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ABSTRACT

In this paper, we prove a common fixed point theorems for compatible and weakly commuting maps in generalized
intuitionistic fuzzy metric spaces.
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1. INTRODUCTION

Park introduced and discussed in [6] a notion of intuitionistic fuzzy metric space which is based both on the idea of
intuitionistic fuzzy set due to Atanassov [2], and the concept of a fuzzy metric space given George and Veeramani [3].
In 1997, Singh and Chauhan [10] introduced the concept of generalized fuzzy metric spaces known S- fuzzy metric
space. In 2000, Bijendra Singh and Chauhan [11] introduced the concept of compatibility in fuzzy metric space. They
established the Banach contraction principle in this space. Sessa [12], introduced the weak commutativity for a pair of
self maps. Further Jungck [13,14] extended these facts via the concept of compatible maps, Pant [15] introduced the
notion of R — weakly commutativity of mappings in metric spaces and proved some common fixed point theorems.
Later in Vasuki [16] defined R — weakly commuting maps in fuzzy metric spaces.

In this paper, we define weakly commuting and compatible maps in generalized intuitionistic fuzzy metric spaces and
prove common fixed point theorem for weakly commuting and compatible maps in generalized intuitionistic fuzzy
metric spaces.

2. PRELIMINARIES

Definition 2.1: The 5- tuple (X, S, T, *,0) is said to be generalized intuitionistic fuzzy metric space if X is an arbitrary
set. * is a continuous t- norm, ¢ is a continuous t-conorm and S, T are fuzzy sets on X3x (0, «) satisfying the following
conditions: for every x,y, z,a€ Xandt,s>0.

0 Sy zt)+TXyzt)<l1,

(i) S(xvy,z,t)>0,

@iy S(x,y,z,t)=1iff x=y=12,

(iv) S(XV¥,z,t)=S(Y,z,x,t)=S(z,y, x, ) =....,

(V) S(xvy,z,r+s+t)>S(x,y, w,r) *S(x, w, z, 8) * S(W, y, , t),

(vi) S(x,z.):(0,0)— [0, 1] is continuous,

(vii) T(x,y,2z,t) <0,

(viii) T(X,y,z,t)=0iffx=y =2,

(ixX) T(X,y,z,)=T(y,z,x,)=T(z,y, x, ) =....,

X)) TV, z,r+s+t)<T(x,y,w, 1) 0T, w,zs)0T(wY,zt),

(xi) T (x,¥,2.):(0,00)—=0, 1] is continuous.
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Definition 2.2: Let (X, S, T, *, 0) be a generalized intuitionistic fuzzy metric space, then
i) Asequence {X,} in X is said to be convergent to x if lim S(X , X _,X,t)=1and limT( x,.x,.xt) = 0.
n—oo

n—o

i) A sequence {x,} in X is said to be a Cauchy sequence if lim S(X , X _,X p,t) =1land

n,m,p-w

lim T(X,,X,,X ) ,1) =0, that is, for any £ > 0 and for each t > 0, there exists ny € N such that

n,m,p—oo
S(Xn,Xm,Xp,t)>1-sand T(Xn,Xm,Xp,t) < gforn, m, p > n,.

iii) A generalized intuitionistic fuzzy metric space (X, S, T, = ) is said to be complete if every Cauchy
sequence in X is convergent.

Definition 2.3: Two self maps A and B of a generalized intuitionistic fuzzy metric space (X, S, T, *,0) are said to be
weakly commuting if S (ABx, BAX, y, t)> S (Ax, Bx, z,t) and T(ABX, BAX, y, t)< T(Ax, Bx, z, t) where y = ABx or
BAx and z = Ax or Bx for all x € X.

Definition 2.4: Two self mappings A and B of a generalized intuitionistic fuzzy metric space (X, S, T, *0) are said to
be compatible if lim S(ABx,, BAX,, z, t) =1 and lim T(ABXx,, BAX,, z, t) = 0, where z = ABX, or BAX,, whenever

n—o n—oo

{x,} is a sequence in X such that lim Ax, = lim Bx, =y for some y in X.

n—oo n—o

Clearly, commutativity implies weak commutativity and weak commutativityimplies compatibility, but neither
implication is always reversible. This can be seen in following examples.

