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ABSTRACT

We established some common fixed point theorems satisfying integral type mapping in fuzzy metric space. In fact we
proved following fixed point theorems in fuzzy metric spaces
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1. INTRODUCTION

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view of its role
in analyzing Probabilistic models in the applied sciences. The study of fixed point of random operator forms a
central topic in this area. Random fixed point theorem for contraction mappings in Polish spaces and random
Fixed point theorems are of fundamental importance in probabilistic functional analysis. The concept of Fuzzy-
random-variable was introduced as an analogous notion to random variable in order to extend statistical analysis to
situations when the outcomes of some random experiment are fuzzy sets. But in contrary to the classical statistical
methods no unique definition has been established before the work of Volker, VVolker [22]. He presented set theoretical
concept of fuzzy-random-variables using the method of general topology and drawing on results from topological
measure theory and the theory of analytic spaces. No results in fixed point are introduced in fuzzy random spaces. In
the present paper we are introducing the fuzzy random spaces and proving a common fixed point theorem.

In this present chapter we prove some common fixed point theorems in fuzzy random metric space by using the concept
of B- compatible mapping. First we give some basic and important definitions related to this chapter.

Definition 1.1: Let X be anyset. A fuzzy set in X is a function with domain X and values in [0,1].

Definition 1.2: A binary operation = : [0,1] x [0,1] — [0,1] is continuous t —norm if  is satisfying the following
conditions:

1.2 (8) * is commutative and associative,

1.2 (b) = is continuous,

1.2(c) ax1=a forall a €[0,1]

12(d)axb < c*d whenevera < candb < d,foralla,b,c,d € [0,1]

Examples of t —norm are a*b = min {a,b}and axb = ab.

Definition 1.3: A triplet (X, M,*) is a fuzzy metric space whenever X is an arbitrary set, = is continuous t—norm
and M is fuzzy set on X x X x [0,0") satisfying, for every x,y,z € X and s,t > 0, the following condition:
1.3 (@) M(x,y,t) > 0

1.3 (b) M(x,y,0) =0

1.3(c) M(x,y,t) =1 iffx=y

1.3 (d) M(x,y,t) = M(y,x,t)

1.3 (e) M(x,y,t) * M(y,2z,5) < M(x,z,t+5s)

1.3 (f) M(x,y,): (0,07) - [0,1] is continuous.

We note that, M(x,y,t) can be realized as the measure of nearness between x and y with respect to t. It is known
that M(x,y,*) is non decreasing for all x,y € X. Let M(x,y,*) be a fuzzy metric space for t > 0, the open ball
Bx,r,t)={yeX: M(x,y,t) >1—r}.
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Now, the collection {B(x,r,t):x € X,0 <r < 1,t > 0} is a neighborhood system for a topology t on X induced by
the fuzzy metric M. This topology is Housdroff and first countable.

Example 1.4: Let (X, d) be a metric space. Define a * b = min{a, b} and M(x,y,t) = t+dzxy)

t > 0. Then (X, M,x) is a fuzzy metric space. It is called the fuzzy metric space induced by d.

for all x,y € X and all

Definition 1.5: A sequence {x,} in a fuzzy metric space (X, M,*) is said to be a converges to x iff for each ¢ > 0
and each t > 0, ny € N such that M(x,,x,t) > 1 —¢ forall n > n,.

Definition 1.6: A sequence {x,} in a fuzzy metric space (X, M,x) is said to be a Cauchy sequence converges to x iff
foreach ¢ > 0andeach t> 0, n, € Nsuch that M(xy, x,,t) > 1 —¢ forall m,n = n,.

A fuzzy metric space (X, M,*) is said to be complete if every Cauchy sequence in it converges to a point in it.

Definition 1.7: Self mapping A and S of a fuzzy metric space (X, M,x) are said to be compatible if and only if
M(ASx,, SAx,,t) —» 1 forall t > 0, where {x,} is a sequence in X such that Sx,, Ax, — p forsomep € Xasn — .

Definition 1.8: Self map A and S of a fuzzy metric space (X, M,*) are said to be compatible of type () if and only if
M(AAx,, SSx,,t) = 1 forall t > 0, where {x,} is a sequence in X such that Sx,,, Ax, — p forsomep € Xasn — .

Definition 1.9: Two maps A and B from a fuzzy metric space (X, M,*) into itself are said to be weakly compatible if
they commute at their coincidence points i.e., Ax = Bx implies ABx = BAx for some x € X.

