONISTIC FUZZY DERIVATIVE 
  
H-difference for Intuitionistic fuzzy number: 

http://www.ijma.info/�
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Let ∈ii yx ~,~ iE , if there exists ii Ez ∈~  such that =ix~ ii zy ~~ + then iz~  is called H-difference of ix~  and  iy~  and is 

denoted by ix~ ⊝ iy~  where iE is the set of all intuitionistic fuzzy number.      
 
Definition 1: (see [18]): Let ii Ebaf →),(:~

and ).,(0 bax ∈ we say that if~ is differential at 0x  if there exist an 

element if ′~ )( 0x  iE∈ , such that  

(1) for all h>0 sufficiently near to 0, there exist if~ )( 0 hx + ⊝ if~ ( 0x ), 
if~ )( 0x ⊝ if~ ( 0x -h), and the limits 

lim
ℎ → 0+

if~ )( 0 hx + ⊝ 
if~ ( 0x )

ℎ
= lim
ℎ → 0+

if~ )( 0x ⊝ 
if~ ( 0x −h)

ℎ
= if ′~ )( 0x

 
or 

(2)  for all h<0 sufficiently near to 0, there exist if~ )( 0 hx + ⊝ if~ ( 0x ), if~ )( 0x ⊝ if~ ( 0x -h), and the limits 

 lim
h→0−

if~ )( 0 hx + ⊝  if~ ( 0x )

ℎ
= lim

ℎ→0−

if~ )( 0x ⊝  if~ ( 0x − h)

ℎ
= if ′~ )( 0x  

 
In the case when f is intuitionistic fuzzy valued function, we have the following theorem  
 
Theorem 1: Let 𝑓𝑖:𝑅 → 𝐸𝑖  be a intuitionistic fuzzy valued function with (𝛼,𝛽)-cut representation 
𝑓𝛼,𝛽
𝑖 (𝑥) = 〈𝑓𝛼(𝑥,𝛼) , 𝑓𝛽(𝑥,𝛽)〉 = 〈�𝑓𝛼𝑙(𝑥,𝛼) , 𝑓𝛼𝑟(𝑥,𝛼)�[𝑓𝛽𝑙(𝑥,𝛽) , 𝑓𝛽𝑟(𝑥,𝛽)]〉 , for each  (𝛼,𝛽) ∈ (0,1) then we have 

the following  
(1) If 𝑓𝑖 is differentiable in the first form (1) in Definition 1 then   𝑓𝛼𝑙(𝑥,𝛼) , 𝑓𝛼𝑟(𝑥,𝛼) and 𝑓𝛽𝑙(𝑥,𝛽) , 𝑓𝛽𝑟(𝑥,𝛽) are 

differentiable functions and 𝑓𝛼,𝛽
′𝑖 (𝑥) = 〈�𝑓′𝛼𝑙(𝑥,𝛼) , 𝑓′𝛼𝑟(𝑥,𝛼)�[𝑓′𝛽𝑙(𝑥,𝛽) , 𝑓′𝛽𝑟(𝑥,𝛽)]〉   

(2) If 𝑓𝑖 is differentiable in the second form (2) in Definition 1 then   𝑓𝛼𝑙(𝑥,𝛼) , 𝑓𝛼𝑟(𝑥,𝛼) and 𝑓𝛽𝑙(𝑥,𝛽) , 𝑓𝛽𝑟(𝑥,𝛽) 
are differentiable functions and 𝑓𝛼,𝛽

′𝑖 (𝑥) = 〈� 𝑓′𝛼𝑟(𝑥,𝛼), 𝑓′𝛼𝑙(𝑥,𝛼) � [ 𝑓′𝛽𝑟(𝑥,𝛽), 𝑓′𝛽𝑙(𝑥,𝛽)]〉   
 
Proof: 
(1) If 0>h  and ]1,0[, ∈βα then we have 

if~[ )( hx + ⊝ if~ βα ,)](x
 

           = 〈[𝑓𝛼𝑙(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑙(𝑥,𝛼), 𝑓𝛼𝑟(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑟(𝑥,𝛼) ]� �[  𝑓𝛽𝑙(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑙(𝑥,𝛽), 𝑓𝛽𝑟(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑟(𝑥,𝛽)]〉   

and multiplying by 
h
1

we have 

[𝑓𝑖(𝑥 + ℎ) ⊝ 𝑓𝑖(𝑥)]𝛼,𝛽

ℎ
 

           = 〈[
𝑓𝛼𝑙(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑙(𝑥,𝛼)

ℎ
,
𝑓𝛼𝑟(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑟(𝑥,𝛼)