Example 2.5: Let X = [0, 1]. Define S(x, y, z, t) = min {M(X, y, t), M(y, z, t), M(z, x, t)} and
t d(x,
T(X Y, z, t) = max{N(x, y, t), N(y, z, t), N(z, x, t)},where M(x, y, t) = ——— , N(x, ¥, t) = —( )
t+d(x,y) t+d(x,y)
=|x—y|forall x, y € X. Also define self maps A and B of X, by Ax = x? Bx = x%/2 for all x € X.

Then we see that AB # BA and S(ABx, BAX, ABX, t) > S(Ax, Bx, Ax, t) and T(ABx, BAx, ABx, t) < T(Ax, Bx, Ax, t),
for x € [0, 1]. This shows weak commutativity does not imply commutativity.

and d(x, y)

Example 2.6: Let X = R. Define S(x, vy, z, t) = min {M(X, y, t), M(y, z, t), M(z, x, )} and

t d(x,y)
T, Y, z, t) = max{N(x, y, t), N(y, z, 1), N(z, x, )},where M(x, y, ) =———— N(x, y, t) = ———and

t+d(x,y) t+d(x,y)
d(x,y) = | x -y | for all x, y € X.Also define self maps A and B of X, by Ax = x?, Bx = x*/3 for all x R and x, = 1/n,
n=123...

Here lim Ax, = limBx, = 0 € X. S(ABX,, BAX,, ABX,, t) — 1 and T(ABx,, BAX,, ABX,, t) — 0 asn —o .

n—o n—o

But S(ABx, BAX, ABX, t) > S(Ax, Bx, Ax, t) andT(ABx, BAx, ABx, t) < T(Ax, Bx, Ax, t) are not true for xER and
AB # BA. Thus we see that A and B are compatible, but neither commutative nor weakly commutative.

3. MAIN RESULTS

Theorem 3.1: Let A, B, P and T be self maps of a complete generalized intuitionistic fuzzy metric space (X, S, T, *9)
with t - norm * defined by a * b = min{a, b} and t - conorm ¢ defined by a ¢ b =max {a, b}, a, b € [0, 1] satisfying the
conditions.
(3.1.1) A(X) cT(X), B(X) € P(X),
(3.1.2) Oneof A, B, PorT is continuous,
(3.1.3) (A, P)and (B, T) is weakly commuting pairs of maps,
(3.1.4) Forallx,y,ze X,0<k<1,t>0
S(AX, By, z, kt) > min{S(Px, Ty, z, t), S(Ax, Ty, z, t), S(By, Px, z, t)} and
T(AX, By, z, kt) < max{T(Px, Ty, z, t), T(Ax, Ty, z, t), T(By, Px, z, t)}
(3.15) S(x,y,z,t)—>1and T(x,y,2,t) > 0ast — oo.
Then A, B, P and T have a unique common fixed point in X.
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Proof: Let o€ X be arbitrary, construct a sequence {y,} in X such that y,n.1 = TXone1 = AXgy and Yo = PXon = BXong;
n=0,1,2,...using (3.1.4), we have
S(yl, y2i Ym, kt) = S(AXOi BX1, Ym: kt)

> min{S(PXg, TX1, ¥Ym, 1), S(AXo, TX1, Ym, 1), S(BXy, PXo, Ym, 1)}

= min{S(yO, yll Ym, t)! S(Yl, yli Ym, t)! S(Yz: YO: Ym: t)}

Z min{s(}’o: yli Ym: t)’ S(Yl, y2i Ym, t)! S(Yo: YZ: Ym: t)}

T(ylv y21 ym, kt) = T(AXOy BX]_, ymy kt)
<max{T(Pxo, TXy, Ym, 1), T(AXo, TX1, Ym, 1), T(BX1, PXo, Ym, 1)}
= maX{T(yOY ylv ymy t)! T(yly yly yma t)y T(y21 y()a yma t)}
=< maX{T(y01 yla ymy t)! T(yla y21 ymy t)! T(yOy y21 ymy t)}'

This implies that
S(yl, Y2, Ym, kt) 2 S(Yo, Y Ym t) or S(in Y2, Ymi t) andT(Yl: Y2, Ym, kt) < T(in Y Ym t) or T(Yo: Y2, Ym t)

