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ABSTRACT 

In this paper, we show how to generate 10k r
S +  and 10k r

A +  using the Mathieu Group 10M  and an element of order 

k r+  in 10k r
S +  and 10k r

A +  for all positive integers , 1k r >  .We also  show  how to generate 10k r
S +  and 10k r

A +

symmetrically using a symmetric generating set. 
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1. INTRODUCTION: 

                

The Mathieu group 10M , of order 720,  is one of the well known non-simple groups. Eassa [3] showed that 

[ ]35 4 5 2 2
10 ,  | ,  ( ) ( ) 1 .M X Y X Y X Y XYXYX XY= = = = = =

 

Al-Amri [1], Hammas [2] and Al-Amri and Eassa [3] studied symmetric and permutational generating sets of 10 1kS +  

and 10 1k
A +   using some progenitors. 

 

In this paper, we will show that 10k rS +  and  10k rA +  can by generated using the Mathieu group 10M  and an element 

of order k r+   in  10k rS +  and  10k rA +  respectively for all integers , 1k r > . We will also show that 10k rS +  and  

10k r
A +   can by symmetrically generated using a symmetric generating set.  

 

2. PRELIMINARY RESULT: 

         

Lemma: 2.1 [3] The Mathieu group 10M of order 720 can be generated as follows; 

( )( ) ( )( )10 1,  2,  3,  4,  5 6,  7,  8,  9,  10 , 1,  7,  4,  9 2,  10,  3,  6 .M =  

 

3. PERMUTATIONAL GENERATING SET OF  10k r
S +  AND 10k r

A +  

 

Theorem: 3.1
 10k rS +  and 10k rA + can be generated using the Mathieu group 10M  and an element of order k + r in 

10k rS +  and 10k rA +  respectively. 

 

Proof: Let  

X = (1, …,5) (6, …, 10) … (10(k-1) +1, …, 10(k-1) +5) (10(k-1) +6 … , 10(k-1) +10), Y =(1,7,4,9)(2,10, 3, 6) … 

(10(k-1)+1, 10(k-1)+7, 10(k-1)+4, 10(k-1)+9) (10(k-1)+2, 10(k-1)+10, 10(k-1)+3, 10(k-1)+6) and Z = (5, 15, …, 10 

(k-1) +5, 10k+1, …, 10k+r), be three permutations, the first is of order 5,  the second  is of order 4  and the third is of 

order k + r. Let H = �X, Y .�  By Lemma 2.1, H 10M≅ . Let G = � X, Y, Z �
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Let ] 2

1 21 2( , , ) (10 1,10 2,10 3).
z

Z Z Z Z k k kλ � �= ∗ = + + +�� ��  
We have the following two cases;  

Case (1): If r is an odd integer. Let
 

2

1 ( )X XY ZY Zβ = . It is not difficult to show that β  = (1, 9,2,6,7 …, 10 

(k-2)+8,10k+2, ….,10k+r ,…, 10k+1, 10k+3) which is a cycle of order 10k+r .Now, if f k is an odd integers,  

 

Then G =
10

,
k r

Sβ λ +≅ . Otherwise, G=
10

,
k r

Aβ λ +≅ .  

Case (2): If r is an even integer. Let
 

2

1 ( )X XY ZY Z Zσ = . It is not difficult to show that�  σ  = (1,9,2,6,7 …, 

10(k-2)+8,10k+1, 10k+3, ...,10k+r , 5,…, 10k+(r-1)) which is a cycle of order 10k+r. Now, if k is an even integers, 

then G =
10

,
k r

Sσ λ +≅ .Otherwise, G =
10

,
k r

Aσ λ +≅ . �  

 

Corollary 3.2: Let G = � Y, Z � , where Y and Z are the elements described in the previous theorem.  

Then G ≅
 4

 k rC C +× , for all integers k , 1r > . 

