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ABSTRACT

In this study, some properties of differentiability for intuitionistic fuzzy functions have been presented. Fuzzy
differential transform method (FDTM) is applied to solve fuzzy Volterra integro-differential equations. In order to
show the effectiveness of this method some illustrative examples are given.

Keywords: Intuitionistic fuzzy derivative; Intuitionistic fuzzy Volterra intego-differential equation; Intuitionistic fuzzy
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1. INTRODUCTION

The concept of fuzzy set theory has been extended into intuitionistic fuzzy set (IFS) theory by Atanassov [3, 4, 15].
There are huge applications of IFS in different fields of science like medical diagnosis [5], microelectronic fault
analysis [17], pattern recognition [11], decision-making problems [2 & 12], drug selection [9] and etc. The studies on
improvement of IFS theory, together with intuitionistic fuzzy geometry, intuitionistic fuzzy logic, intuitionistic fuzzy
topology, an intuitionistic fuzzy approach to artificial intelligence, and intuitionistic fuzzy generalized nets have been
given in [18].

There are only few works have been done on intuitionistic fuzzy differential equation (IFDE) [1, 6, 8, 13, 14, 16]
although like fuzzy differential equations there are a large area of possible applications of IFDE in civil engineering,
biology, physics, medical science and so many other fields of science. V. Nirmala and S. C. Pandian have studied
Intuitionistic fuzzy differential equation with initial condition by using Euler method [16]. The existence and
uniqueness of a solution of the intuitionistic fuzzy differential equation using the method of successive approximation
has been discussed by R. Ettoussi et al. [8]. The existence and uniqueness theorem of a solution to the nonlocal
intuitionistic fuzzy differential equation using the concept of intuitionistic fuzzy semigroup and the contraction
mapping principle has been given by S. Melliani [13]. A system of differential equation of first order with initial value
as triangular intuitionistic fuzzy number has been solved in [14]. Numerical Solution of intuitionistic fuzzy differential
equations by Runge-Kutta method has been given by S. Abbasbandy, T. Allahviranloo in [1]. Solution intuitionistic
fuzzy differential equation with linear differential operator by Adomian decomposition method has been given by us in

[6].

There are also only few works have been done on intuitionistic fuzzy integral equation [7, 10] but there are no works on
numerical solution intuitionistic fuzzy integral or integro-differential equation. This is the first paper where a numerical
method for the solution of solution intuitionistic fuzzy integral or integro-differential equation has been given. In this
paper, intuitionistic fuzzy derivative and its properties have been given in Section 3. FDTM and its properties have
been given in Section 4. Finally illustrative examples and a brief conclusion are provided in Section 5.

2. INTUITIONISTIC FUZZY DERIVATIVE

H-difference for Intuitionistic fuzzy number:
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LetX', V' € E', ifthereexists Z' € E' suchthat X' = ' +Z 'then Z' is called H-difference of X' and y' and is

denoted by X' © Yi where E'is the set of all intuitionistic fuzzy number.

Definition 1: (see [18]): Let fi (a,b) » E'and X, € (a,b).we say that f s differential at X, if there exist an
element f (X,) €E', such that
(1) for all h>0 sufficiently near to 0, there exist T' (X, +h)© f'(X,), f' (X,)© f'(X,-h), and the limits

?i (X0+h)@ f~i(XO)_ li ?i (Xo)e ?i(Xo—h)

li i
h l)m0+ n - h l)mg+ n _ i f (XO) fr
(2) for all h<0 sufficiently near to 0, there exist f' (X, +h)© f'(X,), f'(X,)© f'(X,-h), and the limits
o fethe flix) X))o flix-n -
i 0 =l i = 17 (%)

In the case when f is intuitionistic fuzzy valued function, we have the following theorem