Further using (3.1.4), we have,

S(yZi y3i Ym, kt) = S(Bxlr AX2, Ym: kt) = S(AXZr BX]_, Ym, kt)
> min {S(PXz, TX1, Ym, 1) » S(AX2, TX1, Y, 1), S(BXy, PX2, Y, 1)}
=min {S(y2, Y1, Ym, 1), S(¥3, Y1, Y, 1), S(Y2, Y2, Y, D)}
= min {S(Y1, Y2, Ym, 1), S(Y1, Y3, Y, 1), S(Y2, Y3, Ym, 1)} and

T(y21 y3v ym! kt) = T(BX]_, AXZy ymy kt) = T(AXZy BX]_, ymy kt)
<max {T(PXz, TXq, Ym, 1) , T(AX2, TX1, Y, 1), T(BX1, PXa, Ym, )}
= max {T(yz! yl! ymy t)! T(y31 yla ymy t)! T(yZy y21 ymy t)}
< max {T(yl, Y2, Ym, t)! T(Yl- Y3, Ym, t)! T(Yz, Y3 Ym, t)}

Which implies that,

S(yZi Y3 Ym, kt) 2 S(Yl, Y2, Ym, t) (Or) S(yl! Y3, Ym, t) and T(Yz, Y3, Ym, kt) < T(Yl- Y2, Ym t) (Or) T(Yl, Y3 Yms t)

Proceeding in the same way we get,

S(Yna Yn+1a me kt) > S(yn—ly yny ymy t) or S(yn-la yn+1y yma t)
2 S(Yn-Za Yn-ly yma t/k) or S(Yn-Zy Yn+1y ymy t/k)

> S(Yo, Y1, Y k™) OF S(Yo, Ve, Yims k™)
S(yn’ yl'1+1i Ym. t) > S(YO: yll ymr t/kn) or S(in yl'1+1; ym' t/kn) and

T(Vn Ynets Yo KO < T(Yn1s Yoo Yo 1) OF T(Yn1, Yoz, Yo ©)
< T(Yn-2) Yn-1, Yms U/K) OF T(Yn2, Yo, Yims UK)

< T(yOy ylv ym! t/kn-l) or T(yOy yn+1y yma t/kn-l)
T(yny yn+la yma t) < T(y()a yly yma t/kn) or T(yOy yn+ly ymy t/kn)'

Case-1: When S(Yn, Vo1, Y £) > S(vo, Y1, Y VK™ and T (Y, Yir, Y 1) < T(yo, Y1, Yo UVK"). Then for p, g Nand t > 0,
we have
S(Yn, Yn+ps Ynp+as 3t) > S(Yn, Yne1, Ynp+gs t) * S(Yn, Yn+1, Yn+ps t) * S(Yns1, Yntps Yntp+ar t)
2 {S(Yo, Y1, Yn+peay k") * S(yo, Y1, Yn+ps t/k") * S(Yns1, Yoez, Yneprgr U3)
* S(Yn+1, Ynezs Yn+ps t/3) * S(Yn+2, Yo+pr Ynsprgr t/3)}
> {S(¥o, Ya.Ynepa UK") * S(¥o, Y1, Yaeps UK") * S(Yo, Y1, Ynepra, U13K™)
* S(yOr Y1, yn+p’ t/3kn+1) * S(Yn+2, yn+p’ yn+p+q: t/3)}

E{S(YO; yli yn+p+Qi t/kn) * S(ygl }_/211 }_/SHJ! t/kn) * S(in yli yﬁ:p_*éq’ t{:zgknﬂ)*s(in yli Yn+p: t/3kn+l)_2
o S(in Y1, yn;pﬂb t/k P 3p ) * S()n/O! Y1, Yn+p: t/k b Sp ) :+lS(Yn+p-1: Yn+p: yn+p+Qi t/:r?fl )}

