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ABSTRACT
The purpose of the present paper is to investigate the various kinds of hypersurfaces of Finsler space with special
. (a+pB)?
(a, B) metric——.

a

Key Words: Special Finsler hypersurface, (a, B)-metic, hyperplane of 1" kind, hyperplane of 2" kind, Hyperplane of
3" kind.

1. INTRODUCTION

We consider an n-dimensional Finsler space F" = (M™, L), i.e., a pair consisting of an n-dimensional differential
manifold M™ equipped with a fundamental function L(x, y). The concept of the L(a, 8)-metric was introduced by M.
Matsumoto [5] and has been studied by many authors ([1], [2], [11], [7]). As well known examples, there are Randers

2 m+1
metric a + 8, Kropina metric % and generalized Kropina metric aﬁ— (m# 0, -1) whose studies have greately

m

contributed to the growth of Finsler geometry. A Finsler metric L(x, y) is called an (a, 8)- metric L(a, ) if L is a
positively homogeneous function of a and B of degree one, where a® =a; (x) y'y' is a Riemannian metric and
B = b;(x)y"'isa l-form on M,

A hypersurface M™™! of the M™ may be represented parametrically by the equation x! = x!(u®),a = 1, .....,n — 1,
where u® are Gaussian coordinates on M1,

2
In this present paper, we consider an n-dimensional Finsler space F™ = (M™, L) with (a, §)-metric L(a,B) = Wr%
and the hypersurface of F™ with b;(x) = 9;b being the gradient of a scalar function b(x). We prove the condition for
this hypersurface to be a hyperplane of 1* kind, 2™ kind and also prove that this hypersurface is not a hyperplane of 3™
kind.
2. PRELIMINARIES

We are devoted to a special Finsler space F™* = (M", L) with the metric
2
L(a,p) = @- 2.1

The derivatives of the (2.1) with respect to @ and 8 are given by

Le=2F

Ly =228,

L =27 (22)
Lgg =2,

Lo = — 5.

Where L, = 2=, Ly = Z—; Lgp = ‘% Lo =22 and Ly = 0L, /0p.
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2 oo ‘
If in the special Finsler space F* = (M™, L) , where L = %, we get a = (a;;()y'y’ )%, B = b; (x)y"

then normalized element of support [;=0;L and the angular metric tensor h;; are given by [8 ]:

li=a'LyY;+ Lgh;, (2.3)
hij = pag; + qo bib; + a1 (bY; + bY;) + g2 VY5, (2.4)
Where
Y; = ayy/,
- (a+B)*(a*-B3)
p=Llat = T
2(a+p)?
qo =Llgg =—7—, (2.5)
- 2B(a+p)?
qy = LLgpa = —2—4,
2 2_,2
G2 =La?(Lag — Lea™) = oo S;B - )'
The fundamental tensor g;; = %alajLz is given by [9]
9ij = paij + pobibj + p1(b:Y; + bY;) + p,YiY; (2.6
Where
6(at+p)?
Po=0qo+ L = aaz ,
3_ 3_ 3
p = qu + L iply = 2202200 2.7)
_ 4p*+6ap3-2a3
Py =gy +p?L2 =Ll 20 afs =L
Moreover, the reciprocal tensor g¥/ of g; j is given by
gY =p~ta¥ — Spb'b) — S, (bYj) + bIy") — S,ytyd, (2.8)
Where
b' = a'lb;, So = (pPo + (Pop2 — PD?) /3,
S1 = (pp1 — (Pop2 — PDB/CD. 2.9)
_ pp2+(pop2-pi)b? _ i
SZ = 2(}%, bz = aijb‘bf,
{=p@+peB? +p:1B) + (pop2 — P (@®b? — 7).
The hv-torsion tensor C;j, = éa'kgij is given by [11]
chi]'k = pl(hijmk + hjkmi + hkimj) + ylmimjmk . (210)
Where
3 -
1 =p55 — 3p:d0 my = b; —a Y, . @.11)

Here m; is non-vanishing covariant vector orthogonal to the element of support y.

Let {];{} be the components of Christoffel symbols of the associated Riemannian space R* and V, be covariant

differentiation with respect to x* relative to this Christoffel symbols.
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We put
ZEU = bU + bji! ZFU = bU

Where bl] = V]bL

(a+B)?