Remark 1.10: The concept of compatible map of type () is more general then the concept of compatible map in fuzzy
metric space.

Definition 1.11: Let A and S be two self maps of a fuzzy metric space (X, M,x) then A and S is said to be a weakly
commuting if M(ASx,, SAx,, t) < M(Sx,, Ax,,t) forall x€ X.

It can be seen that commuting maps (ASx = SAx V x € X) are weakly compatible but converse is not true.

Lemma 1.12: In a fuzzy metric space (X, M,x) limit of a sequence is unique.

Lemma 1.13: Let (X, M,x) be a fuzzy metric space. Then for all x,y € X M(x,y, .) is a non decreasing function.

Lemma 1.14: Let (X, M,x) be a fuzzy metric space. If there exists k € (0,1) such that for all x,y € X,
M(x,y,kt) = M(x,y,t) Vt > 0, then x = y.

Lemma 1.15: Let {x,} be a sequence in a fuzzy metric space (X, M,x). If there exists a number k € (0,1) such that
MXpt2, Xne1, K = M(Xpy1,Xp,t) V t> 0 and n € N
Then {x,} is a Cauchy sequence in X.

Lemma 1.16: The only t — norm = satisfying r x r = r for all r € [0,1] is the minimum t — norm that is
axb = min{a, b} forall a,b € [0,1].

In this chapter, (©,X) denotes a measurable space. ® : Q — X is a measurable selector. X is any non empty set.* is
continuous t-norm, M is a fuzzy set in X? x [0,), then (X, Q, M,*) is said to be randomized fuzzy metric spaces
shortly ad R.F.M.S if followings are true.

for every &x,&y,&z € X and s,t > 0, the following condition:

1.16(a) M(0(x), o(y),t) >0

1.16 (b) M(0(x),»(y),0) =0

1.16 (c) M(o(x), o(y),t) = 1iff o(x) = o(y)

1.16 (d) M(0(x), o(y),t) = M(a(y), o(x),t)

1.16 (e) M(0(x), o(y),t) * M(0(y), ®(z),s) < M(o(x),o(z),t+s)

1.16 (f) M(0(x), o(y),") : (0,00*) - [0,1]is continuous.

Lemma 1.17: Let (X, M, Q,x) be a ramdom fuzzy metric space. Then for all o(x), ®(y) € X M(0(x), ®(y), .) isa non
decreasing function.

Lemma 1.18: Let (X, M, Q,x) be a ramdom fuzzy metric space. If there exists k € (0,1) such that for all o(x), o(y) € X,

M(0(x), o(y), kt) = M(o(x), o(y), )
forallt> 0,tllenw(x) = o(y).
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Lemma 1.19: Let {x,} be a sequence in a random fuzzy metric space (X, M, Q,x). If there exists a number k € (0,1)
such that

M((O(Xn+2),Q)(Xn+1),kt) = M((O(Xn+1)' (D(Xn) :t) Vt>0and ne N
Then {o(x,)} is a Cauchy sequence in X.

2. MAIN THEOREM

Theorem 2.1: Let (X, M, Q,x) be a complete random fuzzy metric space and let A, B, S, T, P and Q be mappings from X
into itself such that the following conditions are satisfied:
2.1(a) P(X) c ST(X) and Q(X) c AB(X),
2.1 (b) AB=BA,ST =TS, PB=BP, QT =TQ,
21 (c) either P or AB is continuous,
2.1 (d) (P,AB) iscompatible of type (B) and (Q,ST) is weak compatible,
2.1 (e) there exists k € (0,1) such that for every o(x), o(y) € Xand t > 0
fOMZ(Pw(X)'Qm(Y)'kt)é(v) dv > f(:N(w(X)m(y),t) £(v) dv
MZ2(ABw(x), STw(y), t),
W(o(x),n(y),t) = min{ M?(Po(x), ABo(x),t),
M?(Qou(y), STo(y), 1),
Where &: [0,+w] - [0,+] is a lebgesgue integrable mapping which is summable on each compact subset
of [0, +x], non negative, and such that, v & > 0, f(f E(v) dv > 0.Then A, B, S, T, P and Q have a unique common
fixed point in X.