ℎ
]� � [
𝑓𝛽𝑙(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑙(𝑥,𝛽)

ℎ
,
𝑓𝛽𝑟(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑟(𝑥,𝛽)

ℎ
]〉 

 
Similarly we obtain 
[𝑓𝑖(𝑥) ⊝𝑓𝑖(𝑥 − ℎ)]𝛼,𝛽

ℎ
 

            

= 〈[
𝑓𝛼𝑙(𝑥,𝛼) − 𝑓𝛼𝑙(𝑥 − ℎ,𝛼)

ℎ
,
𝑓𝛼𝑟(𝑥,𝛼) − 𝑓𝛼𝑟(𝑥 − ℎ,𝛼)

ℎ
]� �[
𝑓𝛽𝑙(𝑥,𝛽) − 𝑓𝛽𝑙(𝑥 − ℎ,𝛽)

ℎ
,
𝑓𝛽𝑟(𝑥,𝛽) − 𝑓𝛽𝑟(𝑥 − ℎ,𝛽)

ℎ
]〉 

 
Passing to the limit we have 

𝑓𝛼,𝛽
′𝑖 (𝑥) = 〈�𝑓′𝛼𝑙(𝑥,𝛼) , 𝑓′𝛼𝑟(𝑥,𝛼)�[𝑓′𝛽𝑙(𝑥,𝛽) , 𝑓′𝛽𝑟(𝑥,𝛽)]〉   

(2) If 0<h  and ]1,0[, ∈βα then we have 
if~[ )( hx + ⊝ if~ βα ,)](x

 
= 〈[𝑓𝛼𝑙(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑙(𝑥,𝛼), 𝑓𝛼𝑟(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑟(𝑥,𝛼) ]� �[  𝑓𝛽𝑙(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑙(𝑥,𝛽), 𝑓𝛽𝑟(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑟(𝑥,𝛽)]〉   

and multiplying by 
h
1

we have 



Suvankar Biswas1,*, Tapan Kumar Roy2 /Application of Intuitionistic Differential Transformation Method to Solve Intuitionistic 
Fuzzy Volterra Integro-Differential Equation / IJMA- 9(1), Jan.-2018, (Special Issue) 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                      143 

CONFERENCE PAPER  
International Conference dated 08-10 Jan. 2018, on Intuitionistic Fuzzy Sets and Systems (ICIFSS - 2018), 

Organized by Vellalar College for Women (Autonomous), Erode, Tamil Nadu, India. 

 
[𝑓𝑖(𝑥 + ℎ) ⊝ 𝑓𝑖(𝑥)]𝛼,𝛽

ℎ
 

= 〈[
𝑓𝛼𝑟(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑟(𝑥,𝛼)

ℎ
,
𝑓𝛼𝑙(𝑥 + ℎ,𝛼) − 𝑓𝛼𝑙(𝑥,𝛼)

ℎ
]� �[
𝑓𝛽𝑟(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑟(𝑥,𝛽)

ℎ
,
𝑓𝛽𝑙(𝑥 + ℎ,𝛽) − 𝑓𝛽𝑙(𝑥,𝛽)

ℎ
]〉 

 
Similarly we obtain 
[𝑓𝑖(𝑥) ⊝𝑓𝑖(𝑥 − ℎ)]𝛼,𝛽

ℎ
 

= 〈[
𝑓𝛼𝑟(𝑥,𝛼) − 𝑓𝛼𝑟(𝑥 − ℎ,𝛼)

ℎ
,
𝑓𝛼𝑙(𝑥,𝛼) − 𝑓𝛼𝑙(𝑥 − ℎ,𝛼)

ℎ
]� �[
𝑓𝛽𝑟(𝑥,𝛽) − 𝑓𝛽𝑟(𝑥 − ℎ,𝛽)

ℎ
,
𝑓𝛽𝑙(𝑥,𝛽) − 𝑓𝛽𝑙(𝑥 − ℎ,𝛽)

ℎ
]〉 

 
Passing to the limit we have 

𝑓𝛼,𝛽
′𝑖 (𝑥) = 〈� 𝑓′𝛼𝑟(𝑥,𝛼), 𝑓′𝛼𝑙(𝑥,𝛼) � [ 𝑓′𝛽𝑟(𝑥,𝛽), 𝑓′𝛽𝑙(𝑥,𝛽)]〉 

 
This completes the proof of the theorem.  
 
