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ABSTRACT

The aim of this paper is to obtain the decomposition of intuitionistic fuzzy nano continuity in intuitionistic fuzzy nano
topological spaces.
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I. INTRODUCTION AND PRELIMINARIES

Nano set theory was proposed by Lellis Thivagar. M and Carmel Richard is a new concept that supports uncertainity. It
may be seen as an extension of classical set theory and has been applied decision analysis. Its basic structure is an
approximation space. Continuity and its decomposition have been intensively studied in the field of topology and other
several branches of mathematics. Lellis Thivagar. M and Carmel Richard in [4] introduced the notion of Nano topology
and studied a new class of functions called nano continuous functions and their characterizations in nano topological
spaces. In this paper, we study the notions of expansion of intuitionistic fuzzy nano-open sets and obtain decomposition
of intuitionistic fuzzy nano continuity in intuitionistic fuzzy nano topological spaces. In this connection, we refer [1],
[2], [3]. [5]. [6]. [7] and [9].

Definition 1.1[4]: Let U be the universe, R be an intuitionistic fuzzy equivalence relation on U and
Tr(X) = {1 ~,0 ~,Lg(X), Ur(X), Bx(X)} whereX € U. Then 75 (X) satisfies the following axioms:
(1)1 ~ and 0 ~€ tx(X).
(2) The union of the elements of any subcollection of 7z (X) isin 7z (X).
(3) The intersection of the elements of any finite subcollection of 7, (X)isin R (X).

That is, 7z(X) is a topology on U called the intuitionistic fuzzy nano topology on U with respect to X. We call
(U, tx (X)) as the intuitionistic fuzzy nano topological space. The elements of 7z(X) are called as intuitionistic fuzzy
nano-open sets. If (U, 7z (X)) is a nano topological space where X € U and if A € U, then the intuitionistic fuzzy nano
interior of A is defined as the union of all intuitionistic fuzzy nano-open subsets of A and it is denoted by IFNInt(A).
IFNInt(A) is the largest intuitionistic fuzzy nano-open subset of A. The intuitionistic fuzzy nano closure of A is
defined as the intersection of all intuitionistic fuzzy nano closed sets containing A and it is denoted by IFNCI(A). That
is, IFNCI(A) is the smallest intuitionistic fuzzy nano closed set containing A.

Definition 1.4[8]: Let (U,7x(X)) and (V,tx(Y)) be two intuitionistic fuzzy nano topological spaces. Then a mapping
f:(U,tx (X)) = (V,tx(Y)) is intuitionistic fuzzy nano continuous on U if the inverse image of every intuitionistic
fuzzy nano-open set in V is intuitionistic fuzzy nano-open in U.

1. EXPANSION OF INTUITIONISTIC FUZZY NANO-OPEN SETS.

Definition 2.1: Let (U, 7z(X)) be a intuitionistic fuzzy nano topological space, 2V be the set of all subsets of U. A
mapping A: Tx(X ) —» 2Y is said to be an expansion on (U, 1z (X)) if D € AD for each D € 75(X).
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Remark 2.2: Let us study the expansion of intuitionistic fuzzy nano-open sets in intuitionistic fuzzy nano topological

spaces. Let (U, Tz(X)) be an intuitionistic fuzzy nano topological space,

1. Define CL:1x(X) » 2V by CL(D) = IFNCI(D) for each D € tz(X).Then CL is an expansion on (U, 7x(X)),
because D € IFCL(D) for each D € 7z (X).

2. Since for each D € t4(X), D is intuitionistic fuzzy nano-open and hence IFNInt(D) = D, F(D) can be defined as
F:i1g(X) » 2V by F(D) = (IFNCI(D) — D)° . Then F is an expansion on (U, Tz (X)).
Here, (D) = (IFNCI(D) — D)¢ = (IFNCI(D) n D) = (IFNCI(D))‘ u D 2 D foreach p € 7, (x).

3. Define IFNIntCL:tx(X) —» 2V by IFNIntCL(D) = IFNIntNCI(D) for each D € 14(X). Then IFNIntCL is
an expansion on (U, 7z (X)), because D € IFNIntCL(D) for each D € 7x(X).

