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ABSTRACT 

The aim of this paper is to study a Lagrange-Hermite interpolation on the nodes, which are obtained by projecting 
vertically the zeroes of the (1 − 𝑥2)𝑃𝑛(𝑥) on the unit circle, where 𝑃𝑛(𝑥) stands for 𝑛𝑡ℎ Legendre polynomial. We 
prove the regularity of the problem, give explicit forms and establish a convergence theorem for the same. 
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1. INTRODUCTION 
 
In 1991 Zi Yu Wang and Shan Ji Tian [6] considered the zeroes of (1 − 𝑥2)𝑃𝑛−1′(𝑥), where 𝑃𝑛−1′(𝑥) is the derivative 
of (𝑛 − 1)𝑡ℎ Legendre polynomial and obtained the estimate for the same. 
 
Later in 1994, Siqing Xie [5] showed regularity of (0, 1,…r-2,r) interpolation on the set obtained by projecting 
vertically the zeroes of (1 − 𝑥2)𝑃𝑛

(𝛼,𝛽)(𝑥) onto the unit circle, where 𝑃𝑛
(𝛼,𝛽)(𝑥) stands for the 𝑛𝑡ℎ Jacobi polynomial. In 

2011, Author1 [1] presented a method for computing the convergence of (0; 0, 1) interpolation on unit circle.  
 
In 2012, Giuseppe Mastroianni, Gradimir V. Milovanovic and Incoronata Notarangelo [4] considered a Lagrange–
Hermite polynomial, interpolating a function at the Jacobi zeroes with its first (𝑟 − 1) derivatives at the points at ±1 
and gave necessary and sufficient conditions on the weights for the uniform boundedness of the related operator. 
 
In 2014, Author1 (with M.Shukla) [2] considered a Lagrange-Hermite Interpolation on the nodes, which are obtained by 
vertically projected zeroes of the (1 − 𝑥2)𝑃𝑛

(𝛼,𝛽)(𝑥) on the unit circle, where 𝑃𝑛
(𝛼,𝛽)(𝑥) stands for the Jacobi polynomial 

and studied explicit forms and established a convergence theorem for the same. 
 
These have motivated us to consider the Lagrange-Hermite interpolation on the set of nodes on unit circle different 
from above. 
 
In this paper, we considered a Lagrange Hermite interpolation on the nodes, which are obtained by projecting vertically 
the zeroes of the (1 − 𝑥2)𝑃𝑛(𝑥) on the unit circle where 𝑃𝑛(𝑥) stands for 𝑛𝑡ℎLegendre polynomial. Here the functions 
are prescribed at all points, whereas the derivatives only at ±1 . 
 
In section 2, we give some preliminaries and in section 3, we describe the problem and give the existence theorem of 
the interpolatory polynomials, whereas in section 4, we give the explicit formulae of the interpolatory polynomials. 
Lastly in section 5 and 6, we give estimates and convergence of interpolatory polynomials respectively. 
 
2. PRELIMINARIES 
 
In this section we shall give some well known results, which we shall use. 
(2.1)  {𝑧0 =  1, 𝑧2𝑛+1 =  −1, 𝑧𝑘 = cos𝜃𝑘 +  𝑖 sin 𝜃𝑘 , 𝑧𝑛+𝑘 = −𝑧𝑘 ,𝑘 = 1(1)𝑛} 
be the vertical projections on unit circle of the zeroes of (1 − 𝑥2)𝑃𝑛(𝑥), where  𝑃𝑛(𝑥)stands for 𝑛𝑡ℎLegendre 
polynomial having zeroes 𝑥𝑘 = 𝑐𝑜𝑠𝜃𝑘, 𝑘 = 1(1)𝑛   such that     1 > 𝑥1 > 𝑥2 > ⋯ > 𝑥𝑛 > −1. 
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(2.2)  W(z)=∏ (𝑧 − 𝑧𝑘)2𝑛

𝑘=1 = 𝐾𝑛𝑃𝑛 �
1+𝑧2

2𝑧
� 𝑧𝑛 

(2.3)  𝐾𝑛 = (2𝑛𝑛!)
(2𝑛−1)‼

 
(2.4)  𝑅(𝑧) = (𝑧2 − 1)𝑊(𝑧) 
 