Z{S(YOi yli yn+p+Qi t/k ) * S(yn(i! _}2/11 )_/51+p! t/k ) * S(in yli yﬁ:p_*éq’ t/:zgk ) * S(in yli Yn+p, E/_'_SE ?2
o *S(y()! Y1 yn+p+qy t/k P 3p ) * S(yOy Y1 yn+py t/k P 3p ) * S(y()a Y1, Yn+p+qa t/k P 3p )}y
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TVn Yorpr Yeprgr 3D < T(Yne Yorts Yorpegr 1) O TV Yosts Yorps £) © T(Ynsts Yo Yoeprar )
< AT(Yor Y11 Yoeprar t/kn) 0 T(yo, Y11 Yneps t/kn) OT(Yn+1s Yns2s Ynepeqy 1/3) ©
T(Yners Yooz Yneps U3) OT(Ynsz, Ynep: Ynspea, 1/3)}
< {T(YOv yl!yn+p+q! t/kn) Y T(y01 Yi, yn+pv t/kn) <>T(y01 Y1, Yn+p+qa t/3kn+1) 0
TYo, Y1r Yoeps t/3k™) OT(ynsa: Yieps Yneprgr U3)}

< AT(Yo, Y1 Ynspear k) O T(Yo, Y1, Yieps ) OT (Y0, Y1, Yieprar UK OT (Yo, Y1, Yrsps t/3K™™)
0... OT(yo, Y1, Yn+p+qs t/k"**?37%) 0T (yo, y1, Yn+ps t/k"? 377 OT(Ynep-1, Yneps Ynepeas t/37)}

<AT(Yo, Y1, Yiepas t/k") O T(yo, Y, Yn+ps t/k") OT(yo, Y1, Yntp+gs t/3kn+1) 0 T(yor Y1: Yops t/3kn+1)
O... OT(YO, Y1, yn+p+Qi t/kn+p-23p-2) 0 T(Yo, Y1, Yn+p, t/kn+p- SP-Z)OT(YOi Y1, yn+p+Qi t/kn+p-1 3p_2)}'

Taking the limit as n —co, we have,
1imM S(Yn, Yneps Ynepeqs 38) =1 * 1% 1% % 1 (2p — 1times) and

liM T(Yn, Yneps Yoepegy 3) <000000...00 (2p — 1times),
which implies that S(Yn, Yntp,Ynsptar 3t) = 1 and T(Yn, Yn+p:Ynspiq 3t) = 0 asn— oo,

Case-lI:

When S(yn’ Yn+1s Ymi t) 2 S(Yo, Yn+1s Yms t/kn) and T(Yn, Yn+1s Ymi t) = T(Yo- Yn+1s Y t/kn)

Then on the lines of Case I, we have,

S(Yn: Yneps Ynprgr 3) = {S(Yo, Ynets Yopegs t/kl? * S(Yor Yas1s Yrveps t/k") * S(yo, )in+22: yn2+p+q: t/3kn+1) *
S(yo, yn+2' yl'1+p| t/Skn+)2* . '2' * S(Yo: Yn+p-2, yl’1+p+q, t/kj i_ 3’; ) *
S(Yor Ynrp-2: Yoeps k™ 3 ) * S(Yor Ynps Ynep+ay /K" 3P )33

T(yn, yn+p’ yn+P+qa 3t) < {T(yOv Yo+t yn+p+qy t/k:g o T(YO, Y+t yn+p, t/kn) o T(yo, X”*ZZ' yné"P"‘C]! t/3 kI’1+l) 0
T(yo’ Yn+2, y”+P’ t/3kn+ )2<> N 0 T(Yo, Yn+p-2a Yn+p+q, t/k+n Z 32 ) 0
T(Yo, Ynep2s Yneps UK 37) O T(Yo, Yaep, Ynepeay UK 37}

Taking the limit as n —co, we have,
limM S(Yn, Yneps Ynepeqs 38) =1 * 1% 1% % 1 (2p — 1times) and

M T(Yn, Yneps Yaeprg, 3) <0000 00 ... 0 0 (2p — 1times).
n—o0
Which implies that S(Yn, Ynsp, Yntptar 3t) = 1 and T(Yn, Ynsps Ynipegr 3t) = 0asn— oo,

Thus, in both cases {y,}is a Cauchy sequence. By the completeness of X, sequence {y,} and its subsequences {Axs},
{BXsn.1}, {PXan} and {TX,n+1} converge to some u in X.

