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ABSTRACT

In this paper, we introduce the notion of fuzzy WI-ideal of lattice Wajsberg algebra and obtain some properties.
Further, we introduce normal fuzzy WI-ideal. Moreover, we establish the concepts of maximal fuzzy and completely
normal fuzzy WIi-ideals in lattice Wajsberg algebra. We show that every maximal fuzzy WIi-ideal is a completely
normal.
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1. INTRODUCTION

Fuzzy logic is a form of many-valued logic in which the truth values of variables may be any real number between 0
and 1. The term fuzzy logic was introduced with the 1965 proposal of fuzzy set theory by Lotfi Zadeh[9]. Idea of
Zadeh’s have been applied in the field of algebraic structures, the study of fuzzy algebras has achieved great success.
Mordewaj Wajsberg[7] proposed the concept of Wajsberg algebras in 1935. Rose et al. [6] published the proof of
Wajsberg algebras in 1958. In 1984, Font et al. [3] extended Wajsberg algebras as an alternative model for the infinite
valued Lukasiewicz logic and introduced lattice structure of Wajsberg algebra. Lattice Wajsberg algebras provide the
foundation to establish the corresponding logic system in algebraic view point. Further, they [3] introduced the notions
of implicative filters and family of implicative filters in a lattice Wajsberg algebras and investigated their properties.
Fuzzy subset has been applied to the theories of filters and ideals in various non-classical logical algebras. Basheer
Ahamed and Ibrahim [1, 2] introduced the definitions of fuzzy implicative and an anti fuzzy implicative filters of lattice
Wajsberg algebras. Recently, we [4] introduced the notion of Wajsberg implicative ideal (WI-ideal) of lattice Wajsberg
algebra and discussed some properties.

The aim of this paper is to introduce the definition of fuzzy Wajsberg implicative ideal (fuzzy WI-ideal) of lattice
Wajsberg algebras and discuss some properties with examples. Further, we introduce normal fuzzy WI-ideal. Moreover,
we obtained the definitions of maximal fuzzy and completely normal fuzzy WI-ideals in lattice Wajsberg algebra.
Finally, we show that every maximal fuzzy WIl-ideal of a lattice Wajsberg algebra is completely normal.

2. PRELIMINARIES

In this section, we recall some basic definitions and their properties which are helpful to develop our main results.
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Definition 2.1[3]: Let (A, —, *, 1) be an algebra with quasi complement “*” and a binary operation “— " is called a
Wajsberg algebra if and only if it satisfies the following axioms for all x,y,ze A,

(i) 1-x=x
(i) x>y)->((y—>2)>(x->12)=1
(i) (x> yY)>y=(y>Xx)>X

(iv) (X" >y ) > (yox)=1

Proposition 2.2[3]: A Wajsberg algebra (A, —, *, 1) satisfies the following axioms for all x,y,z € A,
(i) x—>x=1
@iy f(x>y)=(y—>x)=1thenx=y
(iii) x>1=1
(iv) x—=>(y—->x)=1
v) f(x>y)=(y>z)=1lthenx—>z=1
Vi) xo>y)>((zox)>(z->y)=1
i) x> (yo2)=y>(x->12)
(Vii)x > 0=x—>1" =x"
(iX) (x")" =x

X " >y)=y->x.

Proposition 2.3[3]: A Wajsberg algebra (A, —, *, 1) satisfies the following axioms for all x,y,z € A,
(i) FxX<ythenx—>z2y—>zand Z>X<zZ->Y
(i) x<y—>zifandonlyif y<x—z
(i) (xvy)" =(x"Ay")

(iv) (xAy) =(x"vy")

v) xXvy)oz=xX>2)A(y—>12)
(i) x> (YyAr)=(X> Y)A(X—>2)
vi)(x>y)v(y—>x)=1

(i) x > (yvz)=x->y)v(x—>12)
(ixX) xXAy)—>z=(x—>2)v(y—>2)
X) xXAay)vz=(xvz)a(yvz)

Xi) xAy)o>z=X>Yy)>(xX>12).

Definition 2.4[3]: Wajsberg algebra A is called a lattice Wajsberg algebra, if it satisfies the following conditions
forall x,ye A,
The Partial ordering "< " on a lattice Wajsberg algebra A, such that x <y if and only if
(i) x—>y=1
(ii) Xvy)=(x-y)—>y
(iii) (xAy)=((x" > y*) > y)*. Thus, (A, v, A, * 0, 1)is a lattice Wajsberg algebra with lower bound 0
and upper bound 1.