— by,

(2.12)

Let CT = (l“}‘,i(, Iy, jik) be the Cartan connection of F™. The difference tensor Djik = l"]*}c - {[lk} of the special Finsler

space F™ is given by

i
Jk

CrmiCsym— Cjkmimst.

Where

By, = pobi + 1Yk, B' = giij'

dpo

Bij = {pl(ai]- — CZ_ZYin) + —m,m]}/Z,

ap

Bf = g"By;,

W =Dbl"Eyg + B™Ey, + B F{" + BoF*

Am = BmEOO + ZB()F(;”, BO

Where ‘0’ denote contraction with y* expect for the quantities p,, g, and S, .

= Biyi .

3. INDUCED CARTAN CONNECTION

2(ClnClt +

Ff = g F;

(2.13)

(2.14)

Let F*~! be a hypersurface of F™ given by the equations x’ = x!(u®). The element of support y¢ of F™ is to be taken

tangential to F*~1, that is

y' = BL(w)v?® .

The metric tensor g,z and HV-torsion tensor Cpp), 0of F "1 are given by

Jap = gijBéBé ;o Capy = CijkBoicBéB}I/{ .

At each point u® of F™ 1, a unit normal vector N*(u, v) is defined by

9:j(x(w,v),y(u,v))BLN/ = 0,

As for the angular metric tensor h;

ha‘[; = hl]Bol(Bé, h”BOLlN] = 0,

If (B, N;) denote the inverse of (B, N%), then we have

Bf = g g;B}, BLB/ =55,
BAN' =0, BLN; =0,
Bf = g"By;,

BLBf + N'N; = &/.
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j

gij(x(w,v), y(u, v))N'N/ = 1.

we have

hiN'N/ = 1.

N; = giiN/,

3.1)

3.2)

(3.3)

(3.4)

(3.5)

(3.6)

1530



S. K. Narishmamurthy*, H. Anjan Kumar and Ajith / ON HYPERSURFACE OF A SPECIAL FINSLER SPACE WITH A
2
METRIC ““2-/ 1JMA- 2(9), Sept.-2011, Page: 1528-1535
The induced connection ICT = (I'z}, G§, Cg,) of F"~" induced from the Cartan’s connection CT" = (I J*,i, Iy, Cjik)

is given by [6]

Iie = BX(Bf, + TjB)BY) + MEH, , 3.7)
Gf = BE(Big +T5;B)). (3.8)
C#, = BEC}BJBY, 3.9)
Where

Mg, = N,CB)BY, M§ = g®'Mp,, (3.10)
Hg = Ny(Big + T5;B)). (3.11)

. 0B} . .
and B, = # / our » Bog = Bapv®. The quantities Mg, and Hp are called the second fundamental v-tensor and

normal curvature vector respectively [6]. The second fundamental h-tensor Hp,, is defined as [6]

Hgy = Ny(Bj, +TjtBJBY) + MgH, , (3.12)
Where
Mg = N;Cfi B4N*. (3.13)

The relative h and v-covariant derivatives of projection factor B} with respect to ICT are given by

Blyp = HapN', Bllg = MygN'. (3.14)
The equation (3.12) shows that Hp, is generally not symmetric and

Hg, — H,p = MgH, — M, Hg. (3.15)
The above equation yield

Hy, =H,, H, =H,+ M,H,. (3.16)
We use following lemmas which are due to Matsumoto [6] :

Lemma: 3.1 The normal curvature H, = Hﬁvﬂ vanishes if and only if the normal curvature vector Hg vanishes.
Lemma: 3.2 A hypersurface F"~1 is a hyperplane of the 1* kind if and only if H, = 0.

Lemma: 3.3 A hypersurface F*~1 is a hyperplane of the 2™ kind with respect to the connection CT if and only if
H, = 0and Hyp = 0.

Lemma: 3.4 A hypersurface F*~! is a hyperplane of the 3™ kind with respect to the connection CT if and only if
Ha =0 and H“B = Maﬁ =0.