Now, suppose that P is continuous then PAX,,,, PPx,,— Pu. Since (A, P) are S- weakly commuting, therefore
S(APXZn, PAXZn, APXZn, t) > S(AXZn, PXZna AXZI’]! t) andT(APXZn, PAXZn, APXZn, t) < S(AXZn, PXZny AXZI’]! t)

On letting n = oo, we have,
S(1imAPX,n, Pu, lim APX,, t) > S(u, u, u, t) = land T(lim APX,,, Pu, lim APX,,, t) > T(u, u, u, t) = 0.
n—oo n—o0

n—== n—o

Which implies that APx,,—Pu. Now using (3.1.4) we have,
S(APXZn, BX2n+1, u, kt) > mil’l{S(PPXZn, TX2n+1, u, t), S(APXZn, TX2n+1, u, t),S(BX2n+1, PPXZn, u, t)}
T(APXZn, BX2n+1, u, kt) < max{T(Psz”, TX2n+1, u, t), T(APXZn, TX2n+1, u, t),T(BX2n+1, PPXZn, u, t)}

On letting n = o, we have,
S(Pu, u, u, kt) > min{S(Pu, u, u, t), S(Pu, u, u, t), S(u, Pu, Pu, t)}or S(Pu, u, u, kt) > S(Pu, u, u, t)
T(Pu, u, u, kt) < max{T(Pu, u, u, t), T(Pu, u, u, t), T(u, Pu, Pu, t)}or T(Pu,u, u, kt) >T(Pu, u, u, t).

Which implies that Pu = u. Further using (3.1.4) we have,

S(Au, BXgn+1, U, Kt) > min{S(Pu,Txpq+1, U, 1), S(AU, TXop41, U, t), S(BXan41, Pu, U, t)} and

T(AU, BXgn41, U, kt) < max{T(Pu,Txzn+1, U, ), T(AU, TXon+1, U, 1), T(BXan41, PU, U, 1)}
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On letting n — oo, we have,
S(Au, u, u, kt) > min{S(u, u, u, t), S(Au, u, u, t), S(u, u, u, t)} or S(Au, u, u, kt) > S(Au, u, u, t)
T(Au, u, u, kt) <max{T(u, u, u, t), T(Au, u, u, t), T(u, u, u, t)}or T(Au, u, u, kt) < T(Au, u, u, t).

Which implies that Au = u. Since A(X) €T(X), there exists v € X such that u = Tv = Pu.

Using (3.1.4) we have,
S(u, Bv, u, kt) = S(Au, Bv, u, kt)
> min{S(Pu, Tv, u, t), S(Au, Tv, u, t), S(Bv, Pu, u, t)}
=min{S(u, u, u, t), S(u, u, u, t), S(Bv, u, u, t)} or S(u, Bv, u, kt) > S(u, Bv, u, t) and

T(u, Bv, u, kt) = T(Au, Bv, u, kt)
<max{T(Pu, Tv, u, t), T(Au, Tv, u, t), T(Bv, Pu, u, t)}
=max{T(u, u, u, t), T(u, u, u, t), T(Bv, u, u, t)} or T(u, Bv, u, kt) <T(u, Bv, u, t).

Which implies that Bv = u. Thus u=Bv =Tv. Since (T, B) are weakly commuting, therefore
S(TBv, BTv, TBv, t) > S(Tv, By, Tv, t) =1 and T(TBv, BTv, TBv, t) < T(Tv, Bv, Tv, t) =0.

Which implies that TBv =BTv and so Tu = Bu. Using (3.1.4) we have,
S(u, Tu, u, kt) = S(Au, Bu, u, kt)
> min{S(Pu, Tu, u, t), S(Au, Tu, u, t), S(Bu, Pu, u, t)}
=min{S(u, Tu, u, t), S(u, Tu, u, t), S(Tu, u, u, )}