Definition 2.5[4]: The lattice Wajsberg algebra A is called a lattice H-Wajsberg algebra, if it satisfies
Xvyv((xay)—>z)=1forall x,y,zeA.
In a lattice H-Wajsberg algebra A, the following hold

) x>X->y)=(x->Yy)

(i) Xxo(y->2)=x->y)>x->1).

Definition 2.6[3]: Let A be aWajsberg algebra, a subset F of A is called an implicative filter of A, if it satisfies the
following axioms for all x,y € A,

(i) 1leF

(ii) xeFand x>yeFimply yeF.
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Definition 2.7[3]: Let L be a lattice. An ideal | of L is a nonempty subset of L is called a lattice ideal, if it satisfies the
following axioms for all x,y € I ,

(i) xel,yeLandy<X imply yel
(i) x,yel implies xvyel.

Definition 2.8[4]: Let A be a lattice Wajsberg algebra. Let | be a nonempty subset of A, then | is called a WI-ideal of
lattice Wajsberg algebra A satisfies,
(i 0el

(i) x> y) elandyelimplyxel forall x,yeA.

Definition 2.9[9]: Let A be a set. A function x: A —[0,1] is called a fuzzy subset on A, for each X € A, the value of
u(x) describes a degree of membership of x in « .

Definition 2.10[9]: Let x be a fuzzy set in a set A. Then for t €[0,1], the set g ={x e A/ u(x) >t} is called level
subset of 4 .

Definition 2.11[9]: Let x be a fuzzy subset of a set A. Then for t €[0,1], the set u' ={xe A/ u(x) <t} is called
the lower t-level cut of 4 .

Definition 2.12[8]: The height of a fuzzy set A is the largest membership grade obtained by any element in that set
h(A) = sup A(X).

xeX
Definition 2.13[8]: A fuzzy set A is called normal when h(A) =1.

3. MAIN RESULTS
3.1. Fuzzy Wajsberg implicative ideal (fuzzy WI-ideal)
In this section, we define fuzzy WI-ideal in lattice Wajsberg algebra and obtain some useful results with illustrations.

Definition 3.1.1: Let A be a lattice Wajsherg algebra. A fuzzy subset 4 of A is called a fuzzy WI-ideal of A if for any
X,y €A,

()  w(0) 2 u(x)
(i) p()=min{u((x > y)"), u(N}

Example 3.1.2: Let A={0, a, b, ¢, d, 1}be a set with Figure (1) as a partial ordering. Define a quasi complement “ *”
and a binary operation “— " on A as in Table (1) and Table (2).

1 X"
. X - 0 a b c d 1
7 o b 011 0 1 1 1 1 1 1
alc a c 1 b c b 1
d*® ®
b | d b d a 1 b a 1
[ ]
0 c | a c a a 1 1 a 1
d!l b d b 1 1 b 1 1
110 1 0 a b c d 1
Figure-(1) Table-(1) Table-(2)
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Define v and A operations on A as follow,

(xvy)=(x—>y)->y,

XAY)=((x" >y ) >y ) forall x,yeA.

Then, A is a lattice Wajsberg algebra.

Consider the fuzzy subset .z on A as, u(x) = {0'6 it x = 0 forallx< A
0.2otherwise forall x e A

Then, we have g is fuzzy WIi-ideal of A.

Example 3.1.3: Let A={0, a, b, ¢, 1}be a set with Figure (2) as a partial ordering. Define a quasi complement “ *”
and a binary operation “— " on A as in Table (3) and Table (4)

. x | X - 0 a b c 1
.

0] 1 0 1 1 1 1 1
be $c a| a a a a c 1 1
®q b | c b c 1 1 1 1
| c b c b 1 1 1 1

®9
110 1 0 a b c 1

Figure-(2) Table-(3) Table-(4)

Define v and A operations on A as follow,
(xvy)=Kx->y)->vy,
(xAy)=((x" > y*)> y* ) forall x,yeA.

Then, A is a lattice Wajsberg algebra.
04if x=0 forallxe A

Consider the fuzzy subset ¢z on A as, u(x) =
y # #X) {0.1otherwise forallxe A

Then, we have u is fuzzy WI-ideal of A.