Proof: Let x, € X, then from 2.1(a) we have x,,x, € X such that Pw(x,) = STw(x;) and Qw(x;) = ABw(x,)
Inductively, we construct sequences {o(x,)} and {o(y,)} in X such that forn € N

Po(Xzn-2) = STw(Xzn-1) = ®(Y2n-1) and Qo(Xzp-1) = ABo(Xz5) = ©(y2n)

Step-1: Put o(x) = o(Xy, ) and o(y) = o(Xan41) in 2.1 (€) then we have
2
ng (Po(x2n),Qo(Xz2n+1).kt) E(v) dv > f(:/V(m(in)rm(inH)rt) E(v) dv
M?(ABo(Xzp), STO(Xz2n41), 1),
W(0(%zn), ®(Xzns1),t) = mind  M?(Po(Xzn), ABo(Xzp), ),

M2(Qo (X2n+1), STO(Xzn41), 1),

MZ(0(y2n+1),02n+2).Kt) W(o(yz2n+1)0(zn+2).t)
Jo EW) dv= [ E(v) dv

M?(@(Y2n), ©(Yzn+1), D,
W(0(¥2n+1), ©(Fan+2), ) = ming M2(0(Yan+1), ©(Y2n), t),

M2(0(Y2n+2) ©Fzn+1): 1) s
M2(0(y2n)®¥2n+1).0,

M2 (0(y2n+1),0(2n+2)KE) mi“{MZ(m(yz +2)0(v2 +1),t)}
Js EW) dv = ) " " E(v) dv

From Lemma .1.13 and 1.14 we have

MZ(0(y2n+1),02n+2).Kt) MZ(0(y2n)0(Y2zn+1):t)
Jo EW) dv = [, E(v) dv

Since &(v) is Lesbesgue integrable function so that

M2(0(Yan+1), ©(Vans2), Kt) = M2(©(Y2n), ©(Yant1), t)
That is

M(®(Y2n+1), ©(Y2n+2), k) = M(@(Y2n), ©®(Y2n+1), D

Similarly we have
M(0(Y2n+2), ®(Y2n+3), kKt) = M(0(Y2n+1), ©(Y2ns2), )

Thus we have
M(O)(Yn+1)' ®(Yn+2) kt) > M(m(Yn)' ®(Yn+1) t)
M(O(Fns1), ©Fns2), ) 2 M (0m), 0Fns1).+)

t
M(O(¥n), ©Fns1), D) = M (0(0), 0(1),35) » 1 as n— o,
and hence M(w(y,), ®(Yn41),t) > 1 asn— ooforall t > 0.

Foreache > 0 and t > 0, we can choose n, € N such that
M(0(¥y), ®(Yns1),t) > 1 —€ forall n > n,.
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Forany m,n € N we suppose that n, = n. Then we have

M©Fn), 0Fm) D) = M(0Fn), 0Fns1) =) * M(0Fn1) 0Fnsz) =) * ook (0Fm1) 0Fm) =)
M), oFm)t) = (1—e)x (1 —€) *..... * (1 —€)(m — n)times
M(0¥n), 0Ym), 1) = (1—¢)

And hance {o(y,)} is a Cauchy sequence in X.

Since (X, M, Q,x) is complete, {(y,)} converges to some point o(z) € X. Also its subsequences converges to the same
point (z) € X.
That is

{Po(Xzn+2)} > ©(z) and {STo(Xzn41} = ©(2) 2.1(i)

{ Qu(X2n41)} = ®(2) and { ABw(X2n)} = ©(Y2n) 2.1(ii)
Case-1: Suppose AB is continuous

Since AB is continuous, we have

(AB)?w(X,n) » ABw(z) and ABPw(X,,) » ABw(z)
As (P, AB) is compatible pair of type (B), we have

M(PPw(X53,), (AB)(AB)®(X2,),t) =1, forallt >0

Or M(PPw(x,,), ABo(z),t) =1
Therefore, PPo(X,n) = ABw(z).

Step-2: Put o(x) = (AB)o(X,,) and o(y) = o(Xzn41) in 6.3.1(e) we have
fOMZ(P(AB)m(xZn.Qm(y,kt) Ev) dv > fOW(P(AB)U)(XvaQ‘D(Yvkt) E(v) dv
M?(AB(AB)®(X2n), ST®(X2n+1), 1),
W(P(AB)w(xz5), Qu(y), t) = min {MZ(P(AB)CO(XZH).AB(AB)w(XZH).t),