The differential equation satisfied by  𝑃𝑛(𝑥) is  
(2.5)  (1 − 𝑥2)𝑃𝑛′′(𝑥) − 2𝑥𝑃𝑛′ (𝑥) + 𝑛(𝑛 + 1)𝑃𝑛(𝑥) = 0 
 
Fundamentals polynomials of Lagrange Interpolation based on the nodes as the zeroes of  𝑊(𝑧) and 𝑅(𝑧) respectively 
are given by 
(2.6)  𝐿𝑘(𝑧) = 𝑅(𝑧)

(𝑧−𝑧𝑘)𝑅′(𝑧𝑘)
, 𝑘 = 0(1)2𝑛 + 1 

(2.7)  𝐿1𝑘(𝑧) = 𝑊(𝑧)
(𝑧−𝑧𝑘)𝑊′(𝑧𝑘)

, 𝑘 = 1(1)2𝑛 
 
For −1 ≤ 𝑥 ≤ 1 we have, 
(2.8)   |𝑧2 − 1| = 2√1 − 𝑥2 

(2.9)  (1 − 𝑥2)
1
4 |𝑃𝑛(𝑥)| ≤ � 2

𝜋𝑛
 

 
Let 𝑥𝑘′ 𝑠 be the zeroes of 𝑃𝑛(𝑥), then 

(2.10)  (1 − 𝑥𝑘2)−1~ �𝑘
𝑛
�
−2

 

(2.11)  �𝑃𝑛′ (𝑥𝑘)�  ≥ 𝑐𝑘−
3
2𝑛2 

 
3. THE PROBLEM AND THE REGULARITY 
 
Let  𝑍𝑛 = {𝑧𝑘; 𝑘 = 0(1)2𝑛 + 1} satisfying (2.1) 
 
Here we are interested in determining the interpolatory polynomial 𝐿𝑛(𝑧) of degree ≤  2n+3 satisfying the following 
conditions. 

(3.1)   �
𝐿𝑛(𝑓, 𝑧𝑘) = 𝑓(𝑧𝑘)      , 𝑘 = 0(1)2𝑛 + 1
𝐿𝑛′(𝑓, ±1) = 𝛼±1                                       

� ;   

where 𝑓(𝑧𝑘) and 𝛼±1 are arbitrary complex constants. 
 
We establish convergence theorem for the same. 
 
Theorem 3.1:  𝐿𝑛(𝑧) is regular on 𝑍𝑛. 
 
Proof: It is sufficient if we show the unique solution of (3.1) is 𝐿𝑛(𝑧) ≡ 0 
 
In this case, consider 𝐿𝑛(𝑧) = 𝑅(𝑧)𝑞(𝑧), where 𝑞(𝑧) is a polynomial of degree ≤ 1 
 
Obviously, 𝐿𝑛(𝑧𝑘) = 0 for 𝑘 = 0(1)2𝑛 + 1. 
 
By                        𝐿𝑛′ (±1) = 0, we get 𝑞(±1) = 0. 
 
Therefore, we have 
(3.2)  𝑞(𝑧) = 𝑎𝑧 + 𝑏 
 
Now for 𝑧 = 1 and − 1, we get   𝑎 = 𝑏 = 0 
 
Hence the theorem follows. 
 
4. EXPLICIT REPRESENTATION OF INTERPOLATORY POLYNOMIALS 
 
We shall write, 
(4.1)  𝐿𝑛(𝑧) = ∑ 𝑓(𝑧𝑘)𝐴𝑘(𝑧) + ∑ 𝛼±1𝐵𝑘(𝑧)0,2𝑛+1

2𝑛+1
𝑘=0  

where 𝐴𝑘(𝑧) and 𝐵𝑘(𝑧) are unique polynomial , each of degree at most 2𝑛 + 3 satisfying the conditions  

(4.2)  �
𝐴𝑘�𝑧𝑗� = 𝛿𝑘𝑗        𝑗, 𝑘 = 0(1)2𝑛 + 1

  𝐴𝑘′ �𝑧𝑗� = 0,    𝑘 = 0(1)2𝑛 + 1,     𝑗 = 0 ,2𝑛 + 1
� 
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(4.3)  �
  𝐵𝑘�𝑧𝑗� = 0, 𝑗 = 0(1)2𝑛 + 1 ,𝑘 = 0,2𝑛 + 1