4. Define F:tx(X) = 2V by F(D) = D U (IFNIntNCI(D))¢ for each D € Tz(X). Then F, is an expansion on
(U, 7r(X)).

Definition 2.3: Let (U,tz(X)) be an intuitionistic fuzzy nano topological space. A pair of expansion A,B
on(U, tx(X)) is said to be mutually dual if AD N BD = D for each D € 7x(X)-

Example 2.4: Let (U,R) be an intuitionistic fuzzy approximation space where U={a, b, c} and ReR(U X U) is
defined as follows:
R={<(a,a),1~,0~><(a,h),0.3,0.5>,<(b,a),0.3,0.5>,<(c,b),0.3,0.5>,<(c,c),1~,0~>,<(a,c),0.3,0.3>,<(c,a),0.3,0.3>,
<(b,c),0.3,0.5>,<(b,b),1~,0~>}. Let A= {<a, 0.6, 0.3>, <b, 0.5, 0.4>, <c, 0.5, 0.4>}

be an intuitionistic fuzzy set with intuitionistic fuzzy nano topology tx(X) ={1~,0~{<q,0.6,03><
5,0.5,0.4>,<¢,0.5,04>, <a,0.6,0.3>,<5,0.5,0.4>,<c,0.5,0.4>,{<a,0.30.6 >,<4,0.40.5>,<504,0.5>} }. Here L
and F are both mutually dual to A.

Proposition 2.5: Let (U, 7x(X)) be a intuitionistic fuzzy nano topological space. Then the expansions CL and F are
mutually dual.

Proof: Let D € 14(X).

Now,

CL(D) N F(D) = IFNCIL(D) n (IFNCL(D) — D)¢ = IFNCI(D) n (IFNCI(D) n D€)¢

= IFNCL(D) n ((IFNCL(D))" u D) = (IFNCL(D) n (IFNCL(D))) U ((IFNCI(D)) n D) =¢uD=D
That is, CL(D) N F(D) = D, for each D € tz(X). Therefore the expansions CL and F are mutually dual.

Remark 2.6: The identity expansion AD = D is mutually dual to any expansion B. The pair of expansions CL, F
and IFNIntCL, F, are easily seen to be mutually dual.

Definition 2.7: A function f: (U, tx (X)) = (V,7x(Y)) is said to be intuitionistic fuzzy nano almost continuous if for
each nano-open set E in V containing f (x), there exists an nano-open set D in U containing x such that
f(D) € IFNInt(IFNCI(E)).

Theorem 2.8: Afunction f: (U, tx(X)) — (V,7x(Y)) is intuitionistic fuzzy nano almost continuous if and only if
f~Y(E) € IFNInt(f"*(IFNInt(IFNCL(E)))) for any intuitionistic fuzzy nano-open set E in V.

Proof: Necessity: Let E be an arbitrary intuitionistic fuzzy nano-open set in V and let x € f~1(E) then f (x) € E.
Since E is intuitionistic fuzzy nano-open, it is a neighborhood of f (x) in V. Since f is intuitionistic fuzzy nano almost
continuous at x, there exists a intuitionistic fuzzy nano-open neighbourhood D of x in V such that f (D) <
IFNInt(IFNCI(E)). This implies that D € f~X(IFNInt(IFNCL(E))), thus x € D < f " (IFNInt(IFNCI(E))).

Thus f~1(E) € IFNInt(f "*(IFNInt(IFNCI(E)))).

Sufficiency : Let E be an arbitrary intuitionistic fuzzy nano-open set in V such that f (x) € E.

Then, x € f"Y(E) € IFNInt(f " *(IFNInt(IFNCI(E)))). Take D = IFNInt(f *(IFNInt(IFNCI(E)))), then
f (D) S f(fYUFNInt(IFNCI(E)))) € IFNInt(IFNCL(E)) such that f (D) € IFNInt(IFNCL(E)).

By Definition 2.7, f is intuitionistic fuzzy nano almost continuous.