Example 3.1.4: Let A={0, a, b, ¢, 1}be a set with Figure (3) as a partial ordering. Define a quasi complement “ *”
and a binary operation “— " on A as in Table (5) and Table (6).

e
X — 0 a b c 1

o1
0|1 0 1 1 1 1 1

L s
a|c a c 1 1 1 1
b b | b b | b | c | 1| 1] 1
a c | a c a b 1 1 1
1|0 1 0 a b c 1

®0

Figure-(3) Table-(5) Table-(6)

Define v and A operations on A as follow,
(xvy)=(x—>y)->y,

XAY)=((x" >y ) >y ) forall x,yeA.
Then, A is a lattice Wajsberg algebra.
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Consider the fuzzy subset ©z on A as,
0.5if xe{0,b} forallxe A
) = {0.3 if xe{a,c,1} forallxe A
Then, we get 1 is not a fuzzy WI-ideal of lattice Wajsberg algebra A.
Since, we have u(a)=0.3. But, min{u(a —b)*, x(b)}= min{x(0), u(b)}=0.5.
Thus, we have u(a) £ min{u(a — b)*, u(b)}.

Example 3.1.5: Let A be a lattice Wajsherg algebra defined in Example 3.1.3, fuzzy subset x of A defined by
#(0) = u(c)and u(0) > u(x) forany X €{a, b, 1}, then  is a fuzzy WI-ideal of A.

Proposition 3.1.6: Every fuzzy WI-ideal y of a lattice Wajsberg algebra A is order reversing.

Proof: If x,ye A and y<x then (y—>x)* =1"=0
and so, u(y)>min{u((y — x)*), u(x)}
= min{u(0), x(x)}

=p(x)
This shows that g is order reversing.

Definition 3.1.7: A fuzzy subset u of a lattice Wajsberg algebra A is called a fuzzy lattice ideal if forany x,y € A,
(i) If y<x then u(y)> u(x)
(it)  p(xvy)=min{u(x), u(y)}.

Example 3.1.8: Let A be a lattice W-algebra defined in Example 3.1.2, {0, d} is a non-trivial lattice ideal, and a fuzzy
subset u of A defined by (0) = u(d) > u(x) forany X €{a, b, c, 1} is a non-trivial fuzzy ideal of A.

Proposition 3.1.9: Let A be a lattice Wajsberg algebra. Every fuzzy WI-ideal of A is a fuzzy lattice ideal.

Proof: Suppose u is a fuzzy WI-ideal of A.
By Proposition 3.1.6 shows that z(y) > u(x)if y <x.

By(xvy) > y) =((x> YAy > y)
= (x> )"
<X
We get, u(xvy)=min{u((xvy)—>y)), u(y)}

= min{ u(x), p(y)}-
The following example shows that the converse of Proposition 3.1.9 is not true.

Example 3.1.10: Let A be a lattice Wajsberg algebra defined in Example 3.1.2 and p is a fuzzy subset of A defined

by,
0.8if xe{0,d} forallxe A
u(x) =

0.3if xe{a, b, c,1} forallxe A
Then, u is afuzzy lattice ideal of A, but not a fuzzy WI-ideal for

(@) 2minfu((a —d)*), u(d)}.
Proposition 3.1.11: In a lattice H-Wajsberg algebra A, every fuzzy lattice ideal is a fuzzy WIi-ideal.

Proof: Since 0 < x, it follows that £(0) > u(x) foranyx e A.
Letx,y e A, we have u(x) > u(xvy)

=u(yv(x vy
=u(yv(x—>y)")

> min{u(y), u(x - y)"}
Hence, u is afuzzy WIl-ideal.
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Proposition 3.1.12: Let u be a fuzzy subset of a lattice Wajsberg algebra A. Then, u is a fuzzy WIl-ideal if and only
if pisaWI-ideal when g = ¢, te[0,1]

Proof: Assume that « is a fuzzy WI-ideal of A and t e [0,1] such that = ¢. Clearly,0 € 4 . Supposex,y e A,

(x—>y) ey andye g . Then, u((x = y)*) >t and u(y) >t. It follows that, z(x)>min{u(x - y)*, u(y)}=>t.
So that, x € g . Hence, u is a Wi-ideal of A.

Conversely, suppose x4 (t € [0,1]) is a Wi-ideal of A. When s = ¢ forany x e A, xe u,,(xy , it follows that z,,(, is a
Wi-ideal of A and hence 0 e s,y thatis x(0) = u(x) forany x,y e A. Lett = min{u(x — y)", u(y)}, it follows that

4 isaWl-ideal and (x — y)* € u,y € 44, this implies that x e g and u(x) >t = min{u(x = y)*, u(y)} .