 𝐵𝑘′ �𝑧𝑗� = 𝛿𝑘𝑗         𝑗, 𝑘 = 0,2𝑛 + 1  
� 

 
Theorem 4.1: For 𝑘 = 0,2𝑛 + 1  we have  
(4.4)  𝐵𝑘(𝑧) = 𝑅(𝑧)(𝑧+𝑧𝑘)

4𝐾𝑛
 

 
Proof: Let𝐵𝑘(𝑧) = (𝑧2 − 1)𝑊(𝑧)𝑡(𝑧), where 𝑡(𝑧) is a polynomial of degree one and 𝐵𝑘(𝑧) satisfying conditions 
given in (4.3) 
 
Using (2.2) and (2.4), we have the theorem. 
 
Theorem 4.2: For 𝑘 = 1(1)2𝑛 
(4.5)  𝐴𝑘(𝑧) = 𝐿𝑘(𝑧) + (𝑧+𝑧𝑘)𝑅(𝑧)

�𝑧𝑘
2−1�𝑅′(𝑧𝑘)

 

 
For 𝑘 = 0,2𝑛 + 1 

(4.6)  𝐴𝑘(𝑧) = (𝑧 + 𝑧𝑘)𝐿𝑘(𝑧)[ 1
2𝑧𝑘

− ( 1
4𝑧𝑘

2 + 𝐿𝑘
′ (𝑧𝑘)
2𝑧𝑘

)(𝑧 − 𝑧𝑘)] 

 
Proof-: For 𝑘 = 1(1)2𝑛 
 
Let  𝐴𝑘(𝑧) = 𝐿𝑘(𝑧) + 𝑐𝑘(𝑧 + 𝑧𝑘)𝑅(𝑧) 
where 𝑐𝑘 is a constant.Using conditions in (4.2), we have 𝑐𝑘 = 1

�𝑧𝑘
2−1�𝑅′(𝑧𝑘)

 

 
Therefore, we have (4.5) 
 
Now for 𝑘 = 0,2𝑛 + 1 
 
Let 𝐴𝑘(𝑧) = (𝑧 + 𝑧𝑘)𝐿𝑘(𝑧)𝑡𝑘(𝑧), where 𝑡𝑘(𝑧) is a polynomial of degree one .Using conditions in (4.2), we have  

                                 𝑡𝑘(𝑧) =
1

2𝑧𝑘
− �

1
4𝑧𝑘2

+
𝐿𝑘′ (𝑧𝑘)

2𝑧𝑘
� (𝑧 − 𝑧𝑘), 

 
We have the desired result (4.6). Hence the theorem follows. 
 
5. ESTIMATION OF FUNDAMENTAL POLYNOMIALS 
 
Lemma 5.1 [5]: Let𝐿𝑘(𝑧) be given by (2.6) 

Max
|𝑍|=1

 ∑ |𝐿𝑘(𝑧)|2𝑛+1
𝑘=0 ≤ 𝑐𝑙𝑜𝑔𝑛 

 
Lemma 5.2: Let𝐵𝑘(𝑧) be given by (4.4), then for 𝑘 = 0, 2𝑛 + 1 

 |𝐵𝑘(𝑧)| ≤ � 2
𝜋𝑛

 

 
Proof: From (4.4) we have  

 |𝐵𝑘(𝑧)| ≤ 1

2�1−𝑥2
|𝑃𝑛(𝑥)||𝑧 + 𝑧𝑘|. 

 
Using (2.2), (2.6) and (2.9),  
 
We have lemma. 
 
Lemma 5.3: Let 𝐴𝑘(𝑧)be given in theorem (4.2), then 
                                   ∑  |𝐴𝑘(𝑧)|  ≤ 𝑐𝑛

1
2𝑙𝑜𝑔𝑛2𝑛+1

𝑘=0  , where c is a constant independent of 𝑧 and  . 
 
Proof-: Using (4.5) we have  
(5.1)  ∑ |𝐴𝑘(𝑧)| 2𝑛

𝑘=0 ≤ 𝑐𝑛
1
2𝑙𝑜𝑔𝑛 ,     
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Using (2.8), (2.10) and lemma 5.1  
For 𝑘 = 0,2𝑛 + 1,  
                             |𝐴𝑘(𝑧)| ≤ 3

2
|𝐿𝑘(𝑧)| + |𝐿𝑘(𝑧)||𝐿𝑘 ′(𝑧𝑘)| 

(5.2)  |𝐴𝑘(𝑧)| ≤ 𝑐𝑛
1
2 

 
Combining (5.1) and (5.2) we have the theorem. 
 