Theorem 1: Let fi: R — E' be a intuitionistic fuzzy valued function with (a, 8)-cut representation

fap @) = (falx, @), f3 (6, B)) = [ fo, 6, @) , fa, (x, ][5, (., B) , f5, (x, B)]) , for each (a, B) € (0,1) then we have
the following
(1) If fUis differentiable in the first form (1) in Definition 1 then fa,(x, @), fo,(x, @) and f, (x, B) , fp,(x, B) are

differentiable functions and £, (x) = ([f'¢, (%, @) , f'a, (x, O [f'5,(x, B) . f 5. (x, )]
(2) If fiis differentiable in the second form (2) in Definition 1 then fay, (%, @), fo,(x, @) and fp,(x, B) , f5,(x, B)

are differentiable functions and féfﬁ(x) = ([f’ar(x, a), e, (x, a)] [f’Br(x,ﬁ),f’m(x,ﬁ)])
Proof:
(1) 1fh >0 and e, S €[0,1] then we have
[f'(x+h) e f (L.,
= ([fo,(x + hya) = fo,(x, @), for (x + hy ) — fo, (@) 1 [ fp,(x + b, B) — [, (x, B, f, (x + b, B) — fp,.(x, B)])

1
and multiplying by Ewe have

[f'Cc+ 1) © F1(0)]ap
h
fo,(x + ha) = fo, (%, @) fo, (x+h,a) = fo, (x,a)  fp(x + 0, B) = f, (%, B) fp.(x + R, B) — fp,(x, B)
= ; : ; i A : ; )
Similarly we obtain
[f'(x) © f'(x = W]ap
h
C fu@@) — fy e —ha) fo (@) — fo, = ha) f5,(6,8) = fo,(x = B.B) fi,(x,B) — f3,(x — h, B)
= . : . I . : . i

Passing to~t'he limit we have
fap () = [ qy(x, @), f'a, (x, [f 5,6, B) ', (. D]
(2)1fh <0 and e, S €[0,1] then we have

[ (x+h) o ' (9.,
= ([f(xl(x + h' a) - fal(x; a)'far(x + h' a) - far(xﬁ a)] [ fﬁl(x + h,ﬁ) - fBl(x'ﬁ)!f,Br(x + h,ﬁ) - fBr(xﬁﬁ)])

1
and multiplying by Ewe have
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[fiGx+ 1) © f1(X)]ap
h
_Jo,(x+ha) — fo (x,a) fo(x +ha) = fo(x,a) fp (x + 1, B) — fp.(x,B) fp(x+hB)—f5(x,B)

Similarly we obtain

[f{0) © filx = Wagp

h
far(x'a)_far(x_h'a) fal(x'a)_fal(x_hla) fﬁr(xlﬁ)_fﬁr(x_hlﬁ) fﬁl(xlﬂ)_fﬁl(x_hlﬁ)

1

Passing to the limit we have

fais@) = ([ o o), fay @ @) | [f 5, (e B), £, G0 D)D)
This completes the proof of the theorem.

Theorem 2: Let f: R — E' be a intuitionistic fuzzy valued function with (e, 8)-cut representation

fap (O = {fa(, @), f3 (6, B)) = ([fa, (%, @) , o, (t, )] [f5, (x, B)  f3,(x, B)]) , For each (a, ) € (0,1) then we have

the following
(i) If fland £ are differentiable in the first form (1) or if fi& £ are differentiable in the second form (2) in
Definition 1 then f;/5(x) = ([f"a, (6, @) , /"o, (X, O] [f" 5,6, B) . "' 5, (. 1)
(i) If f¢ is differentiable in the first form (1) and ' is differentiable in the second form (2) orif fiis
differentiable in the second form (2) and F’i is differentiable in the first form (1) in Definition 1 then

Fab ) = If" o (6 @), f e, e, DN f" 5, (6 B), f 5,6 BT

Proof: The results of this theorem are state forward repeated application of the Theorem 1.We present the details only
for the first case of (i), the other cases are analogous. If f'is differentiable in the first form (1), then from Theorem 1 we
have

fap ) ={[f'a,(x, @), f'a, Cx, O [f 5, (. B) . 5, (. BD])

Now if F’i is differentiable in the first form (1), then again applying Theorem 1on F’i we have
fap ) = A[f" o, @), " 0, (2, DU 5, 6, BY £ 5, (2, BI])

This completes the proof of the first case of (i).

Similarly we can find any order derivative of f*.