Proposition 2.9: If a function f:(U,1x(X)) = (V,tx(Y)) is intuitionistic fuzzy nano continuous, then fis
intuitionistic fuzzy nano almost continuous.
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Proof: Let E be a intuitionistic fuzzy nano-open set in V, then E € IFNInt(IFNCI(E)). Since f is intuitionistic fuzzy
nano continuous, f~1(E) is intuitionistic fuzzy nano-open in U such that f (E) € f (f"*(IFNInt(IFNCI(E)))).
Since f7Y(E) = IFNInt(f~Y(E))in U,f *(E) = IFNInt(f~Y(E)) € IFNInt(f *(IFNInt(IFNCL(E)))). By
Theorem 2.8, f is intuitionistic fuzzy nano almost continuous.

111. DECOMPOSITION OF INTUITIONISTIC FUZZY NANO CONTINUITY.

Definition 3.1: Let (U,7x(X)) and (V,7x(Y)) be two intuitionistic fuzzy nano topological spaces. A mapping
f:(U,1x(X)) = (V,7p(Y)) is said to be A — expansion intuitionistic fuzzy nano continuous if f~1(E)C
IFNIntf~1(AE), for each E € 14(Y).

Theorem 3.2: Let (U, tx(X)) and (V, tx(Y)) be two intuitionistic fuzzy nano topological spaces. Let A4 and B be two
mutually dual expansion on V. Then a mapping f: (U, g (X)) = (V,7x(Y)) is intuitionistic fuzzy nano continuous if
and only if f is A —expansion intuitionistic fuzzy nano continuous and B —expansion intuitionistic fuzzy nano
continuous.

Proof: Necessity: Since A4 and B are mutually dual on V, AE N BE = E foreach E € ti(Y).

Let E € 1x(Y) then f~1(E) = f~1(AE) n f~Y(BE). Since f is intuitionistic fuzzy nano continuous,

fTY(E) = IFNIntf~*(E). So, f~“(E) = IFNInt(f *(AE) N f~Y(BE)) = IFNIntf ' (AE) n IFNIntf~(BE).
Thus f~Y(E) € IFNIntf~Y(AE) and f~1(E) S IFNIntf ~1(BE), for each E € t}(Y).

Hence f is A —expansion intuitionistic fuzzy nano continuous and B — expansion intuitionistic fuzzy nano
continuous.

Sufficiency: Let A and B be two mutually dual expansion on (V,tx(Y)). Since f is A —expansion intuitionistic
fuzzy nano continuous, f~1(E) € IFNIntf~1(AE), for each E € 7;(Y). Since f is B — expansion intuitionistic fuzzy
nano continuous, f~1(E) € IFNIntf~1(BE), for each E € 7;(Y). Also AE N BE = E for each E € t4(Y).

Therefore, f1(AE) N f~Y(BE) = f~1(E).

Hence, IFNIntf ~X(E) = (IFNIntf~(AE) N IFNIntf~Y(BE)) 2 f~1(E) n fL(E) = f~1(E).

So, IFNIntf~Y(E) 2 f~Y(E). But, IFNIntf~1(E) € f~1(E) always. Therefore, f~1(E) = IFNIntf~1(E). This
implies that f~1(E) is an intuitionistic fuzzy nano open set in (U,tz(X)) for each E € t;(Y). Therefore f is
intuitionistic fuzzy nano continuous.

Corollary 3.3: A mapping f:(U,1x(X)) = (V,tx(Y)) is intuitionistic fuzzy nano continuous if and only if f is
intuitionistic fuzzy nano almost continuous and F, — expansion intuitionistic fuzzy nano continuous.

Proof: We have that the condition f is intuitionistic fuzzy nano almost continuous is equivalent to f is
IFNIntCL —expansion intuitionistic fuzzy nano continuous, and the condition f is F;, —expansion intuitionistic fuzzy
nano continuous is equivalent to f~*(E) c IFNIntf~Y(E U (IFNIntNCI(E)®)), for each intuitionistic fuzzy nano-
open set E inV. Since IFNIntCL and F, are mutually dual, the result follows from theorem 3.2.