3.2. Normal Fuzzy WIl-ideals

In this section, we introduce the notions of normal fuzzy, maximal fuzzy and completely normal fuzzy WI-ideal in
lattice Wajsberg algebra. We also show that every maximal fuzzy WI-ideal of a lattice Wajsberg algebra is completely
normal.

Definition 3.2.1: A fuzzy WI-ideal xof a lattice Wajsberg algebra A is said to be a normal if there exists x e A
such that z(x)=1.

Example 3.2.2: Let A be a lattice Wajsberg algebra in Example 3.1.2 and define in a fuzzy subset x of A by
1 if xe{0,c} forallxe A
#x) = {O.Sif x{ab, d,1} forall x € A
Then p is a normal fuzzy WI-ideal of A.

Note: If x is a normal fuzzy WI-ideal of A, then (0) =1. Hence, & is normal if and only if x(0) =0.

Definition 3.2.3: Let A be a lattice Wajsberg algebra, F(A) be the set of all fuzzy subset of A and u € F(A), we define
the setas A, ={xe A/ u(x)=u(0)}.

Proposition 3.2.4: Given a fuzzy Wl-ideal u of A, let ,u. be a fuzzy subset of A defined by y'(x) = u(X) +1— u(0)

forany x e A Then ,u' is a normal fuzzy WI-ideal of A containing x .

Proof: For any fuzzy WI-ideal W of A, the characteristic function y,, of W is a normal fuzzy = Wi-ideal of A.
It is clear that, z is normal if and only if u= y'. If 1 is a fuzzy WI-ideal of A. Then (y') = (yl)|. Moreover, if gz is

(I ]
normal, then gz =(u).

According to Definition 3.2.1, We know that if 4 and o are fuzzy WI-ideal of A such that ¢ < o and u(0) = o(0),

then A, c A,. If u is fuzzy Wi-ideal of A and there exists a fuzzy Wi-ideal o of A such that o"g ., then 4 is
normal.

Proposition 3.2.5: Let u be a fuzzy WI-ideal of Aand f: [ 0, x (0)] — [0, 1] an increasing function. Then, the fuzzy
subset x5 (x) = f(u(x)) forany x e Ais a fuzzy WI-ideal of A. In particular, if f (4 (0)) =1 then g, is normal, and if

f(t) >tforanyt [0, x(0)], then y is contained in 4z .

Proof: Now wu(x) < u(0) forany xeA
Since, f is an increasing function it follows that,

uy (0)= f(u(0)

> f(u(x))
>u¢(x) forany xeA.
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Let x,y € A then,
min{u¢ (x = y)*, w¢ (N}=min{f (u(x = y)"), f(u(y)}

= f(min{u(x - y)*, u(y)})
f (u(x))
= s (x)

IA

Hence, u; is a fuzzy Wi-ideal of A. If f («(0)) = 1 then u¢is normal. If f(t)>t for any te[0, «(0)],
then g ¢ (x) = f(u(X)) 2 p(x) forany x e A, S0 uc ;-

Note: (i) We denote N(A) as the set of all normal fuzzy WI-ideal.
(ii) N(A) is a poset under the set inclusion.

Proposition 3.2.6: If 2 and o are non-empty fuzzy WI-ideals of A such that for any x,y € A, u(x) < u(y) if and only
if o(x)<o(y) then uoo is also a fuzzy Wi-ideal of A and A, =A, nA, where (uoo)(X)=u(x)o(x)

forany x e A.

Proof: It is easy to prove that, poo isaWIl-idealof Aand A, oA, N A,
Let xe A o Then (uoo)(x) = uoo(0)
H(x)o(x) = u(0)o(0)

Hence, p(x) #0and o(x) #0. If u(x) <u(0), then u(x)o(x) < 1(0)o(0).
This is a contradiction. Similarly, it is also a contradiction when o(x) <o (0) .
Hence, u(x) = x(0) and o(x) =o(0) . Thatis,xe A, N A, .

Remark 3.2.7: A fuzzy WI-ideal is called a maximal WI-ideal if it is not A, and it is maximal element of the set of all
fuzzy WIi-ideal with respect to fuzzy set inclusion.

Proposition 3.2.8: If 4 is a maximal fuzzy WI-ideal of A then, the following hold
(i) u isnormal
(if) u takes only the values 0 and 1
(iii) A, is a maximal Wi-ideal of A.

Proof: (i) Suppose ¢ is not normal, then for any x € A
1
1(X) < p(X) +1—u(0) = u (X)

1
#4(0) <1=u(0)+1—u(0) = u (0)
It follows that 4 is not maximal fuzzy WI-ideal of A. This is a contradiction. Thus, u is normal.

