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ABSTRACT 
In this paper, we define fuzzy smooth covering map on fuzzy Banach manifold as a natural development of fuzzy 
smooth maps and prove some results. Further we define fuzzy lift and prove unique existence of lift and lifting criteria 
on fuzzy Banach manifold. 
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1. INTRODUCTION 
 
The concept of fuzzy sets and fuzzy set operations were introduced by L. A. Zadeh in 1965[8]. Subsequently many 
basic concepts from general topology were applied to fuzzy sets. Similarly, in recent developments of fuzzy set theory 
many concepts from algebraic topology are defined and studied with different perception. 
 
In our previous papers we have introduced the concept of Fuzzy Banach Manifold [12] and studied some topological 
properties [13][14] and geometrical properties[15]. Further in [16] we have defined fuzzy smooth homotopy and 
studied some related properties. A covering space is a locally trivial map with discrete fibres which are classified by 
algebraic data related to fundamental group and lift. 
 
In this paper we define fuzzy smooth covering map and study some of its properties and further we define fuzzy lift and 
prove the unique existence and lifting criteria.   

 
Some preliminary definitions referred are as follows: 
 
Definition 1.1: Let 𝑋 be a set. A fuzzy subset 𝐴 of 𝑋 is defined to be a function 𝜇𝐴:𝑋 → [0, 1]. Thus we have the 
following: 
𝐴 = {(𝑥, 𝜇𝐴): ∀ 𝑥 ∈ 𝑋} =  𝜇𝐴. [8] 
 
Definition 1.2: A fuzzy subset in 𝑋 is called a fuzzy point iff it takes the value 0 for all 𝑦 ∈ 𝑋 except one say, 𝑥 ∈ 𝑋. 
If its value at 𝑥 is  𝜆(0 <  𝜆 ≤ 1) we denote this fuzzy point by 𝑥𝜆 where the point 𝑥 is called its support. [11] 
 
Definition 1.3: A fuzzy topology on a set 𝑋 is a family 𝜏 of fuzzy subsets in 𝑋 which satisfies the following conditions: 

(i)  𝑘0,𝑘1  ∈  𝜏 
(ii) If 𝐴,𝐵 ∈ 𝜏 then 𝐴 ∩ 𝐵 ∈ 𝜏 
(iii) If 𝐴𝑗 ∈  𝜏 ∀ 𝑗 ∈ 𝐽 (where 𝐽 is index set) then ⋃ 𝐴𝑗 ∈  𝜏𝑗∈𝐽  

The pair (𝑋, 𝜏) is called a fuzzy topological space and the members of 𝜏 are called open fuzzy sets. [1] 
 
Definition 1.4: Let 𝑋,𝑌 be fuzzy topological spaces. A bijection 𝑓 of 𝑋 onto 𝑌 is said to be a fuzzy continuous map if 
for each open fuzzy subset 𝐴 in 𝑌 the inverse image 𝑓−1(𝐴) is open fuzzy set in 𝑋. [10] 
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Definition 1.5: A fuzzy set 𝐴 in (𝑋, 𝜏) is called a neighborhood of a fuzzy point (𝑥,𝛼) if there exists a fuzzy open set 
𝐵 ∈ 𝜏 such that (𝑥,𝛼) ∈ 𝐵 ≤ 𝐴, a neighborhood 𝐴 is said to be open if 𝐴 is open. The family consisting of all the 
neighborhoods of (𝑥,𝛼) is called as the system of neighborhoods of (𝑥,𝛼). [11] 
 
Definition 1.6: A fuzzy subset 𝐴 of 𝑋 is said to be quasi-coinsident with a fuzzy subset 𝐵 of 𝑋 if there exists 𝑥 ∈  𝑋 
such that 𝐴(𝑥)  +  𝐵(𝑥)  >  1 OR 𝐴(𝑥)  > 𝐵𝐶(𝑥), and is denoted by 𝐴𝑞𝐵. [11] 
 
Definition 1.7: A fuzzy subset 𝐴 in (𝑋, 𝜏) is called a 𝑄-neighborhood of (𝑥,𝛼) if there exists a open fuzzy set 𝐵 such 
that (𝑥,𝛼)𝑞𝐵 ≤  𝐴. The family consisting of all the 𝑄-neighborhoods of (𝑥,𝛼) is called the system of 𝑄-
neighborhoods of (𝑥,𝛼). [11] 
 
Definition 1.8: Let (𝑋, 𝜏) be a fuzzy topological space. 𝛼: (𝐼, 𝜖̃) → (𝑋, 𝜏) is a fuzzy continuous function and a fuzzy set 
𝐴 is connected in (𝐼, 𝜖̃) with 𝐴(0) > 0 and 𝐴(1) > 0, then the fuzzy set 𝛼(𝐴) in (𝑋, 𝜏) is called a fuzzy path in (𝑋, 𝜏). 