S(u, Tu, u, kt) > S(u, Tu, u, t) and
T(u, Tu, u, kt) = T(Au, Bu, u, kt)
<max{T(Pu, Tu, u, t), T(Au, Tu, u, t), T(Bu, Pu, u, t)}
=max{T(u, Tu, u, t), T(u, Tu, u, t), T(Tu, u, u, t)}
T(u, Tu, u, kt) <T(u, Tu, u, t).
Which implies that u = Tu = Bu. Hence u = Tu = Bu = Au = Pu. Shows u is a common fixed point of A, B, Pand T.
Now to prove uniqueness of u, let w be another common fixed pointof A, B, Pand T.
Then from (3.1.4) we have,
S(u, w, u, kt) = S(Au, Bw, u, kt)
> min{S(Pu, Tw, u, t), S(Au, Tw, u, t), S(Bw, Pu, u, t)}
=min{S(u, w, u, t), S(u, w, u, t), S(w, u, u, t)}
=S(u, w, u, t) or S(u, w, u, kt) > S(u, w, u, t) and
T(u, w, u, kt) = T(Au, Bw, u, kt)
<max{T(Pu, Tw, u, t), T(Au, Tw, u, t), T(Bw, Pu, u, t)}
=max{T(u, w, u, t), T(u, w, u, t), T(w, u, u, t)}
=T(u, w, u, t) or T(u, w, u, kt) < T(u, w, u, t), which implies that u = w.

Hence u is a unique common fixed point of A, B, P and T.

Proposition 3.2: Let A and B be compatible self mappings of a generalized intuitionistic fuzzy metric space X. If Ay
= By then ABy = BAy.

Proof: Let Ay = By and {x,} be a sequence in X, such that x, =y for all n. Then Ax,, Bx,—= Ay.

Now by the compatibility of A and B. We have S(ABy, BAy, ABYy, t) = S(ABX,, BAX,, ABXx,, t) = 1 and
T(ABy, BAy, ABY, t) = T(ABX,, BAX,, ABX,, t) =+ 0 as n — oo, which yields ABy = BAy.
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Theorem 3.3: Let A, B, P and T be self maps of a complete generalized intuitionistic fuzzy metric space (X, S, T, *,0)
with t - norm * defined by a * b = min{a, b}and t — conorm ¢ defined by a ¢ b = max{a, b}, a,b € [0, 1], satisfying the
conditions,
(3.3.1) A(X) = T(X), B(X) £ P(X),
(3.32) OneofA, B, PorT is continuous,
(3.3.3) (A, P)and (B, T) are compatible pairs of maps,
(3.3.4) Forallx,y,zeX,0<k<1,t>0
S(AX, By, z, kt) > min{S(Px, Ty, z, t), S(Ax, Ty, z, t), S(By, Px, z, t), S(Ax, Px, z, t),S(By, Ty, z, t)} and
T(AX, By, z, kt) < max{T(Px, Ty, z, t), T(AX, Ty, z, t), T(By, Px, z, t), T(AX, Px, z, t), T(By, Ty, z, t)},
(3.35) S(x,y,z,t) >l and T(x,y,z, t) > 0ast — oo.
Then A, B, P and T have a unique common fixed point in X.

Proof: Let xo€ X be arbitrary. Construct a sequence {y,} in X such that Y,n.1 = TXone1 = AXon and Yo = PXon = BXopog,
n=0,1,2,... using (3.3.4) we have,
S(yl, Y2, Yms kt) = S(AXOi BX1, Ym kt)
> min {S(PXo, TX1, Y, 1), S(AXg, TX1, Ym, 1), S(BX1, PXg, Y, 1), S(AXq, PXg, Yim, 1), S(BX1, TX1, Y, )}
=min {S(yO! yli Ym, t)! S(Yl, yli Ym: t)’ S(Yz: yOl Ym, t)! S(yl! in Ym: t), S(Yz, yll Ym, t)}
Z min {S(in yll Ym, t)! S(yl! YZ: Ym: t)’ S(in y2i Ym, t)! S(Yo: yll Ym, t), S(Yl, y2i Ym: t)}
=min {S(Yo, Y1, Ym: 1), S(Y1, Y2, Yms 1), S(Yo, Y2, Yms )}

T(ylv y21 ym! kt) = T(AXOy BX]_, ymy kt)
S max {T(PX()a TX]_, yma t)y T(AX()a TX]_, yma t)y T(BX]_, PXO! yma t)y T(AX()a PXO! yma t)! T(Bxly TX]_, yma t)}
= max {T(yO! yl! me t)! T(yla yla ymy t)! T(yZy yOy ymy t)! T(yla yOy yma t)y T(y21 yla yma t)}
< max {T(yO! ylv yma t)y T(yly y21 yma t)y T(y()a y21 yma t)y T(yOy yla ymy t)aT(yla y21 yma t)}