 

Proof: Since Y, Z are disjoint permutations of orders 4 and k + r respectively, then, it is clear that,  

 

G = � Y, Z � ≅
 4

 k rC C +× . �  

 

Note: Since T = (5, 15… 10(k-1) +5, 10k+1… 10k+r), is in 10k r
S + or  10k r

A +  depending on r then this element is 

going to be used in the following theorem. 

 

4. SYMMETRIC GENERATING SET OF 10k r
S + AND 10k r

A + .
 

 

Theorem: 4.1 Let T be the element described above. For all integers ,  1k r > , 10  k rS + and 10k rA +  can be 

symmetrically generated using the symmetric generating set 0 1 2 5{ , , ,..., }T T T TΓ = , where 0T T= and 

X

i

i
T T=  for all

 
1 5i≤ ≤ , where X  be the element described in Theorem 3.1. 

  

Proof: Let G= Γ , let ] ] ] ] 1

1 1 2 2 3 3 4( , , ) ( , , ) (1,2,3, 4,5)T T T T T T T Tσ −� � � �= ∗ ∗ ∗ =� � � � Conjugating by 

X

i

i
T T=  for all

 
1 5i≤ ≤ .We can get the element τ = (1, …, 5)(6, …, 10)( 10(k-1)+1, …, 10(k-1)+5).  

 

Hence 
1 (1, 2,3,  ..., 10 ).T k rζ τ= = +  Let 1

1 2 2 3( , , ) (1, 2,3).T T T Tλ −��= ∗ � =�� �� �   
 

Now, if both of k and r are either even or odd integers, then G =
10

,
k r

Sζ λ +≅ . Otherwise, G =
10

,
k r

Aζ λ +≅ . 

 

Corollary: 4.2 Let { }0 1 2 4, , , ... ,T T T TΓ =  be the symmetric generating set which has been described in the 

previous theorem, If we remove  m elements of the set Γ for all 1 3i≤ ≤  then the resulting set generates
 

[ ]10 (2 )m k r
S

− − +
or [ ]10 (2 )m k r

A
− − +

 ,depending on k and r. If we remove 4 elements then the resulting set generates 

2k rC + . 

 

Proof:  Let }{1 1,T TΓ = , let 11
, (1,  5)(10 1,  10 2),T T k kα � = + +���=

 
1

1 2

11
, ) (5,  10 ,15).(T T T T

α

β − � =���= Let ( )
2

1i

T
iββ −=

  
for all 2 i k≤ ≤

 

 

Let 11
... 

k k
ξ β β β−= × × × , then; 

 

(5,  10, 15,  ... 10( 2) 5,  10( 1) 5,  10 1),k k kξ = − + − + +
 
of order 2 1k + .  
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1 (1,  6, ..., 10( 1) 1,...,10 1,  ..., 10 ).T k k k rτ ξ= = − + + + Let: [ ]1 1 2,  m T T= and 1
2 1 

T
m m= . Let 2 1m mδ =

and
 

3 2( )
Tζ δ δ=  , then 

1

( ) (5,10( 1) 1,10 )k k r
τσ ζ

−

= = − + +
 

�

Now, if both of k and r are either even or odd integers, then
1Γ = 4, .k rSτ σ +≅ Otherwise, then 

1Γ =
4

,
k r

Aτ σ +≅ .Let }{2 1 2, ,T T TΓ = ,let 
1

1 1 (5,  10, ,10( 1) 5,  ..., 1, ... , 10 ),TT k k rλ −= = … − + + 

 

which is a cycle of order 4k r+  and 2 1 2 (5,  10,  ...,  10( 1) 5,  ..., 1, ... ,10 1,  ..., 10 )T k k k rλ λ= = − + + + ,  

 

which is a cycle of order 6 .k r+  Now as in the previous the case ,
2Γ 6k r

S +≅ or 6k rA +  depending whither r is  

an odd or even integers. The rest of the proof goes the same.  
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