(i) w(0) =1, since g isnormal
Let a e Aand u(a) =1. We claim that, u(a) =0. If notthen 0< u(a) <1
Let o be a fuzzy subset of A defined by

o(x) = %(ﬂ(x) + u(a)) forall x A
Then, (0) = (u(0) + (@)
=0+ (@)

z%u«m+um»=00)
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. 1
Forany x,y e A, we obtain o(x) = E(ﬂ(x) + u(a))
1, . *
2 E(mlﬂ{u(x —Y), 4V} u(@)

- min{%(ﬂ(x Sy)* 4 u(@), %(u(y) + (@)}

=min{o(x > y)* +o(y)}
Hence, o is a fuzzy WI-ideal of A. It follows from the Proposition 3.2.4 that for any x € A

o (%) = %(ﬂ(X) + u(@) +1—%(ﬂ(0) + u(@)

=200+
2 p(X)

o*(a) = o(a) +1-o(0)
= (u(@) +3)
<1=0"(0)

1
Hence, o isanon-constant and g is not a maximal element of N(A). This is a contradiction.
Therefore, u takes only the value of 0 and 1.

(iii) A, isaWl-ideal of A. If A, | # A and I isa WI-ideal, then the characteristic functions y and ZA,u
are fuzzy Wl-ideal and =y, < z,.
y7i

It follows that, 1 = x| . Because x is a maximal fuzzy Wi-ideal and hence A, = 1.

This proves that, Au is a maximal WI-ideal of A.

Definition 3.2.9: A normal fuzzy WI-ideal x of A is said to be completely normal if there exist x € A such that
1(x) =0 denoted by C(A) the set of all completely normal fuzzy WIi-ideal of A.

Note: If u is a completely normal fuzzy Wi-ideal of A, then clearly x(0) =1, if u is completely normal if and only if
u()=0.

Proposition 3.2.10: Let ube a non-constant fuzzy WI-ideal of A and define a fuzzy subset uof A by
— X)—u(L
(X)zﬂ() p@)

forany x € A. Then e C(A).
#(0) — u()

Proof: By Proposition 3.1.6, x is order reversing, and then ; is well defined.
Clearly, ;(1) =0 and ;(O) :12;(x) forany xe A.

in{u s = o (X2 Y)Y - u@), p(y) - pu@)
Let x,y e A, Then, min{u(x — y)", u(y)}= min{ 0 20 ,LI(O)—y(l)}

1 _ ] )
= O MM o )T, () - O}

1 _ ) )
= 0 (MO ) )} @)

1
= - —u
20)— D) ((u(x) = p(D))

= u(x)
Therefore, we have ;e C(A).
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Proposition 3.2.11: If e C(A), then ;: M.

Proof: The proof is straight forward.

Note: C(A) = N(A) and the restriction of the partial ordering “ < ” of N(A) gives a partial ordering C(A).
Proposition 3.2.12: Every non-constant maximal element of (N(A), <) is also a maximal element of (C(A), ).

Proof: Let 2 be a non-constant maximal element of (N(A), < ). By Proposition 3.2.8, £ takes only the values 0 and 1,
and u(0) =1, 4(2)=0. Hence, z e C(A). Assume that, there exists o eC(A) such that uc o.It follows that,
ucoe NA). If o isconstant, then o =1. So, u isa maximal element of (C(A), ). If & is not a constant, since
M is anon-constant maximal in (N(A), <), therefore, u = o. Thus, we get  is a maximal element of (C(A), <).

Proposition 3.2.1: Every maximal fuzzy WI-ideal of A is completely normal.

Proof: Let 1 be a maximal fuzzy WI-ideal of A. By Proposition 3.2.8, ¢ is normal and u = ,u* takes only the values 0
and 1, now we claim that (1) =0. If not, then (1) =1. Hence, ©(X) > u(1) =1 and so u(x)=1 for anyxe A.
This means that x =1, which is a contradiction. Thus, (1) =0and g is completely normal.

4. CONCLUSION

In this paper, we have introduced the definition of fuzzy Wajsberg implicative ideal (fuzzy WI-ideal) of lattice
Wajsberg algebra and discussed some properties. We have introduced normal fuzzy WI-ideal. We have obtained the
concepts of maximal fuzzy and completely normal fuzzy Wi-ideals in lattice Wajsberg algebra. Finally, we have shown
that every maximal fuzzy WIi-ideal of a lattice Wajsherg algebra is completely normal.
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