Theorem 2: Let 𝑓𝑖:𝑅 → 𝐸𝑖  be a intuitionistic fuzzy valued function with (𝛼,𝛽)-cut representation 
𝑓𝛼,𝛽
𝑖 (𝑥) = 〈𝑓𝛼(𝑥,𝛼) , 𝑓𝛽(𝑥,𝛽)〉 = 〈�𝑓𝛼𝑙(𝑥,𝛼) , 𝑓𝛼𝑟(𝑥,𝛼)�[𝑓𝛽𝑙(𝑥,𝛽) , 𝑓𝛽𝑟(𝑥,𝛽)]〉 , for each  (𝛼,𝛽) ∈ (0,1) then we have 

the following  
(i) If 𝑓𝑖and if ′~

 are differentiable in the first form (1) or if 𝑓𝑖& if ′~
 are differentiable in the second form (2) in 

Definition 1 then 𝑓𝛼,𝛽
′′𝑖 (𝑥) = 〈�𝑓′′𝛼𝑙(𝑥,𝛼) , 𝑓′′𝛼𝑟(𝑥,𝛼)�[𝑓′′𝛽𝑙(𝑥,𝛽) , 𝑓′′𝛽𝑟(𝑥,𝛽)]〉   

(ii) If 𝑓𝑖 is differentiable in the first form (1) and if ′~
 is differentiable in the second form (2)   or if 𝑓𝑖 is 

differentiable in the second form (2) and if ′~
 is differentiable in the first form (1) in Definition 1 then 

𝑓𝛼,𝛽
′′𝑖 (𝑥) = 〈[𝑓′′𝛼𝑟(𝑥,𝛼), 𝑓′′𝛼𝑙(𝑥,𝛼)][ 𝑓′′𝛽𝑟(𝑥,𝛽), 𝑓′′𝛽𝑙(𝑥,𝛽)]〉  

 
Proof: The results of this theorem are state forward repeated application of the Theorem 1.We present the details only 
for the first case of (i), the other cases are analogous. If 𝑓𝑖is differentiable in the first form (1), then from Theorem 1 we 
have  

𝑓𝛼,𝛽
′𝑖 (𝑥) = 〈�𝑓′𝛼𝑙(𝑥,𝛼) , 𝑓′𝛼𝑟(𝑥,𝛼)�[𝑓′𝛽𝑙(𝑥,𝛽) , 𝑓′𝛽𝑟(𝑥,𝛽)]〉   

 
Now if if ′~

 is differentiable in the first form (1), then again applying Theorem 1on if ′~
 we have  

𝑓𝛼,𝛽
′′𝑖 (𝑥) = 〈�𝑓′′𝛼𝑙(𝑥,𝛼) , 𝑓′′𝛼𝑟(𝑥,𝛼)�[𝑓′′𝛽𝑙(𝑥,𝛽) , 𝑓′′𝛽𝑟(𝑥,𝛽)]〉 

 
This completes the proof of the first case of (i). 
 
Similarly we can find any order derivative of 𝑓𝑖.   
 
3. DIFFERENTIAL TRANSFORMATION METHOD 
 
Definition 2: The differential transformation 𝐹�𝑖(𝑘) of kth derivative of a function 𝑓𝑖(𝑥): (𝑎, 𝑏) → 𝐸𝑖 in one variable is 
as follows: 

𝐹𝛼𝑙(𝑘,𝛼) = 1
𝑘!

[
𝑑𝑘𝑓𝛼𝑙(𝑥,𝛼)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝐹𝛼𝑟(𝑘,𝛼) = 1

𝑘!
[𝑑

𝑘𝑓𝛼𝑟(𝑥,𝛼)
𝑑𝑥𝑘

]𝑥=𝑥0 , ∀ 𝑘 ∈ 𝐾 = {0, 1, 2, … . },                                          (1) 

𝐹𝛽𝑙(𝑘,𝛽) = 1
𝑘!

[
𝑑𝑘𝑓𝛽𝑙(𝑥,𝛽)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝐹𝛽𝑟(𝑘,𝛽) = 1

𝑘!
[
𝑑𝑘𝑓𝛽𝑟(𝑥,𝛽)

𝑑𝑥𝑘
]𝑥=𝑥0 , ∀ 𝑘 ∈ 𝐾 = {0, 1, 2, … . },                                         (2) 

 
when 𝑓𝑖(𝑥) is differentiable in the form of (1) and 

𝐹𝛼𝑙(𝑘,𝛼) = 1
𝑘!

[𝑑
𝑘𝑓𝛼𝑟(𝑥,𝛼)
𝑑𝑥𝑘

]𝑥=𝑥0 , 𝐹𝛼𝑟(𝑘,𝛼) = 1
𝑘!