Theorem 3.4. Let A be any expansion on (V,tx(Y)). Then the expansion BE = E U (AE)° is the maximal
expansion on (V, 7z (Y)) which is mutually dual to A.

Proof: Let B, be the set of all expansions on (V,7x(Y)) which are mutually dual to A. Since E c AE, for any
E € tx(Y), AE can be written as AE = E U (AE\E). Let BE = E U (AE)¢ = (AE\E)°. It is obvious that B is an
expansion on (V,7;(Y)) and AE N BE = E for any E € t4(Y). Thus B € B,.Given any expansion B’ on (V,tx(Y)),
write  B'E = E U (B'E\E). If B e€B,, then (AE\E)N (B'E\E) = ¢, thus (B'E\E) c (AE\E)°. Therefore
B'E < BE and we have that B’ < B, that is, B is the maximal element of B,,.

Definition 3.5: Let (U,tx(X)) and (V,7x(Y)) be two intuitionistic fuzzy nano topological spaces. Let B be an
expansion on (V,7x(Y)). A mapping f: (U,tx(X)) = (V,7x(Y)) is said to be closed B — intuitionistic fuzzy nano
continuous if f~1((BE)°) is a intuitionistic fuzzy nano closed set in (U, Tz (X)) for each E € t4(Y).

Proposition 3.6: A closed B — intuitionistic fuzzy nano continuous mapping f: (U,tx(X)) = (V,tx(Y)) is B —
expansion intuitionistic fuzzy nano continuous.
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Proof: We first prove (f “1((BE)))¢ = f~1(BE). Letx € (f "1 ((BE)®))".
Then x¢ f~1((BE)°)). Hence f(x) & (BE)®, this implies f(x) € (BE) and x € f~1(BE).

So, (f H((BE)))® < f~(BE).

Conversely, let x € f~1(BE). Then f(x) € (BE). Hence, f(x) & (BE)¢, x & f~1((BE)®)), this implies
x € (fY((BE)“)). So, f"Y(BE) < (f "Y((BE)®))*. Therefore, (f "1((BE)*))¢ = f~1(BE).

Since f:(U,7x(X)) = (V,74(Y)) is a B — intuitionistic fuzzynano continuous mapping, f~1((BE)¢)) is a
intuitionistic fuzzy nano closed set in (U, tz(X)). Hence f~1(BE) is intuitionistic fuzzy nano-open in (U, 7x(X)) and
so fTY(BE) = IFNIntf~1(BE). Also, and this implies f~1(E) € f~1(BE) = IFNIntf~1(BE). Therefore f~1(E) c
IFNIntf~1(BE) for each E € t4(Y). Hence f is B —expansion intuitionistic fuzzy nano continuous.

Definition 3.7: An expansion A on (U, tz(X)) is said to be intuitionistic fuzzy nano-open if AV € tx(X) for all
V ez (X).

Definition 3.8: An intuitionistic fuzzy nano-open expansion A on (U, 7z (X)) is said to be idempotent.
Example 3.9: The expansion FD = (IFNCL(D) — IFNInt(D))¢ for each D € t4(X) is idempotent.

In fact the expansion F is intuitionistic fuzzy nano-open,
F(FD) = FUFNCI(D) — NInt(D))¢ = F((IFNCI(D) n D))
= F((IFNCI(D))¢ U D) = (IFNCI((IFNCL(D))¢ U D)) U ((IFNCI(D))¢ U D)

= (IFNCI(IFNCL(D))" U IFNCI(D))” U (IFNCI(D))‘ U D

= (IFNCL(IFNCL(D))°)° n (IFNCL(D))¢ U ((IFNCL(D))° U D)
= ((IFNCI(D))° U D) = FD

Remark 3.10: From the Example 3.9, we conclude that intuitionistic fuzzy nano continuity does not imply closed
B —nano continuity. Since f is intuitionistic fuzzy nano continuous it is B —expansion intuitionistic fuzzy nano
continuous, but it is not closed B — intuitionistic fuzzynano continuous. The proposition gives a condition under
which an B —expansion nano continuous function is closed B — intuitionistic fuzzynano continuous and vice versa.