_ M?(Qo (Xzn+1), STO(Xzn41), 1) ,
Taking n — o we get
2
fM (P(AB)o(x2n),Qu(y) kD) E(v) dv = fOW(P(AB)U)(in)vQ(D(Y)rt) E(v) dv

i M%((AB)o(z), o(2), t),
M?%((AB)o(z), (z), kt) > min{ M?((AB)w(z), (AB)w(z), t),
M%((AB)o(z), 0(2),t),

min M2((AB)o(2),0(2).t),
M2((AB)o(z),0(2),kt) { M?((AB)o(2),0(2),t) }
Ix §v) dv> |

E(v) dv

That is form the property of §(v) we have
M((AB)o(z), ®(z), kt) = M((AB)o(z), ®(z), t)

Therefore by lemma 1.14 we have
ABo(z) = o(z). 2.1(iii)

Step-3: Put o(x) = w(z)and o(y) = ©(Xzneq) i 2.1(e) we have
2
fM (Po(2),Q ®(x2n+1).kt) E(v) dv > fOW(Pw(Z)rQw(XZnH).t) E(v) dv

° M (ABO(2), 5T 0 (kgnen), D)
W(Pw»(z),Q ®(X3p4+1),t) = min { M?2(Pw(z), ABo(z),t), }
M2(Qo(X2n+1), STO(Xzn41), D),

Taking n — oo and using equation .2.1 (i) we have

fOMZ(Pm(Z),m(z),kt) E(v) dv = f(:/V(Pm(Z),m(z),t) E(v) dv
M?(ABw(z), o(2), 1),
W(Pw(z), ®(z),t) = min{ M?(Pw(z), ABo(z),t),

M?(0(2), 0(2), 1),

Sothat M?(Pw(z), ®(z),kt) = M?(Pw(z), ®(2),t)
© 2016, IJMA. All Rights Reserved 173



Gujjeti Sandhya* / Complete random fuzzy metric space and common fixed point theorem with... / IIMA- 7(12), Dec.-2016.

And hance M(Pw(z), ®(z), kt) = M(Pw(z), ®(z),t)

Therefore by using lemma 1.14, we get Po(z) = o(z)

So we have ABw(z) = Pw(z) = o(z).

Step-4: Putting o(x) = Bo(z) and o(y) = ®(Xzp41) in 2.1(e), we get

2
fM (PBo(2),Qo(X2n+1).Kt) Ev) dv > f(:/V(PBw(Z)rQOJ(inH),t) a(v) dv

0
MZ2(ABBw(z), STw(Xzn4+1), t),
W(PBo(z), Q(X2n+1), t) = min{ M?*(Qw(Xan41), STo(Xzn4+1), 1),
MZ?(PBw(z), ABBw(z),t),
As BP = PB and AB = BA, so we have

P(Bo(z)) = B(Pw(z)) = Bo(z) and (AB)(Bw(z)) = (BA)(Bw(z)) = B(ABw(z)) = Bo(z)).

Taking n — oo and using 6.3.1(i) we get

M?(PBa(2),Qu(Xzn+1).Kt) W(PBo(2),Qo(X2n+1),t)
X EW) dv = | E(v) dv

M2 (Bo(z),0(z),kt) W(Bw(z),0(2),t)
Jo EW) dv = [ &) dv

M2(Bw(z), o(z),t),
W(Bw(z), ®(z),t) = min{ M?(Bu(z), Bo(z),t),
M?(0(2), ©(2), 1),

So we have M?(Bw(z), w(z), kt) = M?(Bw(z), »(z),t)
Thatis M(Bw(z), ®(z), kt) = M(Bw(z), ®(z),t)

Therefore by Lemma 1.14 we have Bw(z) = o(z)

And also we have ABw(z) = w(z) implies Aw(z) = ©(z)

Therefore
Aw(z) = Bo(z) = Po(z) = o(2).

Step-5: As P(X) c ST(X) there exists u € X such that
o(z) = Po(z) = STo(u)

Putting o(x) = o(X3,) and o(y) = o(u) in 6.3.1(e) we get
2
fM (Po(x2n),Qu(u,)Kt) E(v) dv > fOW(Pw(in)rQOJ(u).t) E(v) dv

’ M2(ABw(X5,), STo(u), ),
W(Pw(X3,), Qu(u),t) = min {MZ(P(D(XZH),ABCO(XZH),t),}
M?(Qw(u), STo(u),t),

Taking n - o and using 6.3.1(i) and 6.3.1(ii) we get
2
foM (0(2),Qu(w),kt) E(v) dv = f:v(m(z)'Qm(u)'t) () dv
M?((z), STo(u), t), }

W(o(2), Qu(u),t) = min{ M?(0(2), 0(2),1),
M?(Qo(u), STo(u), t),
So we have M?(w(z), Qu(u),kt) = M?(w(z), Quw(u),t)
Thatis M(w(z), Qu(u), kt) = M(e(z), Qu(u), t)
Therefore by using Lemma 1.13 we have Qo(u) = o(z)

Hence STo(u) = ©(z) = Qo(u).