4. HYPERSURFACE F""1(c) OF THE SPECIAL FINSLER SPACE

(a+B)?
a

Let us consider special Finsler metric L = with a gradient b;(x) = d;b for a scalar function b(x) and a

hypersurface F*~1(c) given by the equation b(x) = ¢ (constant) [10]. From parametric equation

xt = x(u®) of F*"1(c), we get 9,b(x(w)) = 0 = b;Bl, so that b;(x) are regarded as covariant components of a
normal vector field of F*~1(c). Therefore, along the F™1(c) we have

bBL=0 and b;y'=0. @.1)
© 2011, IUIMA. All Rights Reserved 1531
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The induced metric L(u, v) of F*"1(c) is glven by

L(u,v) = agpv*vP, Aup = aing',Bé' 4.2)
Which is the Riemannian metric.

At a point of F*~1(¢), from (2.5), (2.7) and (2.9), we have

— 2
p=1 =2 ¢=0, g=-a? p=6 p == 4.3)

2

— — 2 2 -2 — —4b
P2=0 0=1+2b%  So=5/1 Lopny Si="g42b2), 2= Ja2(1+2b7)

Therefore, from (2.8) we get

i — gij ipj _ J 4 piyh) + =22 yiyJ

g-=a 1+2b2 b a(1+2b2) (b Y +blyH + a2(1+2b2)y y “.4)
- ij b?

Thus along F*~*(c), (4.4) and (4.1) lead to g/ b;b; = T

Therefore, we get

bi(x@) = |—— N, b? = alb;b;. 4.5)

Where b is the length of the vector b'.

Again from (4.4) and (4.5) we get

b; = a’b; = \/b?(1 + 2b%) N'+ b*a~ty". (4.6)

Thus we have

(Ul+ﬁ)2 : — n-—1

—,— and a gradient b;(x) = 9;b(x) and F™1(c) be a
undersurface of F™ which is given by b(x) = C (constant). Suppose the Riemannian metric a;; (x)dx'dx’ be positive

definite and b; be non-zero field. They the induced metric on F*~! is a Riemannian metric given by (4.2) and relations
(4.5) and (4.6) hold.

Theorem: 4.1 Let F" be a special Finsler space with L =

The angular metric tensor and metric tensor of F™ are given by

YYJ

hij = a;j + 2bb; — “7)

9ij = i + 6bb; += (byY; + byYy). (4.8)

From (4.1), (4.7) and (3.4) it follows that if h(a) denote the angular metric tensor of the Riemannian a;;(x), then along
- — p@

F™ 1(C), haﬁ = haab .

From (2.7), we get

op, 128
g~ a?’

Thus along F*~1(c), 22 = 0 and therefore (2.11) gives y; = %, m; = b;.

9B

Therefore the hv-torsion tensor becomes

12
Cijie = (hubk + hjich; + hyiby) + = bbby, (4.9)
© 2011, IUIMA. All Rights Reserved 1532
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In a special Finsler hypersurface F™~1(c)

Therefore, (3.4), (3.10), (3.13), (4.1) and (4.9) give

_1 [ _
Map =3 | Giaps; hap and M = 0. (4.10)

From (3.15) it follows that Hyg is symmetric. Thus we have

Theorem: 4.2 The second fundamental v-tensor of special Finsler hypersurface F""1(c) is given by (4.10) and the
second fundamental h-tensor H,g is symmetric.

Next from (4.1), we get bimB(i + bchizm = 0. Therefore, from (3.14) and usingb; g = biUBé' + by; NjHﬁ, we get

by BLB) + b;|; BAN/Hp + biHogN' = 0. (@.11)
Since by; = —thi’}-, we get

Thus (4.11) gives

b2 . i
/mﬂaﬁ +byBiBy = 0. (4.12)

It is noted that b;; is symmetric. Furthermore, contracting (4.12) with v# and then with v® and using (3.1), (3.16) and
(4.10) we get

b2 . .
\ 7202 Ha  buyjBay’ =0, (4.13)
b2 i —

In view of Lemma (3.1) and (3.2), the hypersurface F*~1(c) is hyperplane of the first kind if and only if H, = 0. Thus
from (4.14) it follows that F"~(c) is a hyperplane of the first kind if and only if by, jyiyj = 0. Here b;; being the
covariant derivative with respect to CI" of F™ depends on y°.