Proposition 3.11: Let f: (U, (X)) = (V,7x(Y)) and B be idempotent, then f is B —expansion intuitionistic fuzzy
nano continuous if and only if f is closed B — intuitionistic fuzzy nano continuous.

Proof: The sufficiency follows from Proposition 3.6.

Necessity: Let f be B —expansion nano continuous,where B is idempotent and E an intuitionistic fuzzy nano- open
subset of (V,7x(Y)). Since BE is nano-open on (V,t(Y))and B(BE) = BE, then f~}(BE) € IFNIntf *(B(BE)) =
IFNIntf~Y(BE). Thus f~Y(BE) is intuitionistic fuzzy nano open in (U,tz(X)) and therefore f is closed B —
intuitionistic fuzzy nano continuous.

Corollary 3.12: Let A and B be two mutually dual expansion on (V,7x(Y)). If B is idempotent, then f: (U, 1z (X)) —
(V,tx(Y)) is nano continuous if and only if f is A4 —expansion intuitionistic fuzzy nano continuous and closed
B — intuitionistic fuzzy nano continuous.

IV. CONCLUSION

In this paper, the notions of expansion of intuitionistic fuzzy nano-open sets and decomposition of intuitionistic fuzzy
nano continuity in intuitionistic fuzzy nano topological spaces are studied. The theory of expansions and decomposition
in intuitionistic fuzzy nano topological spaces has a wide variety of applications in real life. The decomposition of
intuitionistic fuzzy nano topological space can be applied in the study of independence of real time problems and in
defining its attributes.

© 2018, IIMA. All Rights Reserved 139

CONFERENCE PAPER
International Conference dated 08-10 Jan. 2018, on Intuitionistic Fuzzy Sets and Systems (ICIFSS - 2018),
Organized by Vellalar College for Women (Autonomous), Erode, Tamil Nadu, India.




A. Stephan Antony Rajl, M. Ramachandran® /
On Decomposition of Intuitionistic Fuzzy Nano Continuity / IIMA- 9(1), Jan.-2018, (Special Issue)

REFERENCES

1. Ganster. M and Reily .1.L, 1990, A Decomposition of Continuity, Acta Math. Hung, 299-301.

2. Jingcheng Tong,1994, Expansion of open sets and Decomposition of continuous mappings, Rendiconti
del circolo Mathematico di palarmo, volume 43, Issue 2, 303-308.

3. Jingcheng Tong, 1989, On decomposition of continuity in topological spaces, Acta Math. Hung, 51-55.

4. Lellis Thivagar. M and Carmel Richard, 2013, On Nano Continuity, Mathematical Theory and Modelling,
\Vol.3, No.7, 32-37.

5. Levine. N, 1961, A decomposition of continuity in topological spaces, Amer. Math. Monthly, 44-46.

6. Levine. N, 1970, Generalized closed sets in topology, Rend. Circ. Mat. Palermo (2), 89-96.

7. Maria Luisa Colasante, 2003, On Almost Continuity and Expansion of Open Sets, Divulgaciones
Mathematicias, Vol.11 No.2, 127-136.

8. Ramachandran. M and Stephan Antony Raj. A, Intuitionistic Fuzzy Nano Topological Space: Theory and
Application (Communicated).

9. Stephan Antony Raj. A and Lellis Thivagar, 2016, On Decomposition of Nano Continuity, Vol. 12, Issue 4,
54-58.

Source of support: Proceedings of UGC Funded International Conference on Intuitionistic Fuzzy Sets and
Systems (ICIFSS-2018), Organized by: Vellalar College for Women (Autonomous), Erode, Tamil Nadu, India.

© 2018, IIMA. All Rights Reserved 140

CONFERENCE PAPER
International Conference dated 08-10 Jan. 2018, on Intuitionistic Fuzzy Sets and Systems (ICIFSS - 2018),
Organized by Vellalar College for Women (Autonomous), Erode, Tamil Nadu, India.