[
𝑑𝑘𝑓𝛼𝑙(𝑥,𝛼)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝑘 is odd,                                                                   (3) 

𝐹𝛼𝑙(𝑘,𝛼) = 1
𝑘!

[
𝑑𝑘𝑓𝛼𝑙(𝑥,𝛼)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝐹𝛼𝑟(𝑘,𝛼) = 1

𝑘!
[𝑑

𝑘𝑓𝛼𝑟(𝑥,𝛼)
𝑑𝑥𝑘

]𝑥=𝑥0 , 𝑘 is even,                                                                  (4) 

𝐹𝛽𝑙(𝑘,𝛽) = 1
𝑘!

[
𝑑𝑘𝑓𝛽𝑟(𝑥,𝛽)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝐹𝛽𝑟(𝑘,𝛽) = 1

𝑘!
[
𝑑𝑘𝑓𝛽𝑙(𝑥,𝛽)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝑘 is odd,                                                                  (5) 

𝐹𝛽𝑙(𝑘,𝛽) = 1
𝑘!

[
𝑑𝑘𝑓𝛽𝑙(𝑥,𝛽)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝐹𝛽𝑟(𝑘,𝛽) = 1

𝑘!
[
𝑑𝑘𝑓𝛽𝑟(𝑥,𝛽)

𝑑𝑥𝑘
]𝑥=𝑥0 , 𝑘 is even,                                                                (6) 
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when 𝑓𝑖(𝑥) is differentiable in the form of (2). 
 
So, if 𝑓𝑖(𝑥) is differentiable in the form of (1) then 𝑓𝑖(𝑥) can be presented as follows: 

𝑓𝛼𝑙(𝑥,𝛼) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛼𝑙(𝑘,𝛼)∞
𝑘=0 ,                                                                                                             (7) 

𝑓𝛼𝑟(𝑥,𝛼) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛼𝑟(𝑘,𝛼)∞
𝑘=0 ,                                                                                                                        (8) 

𝑓𝛽𝑙(𝑥,𝛽) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛽𝑙(𝑘,𝛽)∞
𝑘=0 ,                                                                                                                         (9) 

𝑓𝛽𝑟(𝑥,𝛽) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛽𝑟(𝑘,𝛽)∞
𝑘=0 ,                                                                                                                      (10) 

 
and if 𝑓𝑖(𝑥) is differentiable in the form of (2) then 𝑓𝑖(𝑥) can be presented as follows: 

𝑓𝛼𝑙(𝑥,𝛼) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛼𝑙(𝑘,𝛼)∞
𝑘=0,𝑒𝑣𝑒𝑛 + ∑ (𝑥 − 𝑥0)𝑘𝐹𝛼𝑟(𝑘,𝛼)∞

𝑘=1,𝑜𝑑𝑑 ,                                                              (11) 
𝑓𝛼𝑟(𝑥,𝛼) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛼𝑟(𝑘,𝛼)∞

𝑘=0,𝑒𝑣𝑒𝑛 + ∑ (𝑥 − 𝑥0)𝑘𝐹𝛼𝑙(𝑘,𝛼)∞
𝑘=1,𝑜𝑑𝑑 .                                                             (12)   

𝑓𝛽𝑙(𝑥,𝛽) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛽𝑙(𝑘,𝛽)∞
𝑘=0,𝑒𝑣𝑒𝑛 + ∑ (𝑥 − 𝑥0)𝑘𝐹𝛽𝑟(𝑘,𝛽)∞

𝑘=1,𝑜𝑑𝑑 ,                                                              (13) 
𝑓𝛽𝑟(𝑥,𝛽) = ∑ (𝑥 − 𝑥0)𝑘𝐹𝛽𝑟(𝑘,𝛽)∞

𝑘=0,𝑒𝑣𝑒𝑛 + ∑ (𝑥 − 𝑥0)𝑘𝐹𝛽𝑙(𝑘,𝛽)∞
𝑘=1,𝑜𝑑𝑑 .                                                             (14) 

 

Theorem 3: Let us consider )(~ xf i , )(~ xu i and )(~ xv i  are intuitionistic fuzzy valued functions and their intuitionistic 

fuzzy differential transformations (IFDT) denoted by ( ),iF k  )(~ kU i and ( ),iV k  respectively. If ( ),if x  )(~ xu i and 

)(~ xv i  are all differentiable in the form (1) or all differentiable in the form of (2). Then 

(1) if =)(~ xf i +)(~ xu i )(~ xv i , then ( ) ( ) ( )i i iF k U k V k= +   , {0,1,2,....}k K∈ =  

(2) if =)(~ xf i −)(~ xu i )(~ xv i , then )(~)(~ kUkF ii = ( )iV k−  , Kk∈  

(3) if =)(~ xf i )(~ xu i ⊝ )(~ xv , then ( ) ( )i iF k U k=  ⊝ ( )iV k , Kk∈  
 
Proof: The results are obvious from Definition 2. 
 