Hence (Q,ST) is weak compatible, therefore, we have
QSTwo(u) = STQw(u)

Thus Qo(z) = STw(z).
© 2016, IJMA. All Rights Reserved
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Step-6: Putting o(x) = o(X,,) and o(y) = o(z) in 6.3.1(e) we get
fOMZ(Pm(in)'Qm(Z)rkt) E(v) dv > fOW(PUJ(in)'QUJ(Z)'t) E(v) dv
M2(ABo(Xzy), STw(z), 1),
W(Pw(xzn), Qu(7), 1) = min {MZ(Pw(XZH).ABco(XZn),t),}
M?(Qu(z),STw(z),t),
Taking n - « and using 6.3.1(ii) and step 5 we get
fOMz(m(Z).Qw(Z).kt) E(W) dv > f(:/V(w(Z).QfD(Z).t) £(v) dv
M?(0(z), STw(z),t),
W(o(z), Qu(z),t) = min{ M?(0(z), w(2),t), }
M?(Qu(z),STw(z),t),

Thatis M?(o(z), Quw(z), kt) = M?(0(z), Quw(z),t)
And hence M(w(z), Qu(z),kt) = M(w(z), Qu(z),t)
Therefore by using Lemma 1.13 we get Qo (z) = o(z).

Step-7: Putting o(x) = 0o(x,,) and o(y ) = Tw(z) in 3.1(e) we get

2
foM (Po(x2n),QTw(2) kt) E(v) dv > fOW(Pw(in)rQTOJ(Z) ) E(v) dv

M?2(ABw(X2y), STTw(Z) , 1),
W(Po(X,p), QTo(z ),t) = min{ M2(Po(Xy,), ABo(Xzp), b),
M2(QTw(z), STTw(z),t),
As QT =TQand ST =TS we have QTz =TQz = Tz
And ST(Tw(z)) = T(STw(z)) = TQw(z) = Tu(z).

Taking n - c we get

M2 (0(z),To(z) kt) W(n(z),To(z) ,t)
Jo §v) dv = f; E(v) dv

M2 (w(z), To(z),t),
W(o(z), To(z) ,t) = min{ M?(o(z), o(z),t),
M?(Tw(z), To(z),t),
And hence M?(w(z), To(z ), kt) = M?(0(z), To(z) ,t)
Therefore M(w(z), To(z),kt) = M(0(z), To(z) ,t)
Therefore by Lemma 1.13 we have To(z) = o(z)
Now STw(z) = Te(z) = o(z) implies Sw(z) = o(z).

Hence
So(z) = To(z) = Qw(z) = o(z)

Combining 2.1(iv) and 2.1(v) we have
Aw(z) = Bo(z) = Po(z) = So(z) = To(z) = Qu(z) = o(z)

Hence z is the common fixed point of A, B, S, T, P and Q.
Case-11: suppose P is continuous

As P is continuous
P2w(x,,) = Po(z) and P(AB)w(X,,) = Po(z)

As (P,AB) is compatible pair of type (B),
M(PPw(X3y,), (AB)(AB)w(X,,),t) =1 forall t >0

Or M(Po(z), (AB)(AB)o(x5,),t) = 1
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Therefore (AB)?x,, — Pz.

Step-8: Putting o(x) = Po(X,,) and o(y) = o(Xyn41) in 2.3.2(e) then we get
2
ng (PPo(x2n),Qo(X2n+1).kt) E(v) dv > fOW(PPfD(Xzn)'QfD(in+1)'t) E(v) dv
M?(ABP®(X2p), ST (Xz2n41), 1),
W(PP0(Xzn), Q(Xzn41), t) = min{ M?(PPo(X,y), ABPo(Xzp), 1),
M?(Qo(Xzn+1), STO(X2041), 1),