3. DIFFERENTIAL TRANSFORMATION METHOD

Definition 2: The differential transformation Fi(k) of kth derivative of a function f!(x): (a, b) — E* in one variable is
as follows:

Full @) = 1 Ny oy ) = ) VR €K = (012,00 @

Rk, B) = L[ By ) = LD vkek=(0,1,2,..), @
when fi(x) is differentiable in the form of (1) and

Flk,) = [0 - p(a) = L[S0 s odd, ©)

Folk,) = L9090 R (ka) = L[y ks even, @

Bk ) = L8Py h (k) = LA ks odd, ©)

Byl 8) = L [LECD) o) = SR ks even, ©)
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when fi(x) is differentiable in the form of (2).

So, if fi(x) is differentiable in the form of (1) then fi(x) can be presented as follows:

o, (, @) = B0 (x — x0)*Fy (k, @), )
fa, (0, @) = Xl o(x = x0)*Fy, (k, @), (8)
5,0, B) = X0 (x — x0)*Fg, (k, B), ©)
f5,(x, B) = Xio(x = x0)*Fp, (K, B, (10)
and if fi(x) is differentiable in the form of (2) then f(x) can be presented as follows:
fal(x' a) = Z?:O,even(x - xo)kFal(kﬁ a) + Z}?:l,odd(x - xo)kFar(kﬁ a), (11)
far(x: CZ) = Z?:O,even(x - xo)kFar(k: CZ) + Z?:l,odd(x - xO)kFal(k' CZ). (12)
fﬁl (X, B) = Z}?:O,even(x - xO)kFﬁl (k: B) + Zl?:l,odd(x - xO)kFﬁr (k: ﬁ)r (13)
fﬁr(x' B) = Z}?:O,even(x - xO)kFﬁr (k: B) + Zl?:l,odd(x - xO)kFﬁl (k: B) (14)

Theorem 3: Let us consider Fi (X) , u' (X) and V' (X) are intuitionistic fuzzy valued functions and their intuitionistic
fuzzy differential transformations (IFDT) denoted by F' (K), U’ (K)and V'(K), respectively. If fi(x), ' () and
V' (X) are all differentiable in the form (1) or all differentiable in the form of (2). Then

@i f () =T0)+ 7 (x), then F'(k) =U' (k) +V'(K), ke K ={0,1.2,...}

@if T1(X)= 0" ()= V'(x), then F (k) =U" (k) -V'(k), k e K

@it f'(X) =0 () oV (x), then F'(k) =U' (k) oV' (k) k e K

Proof: The results are obvious from Definition 2.

Theorem 4: Let us consider ]?i (X) , ' (X) and v (X) are intuitionistic fuzzy valued functions and their intuitionistic
fuzzy differential transformations denoted by F (k), u' (k) and V' (K), respectively. If f~i(X) , U'(X) are
differentiable in the form (1) and \7i(X) is differentiable in the form (2) or Fi (X) , Ui(X) are differentiable in the
form (2) and v (X) is differentiable in the form (1) then

@i f ) =T0)+ 7 (x), then F'(K)=V'(K)=U'(k), ke K ={01,2,....}

@it f (0)=00)-7'(x),then F'(k)=U'(K) oV'(K), k e K

@it f (X) =T () oV (x),ten F' (k) =U'(K)- V'(K), k e K

Proof: The results are obvious from Definition 2.

Theorem 5: Let us consider the intuitionistic fuzzy-valued functions J'(X) € E where §'(X) is differentiable in the

form of (1) and f'(x) =IX g' (t)dt, then Fi(k) = éi(’;_m

., k> 1 where Fi(k) and Gi(k) are the intuitionistic fuzzy

differential transformations of f* and g' respectively.
Proof: Using the definition of IFDT under differentiability in the form of (1), we get for 0 < a <1
©,00=[ 6, 08-( s, €[ o, €)al] g, @M [ g, €M)
= ([, TR0t = %0)*Goy(k, @) dt, [ TiZo(t = %0)* G, (ky @) dit]
[, Zi=o(t = x0)*Gp, (k, ) dt, [ Tio(t = x0)*Gp, (k, B) dt])
X—X k+1 xX—X, k+1 X—X k+1
= (20 58— Gy (K, @), g S0 G, (k, @] [Bi0 "2 G, (K, B), T G, (e, )1 )

k+1 k+1 k+1
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Now changing the index we have
— k _»\k
= (X S5 Gy (k = 1,@), Tiy S G, (k = 1,0))
w (=x)k w (@-x)¥
[Eie Gy (k= 1,B), ey ™G, (k = 1, )])

Now by using Definition 2 we have
Fi(k) =50 k> 1.