Theorem 4: Let us consider )(~ xf i , )(~ xu i and )(~ xv i  are intuitionistic fuzzy valued functions and their intuitionistic 

fuzzy differential transformations denoted by )(~ kF i , )(~ kU i and )(~ kV i , respectively. If )(~ xf i , )(~ xu i  are 

differentiable in the form (1) and )(~ xv i  is differentiable in the form (2) or )(~ xf i , )(~ xu i  are differentiable in the 

form (2) and )(~ xv i is differentiable in the form (1) then 

(1) if =)(~ xf i +)(~ xu i )(~ xv i ,  then )(~)(~)(~ kUkVkF iii =− , ,....}2,1,0{=∈Kk  

(2) if =)(~ xf i −)(~ xu i )(~ xv i , then )(~)(~ kUkF ii = ⊝ )(~ kV i , Kk∈  

(3) if =)(~ xf i )(~ xu i ⊝ )(~ xv i , then −= )(~)(~ kUkF ii )(~ kV i , Kk∈  
 
Proof: The results are obvious from Definition 2. 
 

Theorem 5: Let us consider the intuitionistic fuzzy-valued functions ∈)(~ xg i  E where )(~ xg i  is differentiable in the 

form of (1) and
0

( ) ( ) ,
xi i

x
f x g t dt= ∫

 then 𝐹�𝑖(𝑘) = 𝐺�𝑖(𝑘−1)
𝑘

, 𝑘 ≥ 1 where 𝐹�𝑖(𝑘) and 𝐺�𝑖(𝑘) are the intuitionistic fuzzy 

differential transformations of 𝑓𝑖 and 𝑔�𝑖 respectively.  
 
Proof: Using the definition of IFDT under differentiability in the form of (1), we get for 10 ≤≤α  

0 0 0 0 0
, ,( ) ( ) [ ( , ) , ( , ) ][ ( , ) , ( , ) ]

l r l r

x x x x xi i

x x x x x
f x g t dt g t dt g t dt g t dt g t dtα β α β α α β βα α β β= =∫ ∫ ∫ ∫ ∫

   

              = 〈[∫ ∑ (𝑡 − 𝑥0)𝑘𝐺𝛼𝑙(𝑘,𝛼)∞
𝑘=0 𝑑𝑡,𝑥

𝑥0
  � ∫ ∑ (𝑡 − 𝑥0)𝑘𝐺𝛼𝑟(𝑘,𝛼)∞

𝑘=0 𝑑𝑡𝑥
𝑥0

] 

                   [∫ ∑ (𝑡 − 𝑥0)𝑘𝐺𝛽𝑙(𝑘,𝛽)∞
𝑘=0 𝑑𝑡𝑥

𝑥0
,  �∫ ∑ (𝑡 − 𝑥0)𝑘𝐺𝛽𝑟(𝑘,𝛽)∞

𝑘=0 𝑑𝑡𝑥
𝑥0

]〉 

              = 〈[∑ (𝑥−𝑥0)𝑘+1

𝑘+1
𝐺𝛼𝑙(𝑘,𝛼)∞

𝑘=0 ,� ∑ (𝑥−𝑥0)𝑘+1

𝑘+1
𝐺𝛼𝑟(𝑘,𝛼)∞

𝑘=0 ][∑ (𝑥−𝑥0)𝑘+1

𝑘+1
𝐺𝛽𝑙(𝑘,𝛽)∞

𝑘=0 ,  �∑ (𝑥−𝑥0)𝑘+1

𝑘+1
𝐺𝛽𝑟(𝑘,𝛽)∞

𝑘=0 ] 〉     
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Now changing the index we have  

             = 〈[∑ (𝑥−𝑥0)𝑘

𝑘
𝐺𝛼𝑙(𝑘 − 1,𝛼)∞

𝑘=1  ,�  ∑ (𝑥−𝑥0)𝑘

𝑘
𝐺𝛼𝑟(𝑘 − 1,𝛼)∞

𝑘=1 ]  

                  [∑ (𝑥−𝑥0)𝑘

𝑘
𝐺𝛽𝑙(𝑘 − 1,𝛽)∞

𝑘=1 ,  �∑ (𝑥−𝑥0)𝑘

𝑘
𝐺𝛽𝑟(𝑘 − 1,𝛽)∞

𝑘=1 ]〉  
 
Now by using Definition 2 we have 

𝐹�𝑖(𝑘) = 𝐺�𝑖(𝑘−1)
𝑘

, 𝑘 ≥ 1. 
 