Taking n — oo, we get
2
fOM (Po(z),0(z)kt) i(V) dv > f(:/V(Poa(z),m(z),t) &(V) dv
M2(Pw(z), (z),t),
W(Pw(z), ®(z),t) = min{ M?(Pw(z), Pu(z),t),
M?((z), 0(2),1),
fMZ(Pm(Z),m(z),kt) M2 (Po(z),0(z),t)

X EW) dv = | E(v) dv

Therefore we have
M2(Po(2), 0(2), kt) > M2(Po(2), o(2),t)

Hence M(Pw(z), ®(z), kt) = M(Po(z), ®(z),t)
Therefore by Lemma 1.13 we get Pw(z) = o(z)

Step-9: Put o(x) = ABo(X,,) and o(y) = ®(Xzn41) in 2.2(e) then we get
2
fOM (P ABo(x2n),Qo(X2n+1).kt) E(V) dv > fOW(P ABo(x2n),Qo(X2n+1),t) E(v) dv
MZ(AB AB(D(XZI’!)! ST('O(XZII+1)' t),
W(P ABo(Xzp), Qu(X2n41), ) = min< M2?(P ABw(x5y,), AB ABo(X5p), 1),
MZ (Qm(X2n+1)i ST@(X2n+1); t)'

Takingn - o we get
sz(ABm(z),m(z),kt) W(ABw(2),0(z),t)

. EW) dv = [) EW) dv
MZ2(AB 0(z), ©(2),t),
W(ABw(z), ®(z),t) = min{ M?(ABw(z), ®(z), t),
M?(0(z), (), 1),
sz(ABm(z),m(z),kt) M?(ABo(z),0(2),t)

0 EW) dv = J§ &)
Therefore M2(ABw(z), o(z), kt) > M2(ABw(z), o(z), t)
And hence M(ABw(z), ®(z), kt) = M(ABw(z), ®(z),t)
By lemma .1.13 we get ABw(z) = w(z)

By applying step 4, 5, 6, 7, 8 we get
Aw(z) = Bo(z) = So(z) = To(z) = Po(z) = Qw(z) = o(2).

That is o(z) is a common fixed pointof A, B, S, T, P, Q in X.

Uniqueness: Let u be another common fixed point of A, B, S, T, P and Q. Then
Ao(u) = Bo(u) = So(u) = To(u) = Po(u) = Qo(u) = o(u)

Putting o(x) = o(u) and o(y) = o(z) in 2.1(e) then we get
sz(Pm(u),Qm(z),kt) E(v) dv = fW(Pm(u),Qm(Z),t) E(v) dv
0 - J0
M?(ABw(u), STo(2),t),
W(Po(u),Qu(z),t) = min{ M?(Po(u), ABo(u),t),
M?(Qu(z), STw(z),1),
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Taking

limit both side then we get

M2 (o(u),0(z),kt) W(o(w),0(z),t)
Jo EW) dv = [ E(v) dv

M?(0(u), o(2), 1),
W(o(u), (z),t) = min{ M?(o(u), o(u),t),
M?(0(z), 0(2), 1),

Thatis M?(o(u), o(z),kt) = M?(w(u), o(z),t)

And hence M(o(u), ®(z),kt) = M(o(u), o(z),t)

By lemma 1.13 we get o(z) = o(u).
Thatis z isa unique common fixed pointof A, B, S, T, P and Q in X.

Remark 3.3: If we take B = T = I identity map on X in Theorem 2.2.3.2 then condition 6.3.1(b) is satisfy trivially and
we get following Corollary

Corollary 2.4: Let (X, M, Q,x) be a complete random fuzzy metric space and let A, S, P and Q be mappings from X into
itself such that the following conditions are satisfied:

2.4(a) P(X) c S(X) and Q(X) c A(X),

2.4 (b) either P or AB is continuous,

2.4 (c) (P,AB) iscompatible of type (B) and (Q,ST) is weak compatible,

2.4 (d) there exists k € (0,1) such that for every x,y € Xand t > 0

fMZ(Pm(x),Qoa(y),kt) E(v) dv > fW(fD(X)rOJ(Y)rt) £(v) dv
0 =Jo

M?(Ao(x), So(y), t),
W(o(x),o(y),t) = min{ M?(Pu(x), An(x),t),
M?(Qo(y), So(y), v),

Where &: [0,+w] - [0,+w] is a lebgesgue integrable mapping which is summable on each compact subset
of [0, 4], non negative, and such that, v ¢ > 0, f(f E(v) dv > 0.Then A, B, S, T, P and Q have a unique common
fixed point in X,
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