= max {T(yO! Y1 Ym t)’ T(Yl- Y2, Ym, t)’ T(Yo- Y2, Ym, t)}
Which implies that,

S(yl, Y2, Ym, kt) 2 S(Yo, Y Ym t) or S(Yo: Y2, Ym, t) and T(Yl- Y2, Ym, kt) < T(in Y Ym t) or T(Yo- Y2, Ym, t)

Further using (3.3.4) we have,

S(yZi Y3: Y, kt) = S(Bxlr AX2, Ym; kt) = S(AXZr BX]_, Ym, kt)
2 mln {S(PXZy TX]_, ymy t)y S(AXZy TX]_, ymy t)! S(BX]_, PXZ! yma t)y S(AX21 PXZ! yma t)y S(Bxly TX]_, ymy t)}
= mln{s(y21 Y11 Y t)vs(y3v Y1 Yms t)ys(yZy Y2 Y t),S(Y3y Y2 Y t)ys(yZy Y1 Y t)}

T(y21 y3v ym! kt) = T(BX]_, AXZy ymy kt) = T(AXZy BX]_, ymy kt)
S max {T(PX21 TX]_, yma t)y T(AXZy TX]_, yma t)y T(BX]_, PXZ! ymy t)! T(AXZy PXZ! ymy t)! T(Bxly TX]_, ymy t)}
= maX{T(y21 Y1 Yms t)!T(y3! Y1 Y t),T(Y2, Y2 Y t)yT(y3y Y21 Y t)yT(yZy Y1 Ym t)}y

which implies that,

S(yZi Y3: Ym, kt) 2 S(Yl, Y21 Y, t) or S(yl! Y3 Yms t) and T(Yz- Y3 Y, kt) = T(Yl, Y2: Y, t) or T(Yl- Y3 Y, t)

Again with the similar process as in Theorem (3.1) we can show {y,} is a Cauchy sequence.

By the completeness of X, sequence {y,} and its subsequences {Axn}, {BXon-1}, {PXan} and {TXan+1} CONVerge to some
uin X. Now if we suppose that P is continuous then PAXy,, PPX,,— Pu.

Since (A, P) are compatible, therefore lim S(PAXz,, APXan, PAX,, ) = L and 1im T(PAXz,, APX,, PAX,,, t) =0, where

n—o N—o0
{xn} is a sequence such that lim Axz, =lim Px,, = u.
n—ow n—wo

Thus, we have S(Pu, lim APx,,, Pu, t) = 1and T(Pu, lim APx,, Pu, t) = 0.

n—o n

Which implies that lim APx,,=Pu. Now using (3.3.4) we have,

n—o0

S(APXZn, BX2n+1, u, kt) > mil’l{S(PPXZn, TX2n+1, u, t), S(APXZn, TX2n+1, u, t), S(BX2n+1, PPXZn, u, t),
S(APX2n1 PPXZny u, t),S(BX2n+1, TX2n+1y u, t)} and

T(APXZn, BX2n+1, u, kt) < max{T(Psz”, TX2n+1, u, t), T(APXZn, TX2n+1, u, t), T(BX2n+1, PPXZn, u, t),
T(APXZHI PPXZI’]! uy t)aT(BXZFH-ly TXZI’H—ly u! t)}'
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On letting n =+ o we have,
S(Pu, u, u, kt) > min{S(Pu, u, u, t),S(Pu, u, u, t), S(u, Pu, u, t),S(Pu, Pu, u, t),S(u, u, u, t)}
= S(Pu, u, u, t) and

T(Pu, u, u, kt) <max{T(Pu, u, u, t),T(Pu, u, u, t),T(u, Pu, u, t),T(Pu, Pu, u, t),T(u, u, u, t)}
=T(Pu, u, u, t), which implies that,

S(Pu, u, u, kt) > S(Pu, u, u, t) and T(Pu, u, u, kt) < T(Pu, u, u, t).