Theorem 6: Suppose that 𝑈�𝑖(𝑘) and 𝐺(𝑘) are the differential transformation of the functions 𝑢�(𝑥) (is an intuitionistic 

fuzzy valued function) and 𝑔(𝑥) (is a positive real-valued function), respectively. If
0

( ) ( ) ( )
xi i

x
f x g t u t dt= ∫

 , then 

under differentiability of 𝑓𝑖  in the form of (1) we have for 10 ≤≤α and 1≥k  
1

0

( 1, )
( , ) ( ) ,l

l

k

l

U k l
F k G l

k
α

α

α
α

−

=

− −
= ∑  

1

0

( 1, )
( , ) ( ) ,r

r

k

l

U k l
F k G l

k
α

α

α
α

−

=

− −
= ∑  

1

0

( 1, )
( , ) ( ) ,l

l

k

l

U k l
F k G l

k
β

β

β
β

−

=

− −
= ∑  

1

0

( 1, )
( , ) ( ) ,r

r

k

l

U k l
F k G l

k
β

β

β
β

−

=

− −
= ∑  

and under differentiability of 𝑓𝑖 in the form of (2) we have for 10 ≤≤α and 1≥k  
1 1

0, 0,

( 1, ) ( 1, )
( , ) ( ) ( ) ,l r

l

k k

l even l odd

U k l U k l
F k G l G l

k k
α α

α

α α
α

− −

= =

− − − −
= +∑ ∑  

1 1

0, 0,

( 1, )( 1, )
( , ) ( ) ( ) lr

r

k k

l even l odd

U k lU k l
F k G l G l

k k
αα

α

αα
α

− −

= =

− −− −
= +∑ ∑  

1 1

0, 0,

( 1, ) ( 1, )
( , ) ( ) ( ) ,l r

l

k k

l even l odd

U k l U k l
F k G l G l

k k
β β

β

β β
β

− −

= =

− − − −
= +∑ ∑  

1 1

0, 0,

( 1, )( 1, )
( , ) ( ) ( ) lr

r

k k

l even l odd

U k lU k l
F k G l G l

k k
ββ

β

ββ
β

− −

= =

− −− −
= +∑ ∑  

 
Proof: Let 𝑓𝑖 be differentiable in the form of (1). Using the definition of IFDT under differentiability in the form of 
(1), we get for 10 ≤≤α  

0
0

(0, ) ( ) ( ) 0
xi i

x x x
F g t u t dtα

=
= = 
 ∫



 
 

( )
0

0

(1, ) ( ) ( )
xi i

x
x x

d
F g t u t dt

dx
α

=

=  
  ∫

  

               0 0
0 0

( ) ( , ) , ( ) ( , )
l r

x x

x x
x x x

d d
g t u t dt g t u t dt

dx dxα αα α
=

=
    
        

∫ ∫  

                     
0 0

0 0

( ) ( , ) , ( ) ( , )
l r

x x

x x
x x x

d d
g t u t dt g t u t dt

dx dxβ ββ β
=

    
        

∫ ∫  

                0 0 0 0 0 0 0 0[ ( ) ( , ), ( ) ( , )][ ( ) ( , ), ( ) ( , )] (0) (0)
l l l l

i ig x u x g x u x g x u x g x u x G Uα α β βα α β β= =                                
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( )
0

0

2

2

1
(2, ) ( ) ( )

2
xi i

x
x x

d
F g t u t dt

dx
α

=

=
 
 
 

∫



                

               

1
[ (1, ) (0, ) (0, ) (1, ), (1, ) (0, ) (0, ) (1, )]

2 l l l l r r r r
G U G U G U G Uα α α α α α α αα α α α α α α α= + +  

                        [ (1, ) (0, ) (0, ) (1, ), (1, ) (0, ) (0, ) (1, )]
l l l l r r r r

G U G U G U G Uβ α β β β α α αβ β β β β α α α+ +  

 
In general, we have  

1

0

( 1, )
( , ) ( ) ,l

l

k

l

U k l
F k G l

k
α

α

α
α

−

=

− −
= ∑  

1

0

( 1, )
( , ) ( ) ,r

r

k

l

U k l
F k G l

k
α

α

α
α

−

=

− −
= ∑  

1

0

( 1, )
( , ) ( ) ,l

l

k

l

U k l
F k G l

k
β

β

β
β

−

=

− −
= ∑  

1

0

( 1, )
( , ) ( ) ,r

r

k

l

U k l
F k G l

k
β

β

β
β

−

=

− −
= ∑  

 
Similarly we can prove the results for 𝑓𝑖 differentiable in the form of (2). 
 