Since b; is a gradient vector, from (2.12) we have E;; = b;j, F;; =0 and Fji = 0. Thus (2.13) reduces to

ijr Tij

Djic = B'bji + Bjbok + Bicbo; = bomg ™™ Bjic = CimAR' = CkmAJ" + CirmAT g™ + 2°(CinClt + ChmCE} — Cli Chs) -

4.15)
In view of (4.3) and (4.4), the relations in (2.14) become to
— -1 i _2b ¥
B; = 6b; +a™7Y; B = a(1+2b2)’ (4.16)
1 _ o1 .
Bij = —(a; —a”?%iY)), Bj =—~((8j_a”?Y; y"),
» = B{'byo + B by, A™ = B™byg.
By virtue of (4.16) we have B = 0, B;, = 0 which leads AJ' = B™b,,.
Therefore we have
D)y = B'bjo + Bfbog — B™C}ybyq . (4.17)
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Dio = Bibyy = [L+y—] boo-

1+2b2  a(1+2b2)

Thus from the relation (4.1), we get

. b2 .

biDjy = 2 bjo — 2b™b;C}rboo, (4.19)
i 2b?

biD(L)O = mboo. (420)

From (4.9) it follows that

b™b;CL B) = b2M, = 0.

i“jm

Therefore, the relation b;j; = b;; — erl-rj and equations (4.19), (4.20) give

bi|jyiyj = boo — byDgo = boo-

1
1+2b2

Consequently, (4.13) and (4.14) may be written as

Vb2H, + Jﬁbm&i =0, 421
2 _r —
Vb2H, + b =0, (4.22)

Thus the condition Hy = 0 is equivalent to byy = 0, where b;; does not depend on yt. Since y! is to satisfy (4.1), the
condition is written as b;;y'y’ = (b;y")(¢c;y’) for some c;(x), so that we have

2b1—] = bicj + bjCi.

From (4.1) and (4.23) it follows that by = 0, bijB;Bg =0, b;BLy’ =0 .Hence (4.21) givesH, = 0. Again from

cob?

(4.23) and (4.16) we get b;yh’ = - A =0, A;- Bé =0 and Bl-jB[g = éhaﬁ. Thus (3.10), (4.4), (4.5), (4.6), (4.10)
and (4.15) give

Cob?

rpip/ — _
byDijBaBy = =5 oy Map: (4.23)
Therefore, eqn. (4.12) reduces to
b2 Cob? _
Tron? Hap + 10 257y ap = 0- (4.24)

Hence the hypersurface F™~1(c) is umbilic.

Theorem: 4.3 The necessary and sufficient condition for F*~1(c) to be hyperplane of 1* kind is (4.23) and in this case
the second fundamental tensor of F™~1(c) is proportional to its angular metric tensor.

In view of Lemma (3.3), F*"1(c) is a hyperplane of second kind if and only if H, = 0 and Hgp = 0. Thus from (4.24),
we get ¢, = c;(x)y? = 0. Therefore, there exist a function e(x) such that c;(x) = e(x)b;(x). Thus (4.23) gives

Theorem: 4.4 The necessary and sufficient condition for F*~*(c) to be a hyperplane of 2" kind is (4.25).
Finally from (4.10) and Lemma (3.4) show that F"~1(c) doest not become a hyperplane of third kind.

Theorem: 4.5 The hypersurface F*~*(c) is not a hyperplane of the 3" kind.
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CONCLUSION

(at+pB)?
a
By using the angular metric tensor, fundamental tensors and induced cartan connections we proved the hypersurface
F™ 1 is a hyperplane of first kind, second kind as well as third kind. Subsequently we proved that the second
fundamental h-tensor H,p is symmetric with respect to the Riemannian metric and got the result hypersurface F"~(c)
as umblic. In the special Finsler space, eventually we found that the necessary and sufficient condition for hypersurface

F™1(c) to be a hyperplane only in first kind and second kind but F™~1(c) is not a hyperplane of third kind.

The present paper has investigated the various kinds of hypersurface of Finsler space with special («, 8) metric
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