Hence Pu = u. Further using (3.3.4) we have,
S(AuU, BXan+1, U, Kt) > min{S(Pu, TXon+1, U, ),S(AU, TXon41, U, 1),S(BXon+1, PU, U, 1),S(AU, Pu, U, t),S(BXon+1, TXons1, U, 1)}
T(AU, BXon41, U, kt) <max{T(Pu, TXon+1, U, ), T(AU, TXon41, U, 1), T(BXon+1, Pu, U, 1), T(AU, Pu, U, t), T(BXon+1, TXon+1, U, 1)}

On letting n — oo we have,
S(Au, u, u, kt) > min{S(u, u, u, t), S(Au, u, u, t), S(u, u, u, t), S(Au, u, u, t), S(u, u, u, t)} and
T(Au, u, u, kt) <max{T(u, u, u, t), T(Au, u, u, t), T(u, u, u, t),T(Au, u, u, t), T(u, u, u, t)}.

This implies that,
S(Au, u, u, kt) > S(Au, u, u, t) and T(Au, u, u, kt) < T(Au, u, u,t).

Hence Au = u. Since A(X) € T(X), there exists v € X such that u = Tv = Pu, using (3.3.4) we have,
S(u, Bv, u, kt) = S(Au, Bv, u, kt)
>min{S(Pu, Tv, u, t), S(Au, Tv, u, t), S(Bv, Pu, u, t), S(Au, Pu, u, t), S(Bv, Tv, u, t)}

T(u, Bv, u, kt) = T(Au, Bv, u, kt)
<max{T(Pu, Tv, u, t), T(Au, Tv, u, t), T(Bv, Pu, u, t), T(Au, Pu, u, t), T(Bv, Tv, u, t)}.

This implies that,
S(u, Bv, u, kt) > S(u, Bv, u, t) and T(u, Bv, u, kt) < T(u, Bv, u, t), which implies that Bv =u. Thus, u=Bv=Tv.

By the compatibility of (T, B) and from propositions (3.2), we have TBv = BTv and so Tu = Bu.

Using (3.3.4) we have,

S(u, Tu, u, kt) = S(Au, Bu, u, kt)
> min{S(Pu, Tu, u, t), S(Au, Tu, u, t), S(Bu, Pu, u, t), S(Au, Pu, u, t), S(Bu, Tu, u, t)}
=min{S(u, Tu, u, t), S(u, Tu, u, t), S(Tu, u, u, t), S(u, u, u, t), S(Tu, Tu, u, t)} and

T(u, Tu, u, kt) = T(Au, Bu, u, kt)
<max {T(Pu, Tu, u, t), T(Au, Tu, u, t), T(Bu, Pu, u, t), T(Au, Pu, u, t), T(Bu, Tu, u, t)}
=max {T(u, Tu, u, t), T(u, Tu, u, t), T(Tu, u, u, t), T(u, u, u, t), T(Tu, Tu, u, tH}.

This implies that S(u, Tu, u, kt) > S(u, Tu, u, t) and T(u, Tu, u, kt) < T(u, Tu, u, t),
which implies that u = Tu = Bu. Hence u= Tu = Bu = Au = Pu. Shows u is a common fixed point of A, B, Pand T.

Now to prove uniqueness of u, let w be another common fixed pointof A, B, Pand T.

Then from (3.3.4) we have,

S(u, w, u, kt) = S(Au, Bw, u, kt)
> min{S(Pu, Tw, u, t), S(Au, Tw, u, t), S(Bw, Pu, u, t), S(Au, Pu, u, t), S(Bw, Tw, u, t)}
=min{S(u, w, u, t), S(u, w, u, t), S(w, u, u, t), S(u, u, u, t), S(w, w, u, t)}and

T(u, w, u, kt) = T(Au, Bw, u, kt)
<max{T(Pu, Tw, u, t), T(Au, Tw, u, t), T(Bw, Pu, u, t), T(Au, Pu, u, t),T(Bw, Tw, u, t)}
=max{T(u, w, u, t), T(u, w, u, t), T(w, u, u, t), T(u, u, u, t), T(w, w, u, t)}.

This implies that, S(u, w, u, kt) > S(u, w, u, t) and T(u, w, u, kt) < T(u, w, u, t). Hence u = w.

Thus, u is a unique common fixed point of A,B, P and T.
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