Theorem 7: Suppose that 𝑈�𝑖(𝑘) and 𝐺(𝑘) are the differential transformation of the functions 𝑢�𝑖(𝑥) (is an intuitionistic 

fuzzy valued function) and 𝑔(𝑥) (is a positive real-valued function), respectively. If ( ) ( ) ( )
xi i

a
f x g t u t dt= ∫

 , then 

under differentiability of 𝑓𝑖 in the form of (1) we have for 10 ≤≤α and 1≥k  
1

0

( 1, )
( , ) ( ) ,

1
l

l

k

l

U k l
F k G l

k
α

α

α
α

−

=

− −
=

−∑  

1

0

( 1, )
( , ) ( ) ,

1
r

r

k

l

U k l
F k G l

k
α

α

α
α

−

=

− −
=

−∑  

1

0

( 1, )
( , ) ( ) ,

1
l

l

k

l

U k l
F k G l

k
β

β

β
β

−

=

− −
=

−∑  

1

0

( 1, )
( , ) ( ) ,

1
r

r

k

l

U k l
F k G l

k
β

β

β
β

−

=

− −
=

−∑  

and under differentiability of 𝑓𝑖 in the form of (2) we have for 10 ≤≤α and 1≥k  
1 1

0, 0,

( 1, ) ( 1, )
( , ) ( ) ( ) ,

1 1
l r

l

k k

l even l odd

U k l U k l
F k G l G l

k k
α α

α

α α
α

− −

= =

− − − −
= +

− −∑ ∑  

1 1

0, 0,

( 1, ) ( 1, )
( , ) ( ) ( ) ,

1 1
l r

l

k k

l even l odd

U k l U k l
F k G l G l

k k
α α

α

α α
α

− −

= =

− − − −
= +

− −∑ ∑  

1 1

0, 0,

( 1, )( 1, )
( , ) ( ) ( ) .

1 1
lr

r

k k

l even l odd

U k lU k l
F k G l G l

k k
ββ

β

ββ
β

− −

= =

− −− −
= +

− −∑ ∑
1 1

0, 0,

( 1, )( 1, )
( , ) ( ) ( ) .

1 1
lr

r

k k

l even l odd

U k lU k l
F k G l G l

k k
ββ

β

ββ
β

− −

= =

− −− −
= +

− −∑ ∑  

 
Proof: It is completely similar to the previous one, so the proof is omitted. 
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Theorem 8: Suppose that 𝑈�𝑖(𝑘) and 𝐺(𝑘) are the differential transformation of the functions 𝑢�𝑖(𝑥) (is an intuitionistic 

fuzzy valued function) and 𝑔(𝑥) (is a positive real-valued function), respectively. If ( ) ( ) ( )i if x g x u x=

 , then under 
differentiability of 𝑓𝑖 in the form of (1) we have  

0
( , ) ( ) ( , ),0 1

k
i i

l
F k G l U k lα α α

=

= − ≤ ≤∑  . 

 
Proof: 

0 0
0 0

( ) ( ( ) ( ))( ( ) ( ))
n n

i k i k i

k k
f x t x G k t x U k

= =

≈ − −∑ ∑    

            
2

0 0 0( (0) ( ) (1) ( ) (2) ....... ( ) ( ))i i i n iG x x G x x G x x G n= + − + − + + −   

0( (0 )( ) (1)i iU x x U+ −   

               2
0 0( ) (2) ....... ( ) ( ))i n ix x U x x U n+ − + + −   

            0{ (0) (0)} { (0) (1) (1) (0)}( ) { (0) (2) (1) (1) (2) (0)}i i i i i i i i i i i iG U G U G U x x G U G U G U= + + − + + +            

                 
2

0 0( ) ... { (0) ( ) (1) ( 1) .... ( 1) (1) ( ) (0)}( )i i i i i i i i nx x G U n G U n G n U G n U x x− + + + − + + − + −        
 
So we have  

0
0 0

( ) ( ) ( )( )
n k

i i i k

k l
f x G l U k l x x

= =

≈ − −∑∑    

 
Therefore from the definition of IFDT, we have  

0
( , ) ( ) ( , ),0 1

k
i i

l
F k G l U k lα α α

=

= − ≤ ≤∑ 

 
. 
4. APPLICATIONS AND NUMERICAL RESULTS 
 
In this section, we apply the present method on some test problems. In all problems, our approximation space is based 
on differentiable in the form of (1). The figures are drawn by using MATLAB R2010a.  
 