Theorem 6: Suppose that U%(k) and G (k) are the differential transformation of the functions i (x) (is an intuitionistic

fuzzy valued function) and g(x) (is a positive real-valued function), respectively. If fi(x) = IX g(t)da'(t)dt, then

under differentiability of ¢ in the form of (1) we have for 0 < <land k >1
k-1 U (k-1-1«
F,(k.a)= ZG(I)%,
1=0

F, ()= Do 2T,
k-1 U (k—1-1

P (k’ﬂ):ZG(I)M’
k-1 U (k—1-1

F, (k. B)= ZG(I)M’

and under differentiability of fi in the form of (2) we have for 0 < o <land k >1

k-1 U (k-1-1,
F, (k,a)= ZG(') @) ZG(')¥Y

1=0,even 1=0,0dd

F, (k,a)= ki c-;(l)U“r(k Z oy Rt (k—l -l a)
1 U, (k- k-1 U k—1-1,
k-1 U, (k-1-1, k-1 U (k=I-1,
Fﬂr(k:ﬁ)= z G(I)M.F Z G(I)M

Proof: Let f¢ be differentiable in the form of (1). Using the definition of IFDT under differentiability in the form of
(1),wegetfor 0<a <1

F0.0)=[[ s0rma] =o

X=X,

d
E'La)= {d (j g()d (t)dt)}
[;—Xj& g, (@) dtl [% | 90u, ta) dtlx }
Td d ox
[& J 9y, .5 dtL [& J, 9y, .5 dtL, D

=([90%)u, (4, @), 906 )1, (4, Y, (%, 8). 906D, (%, B)]) =G O (0)

Il
/\
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F'(2,) :%{;XZZ (L: g(t)a' (t) dt)}

= %<[GaI L), 0,a)+G, (00U, L a),G, La)U, (0,a)+G, (0,0)U, (1, a)]
[G, LA, (0.5)+G, (0.8, 1A).G, LAV, 0.6)+G, 0.a)U, La)])

In general, we have

F, (k,a)=§G(|)w,
5“®=§mﬁiﬁ%iﬂn
F, (k,ﬂ)=2e(|)w,
Qmm=26m&£%tﬂz

Similarly we can prove the results for f¢ differentiable in the form of (2).

Theorem 7: Suppose that U (k) and G (k) are the differential transformation of the functions #i‘(x) (is an intuitionistic
~. X .
fuzzy valued function) and g(x) (is a positive real-valued function), respectively. If f'(X) = g(’[)J- a'(t)dt, then
a

under differentiability of £ in the form of (1) we have for 0 < ¢ <land k >1

k-1 U (k-1-1,
awmiw)“hlm

k1 U, k-1-1,
P, ()= 3ot

k-1 U,k-1-1,
iy p)=> oA A,

kL U, k-1-1,
F, (=360 s

and under differentiability of £ in the form of (2) we have for 0 < o <land k >1
k-1 U (k-1-1«a k=1 U (k-1-1«a
F,(k,a)= Z G(l) “'( ) + Z G() a’( ),
I 1=0,even k _1 1=0,0dd k _1

U (k-l-1a) & U (k=I-1
F k= > o) el D § g Rl

1=0,even 1=0,0dd

= U, (k=1-12)

=

5 U, k=11,

Fukf)= 2, B %)MF1Q
k-1 U k_|—1, k-1 U k—l—l,

Fﬂ, (k,ﬂ)= 72 G(l) ﬂr( 1 ﬂ) + ) G(l) ,8|( -~ ﬂ) .

Proof: It is completely similar to the previous one, so the proof is omitted.
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Theorem 8: Suppose that U (k) and G (k) are the differential transformation of the functions i‘(x) (is an intuitionistic

fuzzy valued function) and g(x) (is a positive real-valued function), respectively. If f i(X) = g(X)Ui (X) then under
differentiability of £ in the form of (1) we have

lf‘(k,a):Zk:G(I)Ui(k—I,a),OSaél.