6. CONVERGENCE 
 
Theorem 6.1-: Let𝑓(𝑧) be continuous for  |𝑧| ≤ 1 and analytic for  |𝑧| < 1. Let the arbitrary  numbers 𝛼±1’s be such 
that 

(6.1)   �𝛼±1 � = 𝑂 �𝑛𝜔2 �𝑓, 1
𝑛
�� 

Then {𝐿𝑛(𝑧)} defined by   
(6.2)  𝐿𝑛(𝑧) = ∑ 𝑓(𝑧𝑘)𝐴𝑘(𝑧) + ∑ 𝛼±1𝐵𝑘(𝑧)0,2𝑛+1

2𝑛+1
𝑘=0  

satisfies the relation, 
(6.3)  |𝐿𝑛(𝑧) − 𝑓(𝑧) | = 𝑂(𝜔2(𝑓,𝑛−1)𝑛

1
2𝑙𝑜𝑔𝑛), where 𝜔2( 𝑓,𝑛−1) be the second modulus of continuity of 𝑓(𝑧). 

 
Remark 6.1: Let 𝑓(𝑧) be continuous for |𝑧| ≤ 1 and analytic for  |𝑧| < 1 and  𝑓 ′ ∈  𝐿𝑖𝑝𝛼, 𝛼 > 0, then the sequence 
{𝐿𝑛(𝑧)} converges uniformly to 𝑓(𝑧) in  |𝑧| ≤ 1, which follows from (6.3) as 
(6.4)  𝜔2(𝑓,𝑛−1) ≤ 𝑛−1𝜔1(𝑓 ′,𝑛−1) = 𝑂(𝑛−1−𝛼) , 
 
To prove the theorem (6.1), we shall need following 
 
Let 𝑓(𝑧) be continuous for  |𝑧| ≤ 1 and analytic for |𝑧| < 1, Then there exists a polynomial 𝐹𝑛(𝑧)) degree ≤ 2𝑛 +
3 satisfying Jackson’s inequality. 
(6.5)   |𝑓(𝑧) − 𝐹𝑛(𝑧)|  ≤ 𝑐𝜔2(𝑓,𝑛−1),             𝑧 = 𝑒𝑖𝛳(0 ≤ 𝛳 < 2𝜋) 
 
Also an inequality due to O.Kiŝ [3] 
(6.6)   � 𝐹𝑛

(𝑚)(𝑧)� ≤ 𝑐 𝑛𝑚𝜔2(𝑓,𝑛−1),  𝑚 Ɛ 𝐼+, where 𝑐 is a constant. 
 
Proof: Since 𝐿𝑛(𝑧) be the uniquely determined of degree ≤ 2𝑛 + 3 and the polynomial 𝐹𝑛(𝑧) satisfying (6.5) and (6.6) 
can be expressed as  
                       𝐹𝑛(𝑧) = ∑ 𝐹𝑛(𝑧𝑘)𝐴𝑘(𝑧) + ∑ 𝐹𝑛′(𝑧𝑘)𝐵𝑘(𝑧)𝑘=0,2𝑛+1

2𝑛+1
𝑘=0   

 
 |𝐿𝑛(𝑧) − 𝑓(𝑧)| ≤ |𝐿𝑛(𝑧) − 𝐹𝑛(𝑧)| + |𝐹𝑛(𝑧) − 𝑓(𝑧)| 

                                                    ≤ ∑ |𝑓(𝑧𝑘) − 𝐹𝑛(𝑧𝑘)||𝐴𝑘(𝑧)| + ∑ ( �𝛼±1� +𝑘=0,2𝑛+1 �𝐹𝑛′(𝑧𝑘)� )2𝑛+1
𝑘=0 |𝐵𝑘(𝑧)|   

                                                   + |𝐹𝑛(𝑧) − 𝑓(𝑧) | 
Using (6.1), (6.4), (6.5) lemma 5.2 and lemma 5.3, we have the theorem 6.1. 
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