Example 1: Let us consider the following nonlinear fuzzy intuitionistic Volterra integro-differential equation 

2

0

1"( ) ( ) ( )
2

xi i iu x f x u t dt= + ∫

  , where 2
, ( ) (1 ) [ , 2 ][1 ,1 2 ]if x x xα β α α β β= + + − − +  

with initial conditions  

, (0) [ , 2 ][1 ,1 2 ]iuα β α α β β= − − + , ,' (0) [1 ,3 ][2 ,2 2 ] .iu α β α α β β= + − − +  
 
Now using the properties of FDTM we have the result for ,10 ≤≤α 0=k  

1( 2, ) [{ ( ) ( 1) ( 2)} ],
( 1)( 2)l

U k k k k
k kα α δ δ δ α+ = + − + −
+ +

 

1( 2, ) [{ ( ) ( 1) ( 2)}(2 )],
( 1)( 2)r

U k k k k
k kα α δ δ δ α+ = + − + − −
+ +

 

1( 2, ) [{ ( ) ( 1) ( 2)}(1 )],
( 1)( 2)l

U k k k k
k kβ β δ δ δ β+ = + − + − −
+ +

 

1( 2, ) [{ ( ) ( 1) ( 2)}(1 2 )],
( 1)( 2)r

U k k k k
k kβ β δ δ δ β+ = + − + − +
+ +

 

and for 0>k  
1

0

1 1
( 2, ) [{ ( ) ( 1) ( 2)} ( , ) ( 1, )],

( 1)( 2) 2l l l

k

l

U k k k k U l U k l
k k kα α αα δ δ δ α α α

−

=

+ = + − + − + − −
+ +

∑
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1

0

1 1
( 2, ) [{ ( ) ( 1) ( 2)}(2 ) ( , ) ( 1, )]

( 1)( 2) 2r r r

k

l

U k k k k U l U k l
k k kα α αα δ δ δ α α α

−

=

+ = + − + − − + − −
+ +

∑  

1

0

1 1
( 2, ) [{ ( ) ( 1) ( 2)}(1 ) ( , ) ( 1, )],

( 1)( 2) 2l l l

k

l

U k k k k U l U k l
k k kβ β ββ δ δ δ β β β

−

=

+ = + − + − − + − −
+ +

∑  

1

0

1 1
( 2, ) [{ ( ) ( 1) ( 2)}(1 2 ) ( , ) ( 1, )].

( 1)( 2) 2r r r

k

l

U k k k k U l U k l
k k kβ β ββ δ δ δ β β β

−

=

+ = + − + − + + − −
+ +

∑  

 
Then after considering FDT up to 6k = we can get an approximate Taylor series solution of order 6 as follows

2 2 2 3 2
2 3 4 5 62 3 2 2 1 7 2 6

( , ) (1 )
2 12 24 120 1440l

u x x x x x x xα

α α α α α α α α α α
α α α

+ + + + + +
= + + + + + + +  +𝑂(7) 

2 2 2
2 3 4 52 6 8 7 10 2 10 13

( , ) (2 ) (3 )
2 12 24 120r

u x x x x x xα

α α α α α α α
α α α

− − + − + − +
= − + − + + + +                       

                  
3 2

614 50 52
1440

x
α α α− + − +

+ +𝑂(7) 

2 2 2
2 3 4 51 3 7 4 6 19 13 2 6 5

( , ) (1 ) (2 )
2 6 12 6l

u x x x x x xβ

β β β β β β β
β β β

− − + − + − +
= − + − + + + +  

                  
3 2

63 13 20 10
24

x
β β β− + − +

+ +𝑂(7) 

2 2
2 3 41 2 12 14 4 24 38 13( , ) (1 2 ) (2 2 )

2 6 12r
u x x x x xβ

β β β β ββ β β + + + + +
= + + + + + +                       

                  
2 3 2

5 68 12 5 24 52 40 10
6 24

x xβ β β β β+ + + + +
+ + +𝑂(7) 

 

 
Figure-3: IFDTM solution for the membership function at 1=x  for Example 3. 

 
4. CONCLUSION 
 
IFDT and its properties for various cases have been given. IFDTM for the solution of intuitionistic fuzzy Volterra 
integral equation and intuitionistic fuzzy Volterra integro-differential equation has been nicely presented. Three 
examples are given to illustrate the method. A nonlinear intuitionistic fuzzy Volterra integro-differentiable equation is 
illustrated.  
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