Proof:
100 = (3t 1) 6 (kN - )"0 ()
=(G'(0)+ (X=%,)G' (1) + (X =% )*G'(2) #.veeera+ (X = %)"G' (M) (UT(0 +Yx—%,)U" (1)
+(X=X,)?U"(2) + oo+ (X = %,)"U ' (N))
={G'(0)U"(0)}+{G' (O)U' () +G' (U (0)}(x—%,) +{G'(OU'(2)+G' (YU (1) + G' (U (0)}
(X=%)? +..+{G'OU' (N)+G' QU (-1 +...+G' (n=DU' () + G' (N)U" (0)}(x — X,)"

So we have
n k

fi(x)~ G (U (k = D)(x=x,)"

Therefore from the definition of IFDT, we have

Fi (k)= 6M)U (k-1,),0<a<1

4. APPLICATIONS AND NUMERICAL RESULTS

In this section, we apply the present method on some test problems. In all problems, our approximation space is based
on differentiable in the form of (1). The figures are drawn by using MATLAB R2010a.

Example 1: Let us consider the following nonlinear fuzzy intuitionistic Volterra integro-differential equation
~in £i 1 X i i
g (x)=f'(x) +§j0 a2 (t)dt, where f! (x) = @+ x+x*) ([a, 2 a][L- 8,1+ 23])

with initial conditions

0 ,(0) =([a,2-alll- B,1+2B1), 0", ,(0) =([L+a,3-a][2— B, 2+27]).

Now using the properties of FDTM we have the result for 0< @ <1, k =0

1
UaI (k+2,a):m[{é‘(k)+5(k—1)+5(k—2)}a],
1
Ua, (k+2,a):m[{§(k)+§(k—l)+5(k—2)}(2—05)],
1
Uy, (k+zvﬂ):m[{5(k)+5(k—1)+5(k—2)}(1—ﬂ)],
1
Uﬂr (k+2,ﬂ):m[{é’(k)+5(k—l)+5(k—2)}(1+ 201,
and for K >0
1 k-1
U, (k+2,) =m[{é(k)+§(k—1)+5(k—2)}a+§§Ual (I,a)Ual (k-1-1,a)],
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1 k-1
Uar(k+2,a)=m[{6(k)+§(k—l)+5(k—2)}(2—a)+§§Uar(l,a)Uar(k—I—1,a)]

1 k-1
Uﬂ,(k+2,ﬂ)=m[{é(k)+5(k—1)+5(k—2)}(1—ﬂ)+E§Uﬁ,(l,ﬂ)U@(k—l—l,ﬁ)],

1 k-1
Uﬂr(k+2,,8)=m[{5(k)+5(k—l)+5(k—2)}(1+2/3)+E§Uﬂr(I,ﬁ)Uﬂr(k—I—1,ﬂ)].

Then after considering FDT up to k = 6 we can get an approximate Taylor series solution of order 6 as follows

a’+2a , a’+3a , 2a°+2a+1 , Ta°+2a’ +6a
X+ X"+ X+
12 24 120 1440

2—- ?—6a+8 2_7a+10 , 2a*-10a+13
ua (X’a):(z_a)+(3_a)x+ aX2+a o+t X3+a a+ X4+ o a+ X5
, 2 12 24 120

u, (x,a):a+(1+a)x+%x2+ x* +0(7)

—a® +14a% 500 + 52
N o +1l4a o + X6+0(7)
1440

U, (% ) = (1— )+ (2- f)x+ 1‘2

. —34° +135° -203+10

24
2 2
u, (x, ) = 1+ 2ﬁ)+(2+2,3)x+1+22’3 Nl +;4ﬂ+4 X+ 248 +1328ﬂ+13 W

+8,82 +12+45 5 243° +523° +408+10

2 2 2
Do oIpxh O A48 226025

x*+0(7)

X8 +0(7)
6 24

1 = " =
0.8 -
0.6 -
0.4 -

—%—— Membership function

0.2 —+H— Non-membership function |

0 + ke ¥— ' '

0] 2 4 6 8 10 12 14

Figure-3: IFDTM solution for the membership function at X =1 for Example 3.
4. CONCLUSION

IFDT and its properties for various cases have been given. IFDTM for the solution of intuitionistic fuzzy Volterra
integral equation and intuitionistic fuzzy Volterra integro-differential equation has been nicely presented. Three
examples are given to illustrate the method. A nonlinear intuitionistic fuzzy Volterra integro-differentiable equation is
illustrated.
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