The fuzzy point (𝛼(0))𝐴(0)  =  𝛼(0𝐴(0)) and (𝛼(1))𝐴(1) =  𝛼(1𝐴(1)) are called the initial point and the 
terminal point of the fuzzy path 𝛼(𝐴), respectively. [2] 

 
Definition 1.9: Let 𝑀 be a fuzzy topological space, 𝑈 be a fuzzy subset of 𝑀 such that 𝑠𝑢𝑝{𝜇𝑈(𝑥)}  =  1 ∀ 𝑥 ∈  𝑀 and 
𝜑 is a fuzzy homeomorphism defined on the support of 𝑈 =  {𝑥 ∈ 𝑀 ∶  𝜇𝑈(𝑥) > 0}, which maps 𝑈 onto an open fuzzy 
set 𝜑(𝑈) in some fuzzy Banach space 𝐸𝑖. Then the pair (𝑈,𝜑) is called as fuzzy Banach chart. [12] 
 
Definition 1.10: A fuzzy Banach atlas 𝐴 of class 𝐶𝑘 on M is a collection of pairs (𝑈𝑖 ,𝜑𝑖) (i ∈ 𝐼) subjected to the 
following conditions:  

(𝑖)  ⋃ 𝑈𝑖𝑖∈𝐼 = 𝑀 that is the domain of fuzzy Banach charts in 𝐴 cover 𝑀. 
(ii)  Each fuzzy homeomorphism 𝜑𝑖, defined on the support of 𝑈𝑖 =  { 𝑥 ∈ 𝑀 ∶  𝜇𝑈(𝑥) > 0 } which maps 𝑈𝑖 onto 

an open fuzzy subset 𝜑𝑖(𝑈𝑖) in some fuzzy Banach space 𝐸𝑖, and for each ∀ 𝑖, 𝑗 ∈ 𝐼,𝜑𝑖(𝑈𝑖 ∩ 𝑈𝑗) and 𝜑𝑗(𝑈𝑖 ∩
𝑈𝑗) are open fuzzy subset in 𝐸𝑖. 

(iii) The maps 𝜑𝑖 ∘ 𝜑𝑗−1 which maps  𝜑𝑗(𝑈𝑖 ∩ 𝑈𝑗) onto 𝜑𝑖(𝑈𝑖 ∩ 𝑈𝑗) is fuzzy diffeomorphism of class 𝐶𝑘 (𝑘 ≥ 1) 
for each pair of indices 𝑖, 𝑗. 
The maps  𝜑𝑖 ∘ 𝜑𝑗−1 and 𝜑𝑗 ∘ 𝜑𝑖−1 for 𝑖, 𝑗 ∈ 𝐼 are called fuzzy transition maps. [12] 

 
Definition 1.11: Let 𝑀 and 𝑁 be fuzzy Banach manifolds with corresponding maximal fuzzy Banach atlases 𝐴𝑀 and 
𝐴𝑁. We say that a map 𝑓 ∶  𝑀 →  𝑁 is of class 𝐶𝑟 (r times continuously fuzzy differentiable) at 𝑝 ∈  𝑀 if there exists a 
fuzzy Banach chart (𝑉,𝜓) in 𝐴𝑁 with 𝑓(𝑝) ∈ 𝑉, and a fuzzy Banach chart (𝑈,𝜑) from 𝐴𝑀 with 𝑝 ∈ 𝑀, such that 
𝑓(𝑈)  ⊂  𝑉 and such that 𝑓(𝑈)  ⊂  𝑉 and  𝜓 ∘ 𝑓 ∘ 𝜑−1 is of class 𝐶𝑟. If 𝑓 is of class 𝐶𝑟 at every point 𝑝 ∈ 𝑀, then we 
say 𝑓 is of class 𝐶𝑟on 𝑀. Maps of class 𝐶∞ are called fuzzy smooth maps. [14] 
 
Definition 1.12: Let 𝑀 and 𝑁 be fuzzy Banach manifolds with corresponding maximal fuzzy Banach atlases 𝐴𝑀 and 
𝐴𝑁. We say that a map 𝑓 ∶  𝑀 →  𝑁 is called fuzzy diffeomorphism if both 𝑓 and 𝑓−1 are fuzzy smooth. [16] 
 
2. FUZZY COVERING SPACE 
 
In this section we define fuzzy covering space and prove some results referring [4] [5] [17]. 
 
Definition 2.1: Let 𝑀� and 𝑀 be fuzzy Banach manifolds. A surjective map 𝓅:𝑀� → 𝑀 is called as a fuzzy smooth 
covering map if every point 𝑝 ∈ 𝑀 there is a fuzzy open 𝑄-neighborhood 𝑈 such that each component 𝑈𝚤�  of 𝓅−1(𝑈) is 
fuzzy diffeomorphism to U by a restriction map 𝓅 𝑈𝚤�

� :𝑈𝚤� → 𝑈, then 𝑈 is evenly covered by covering map. 

The triplet �𝑀� ,𝓅,𝑀� is called a fuzzy covering space; 𝑀 is a base space and 𝑀� is the total space. The fuzzy 
open 𝑄-neighborhood 𝑈𝚤�  is called the fuzzy sheet over the evenly covered by fuzzy open 𝑄-neighborhood 𝑈. 

The set of all fuzzy smooth covering map between fuzzy smooth Banach manifold is the set of objects of a 
category. A fuzzy diffeomorphism between fuzzy smooth covering spaces, (𝑀1� ,𝓅1,𝑀1) and �𝑀2� ,𝓅2 ,𝑀2� is a pair of 
fuzzy smooth maps �𝑓, 𝑓� such that 𝑓 ∘ 𝓅1 =  𝓅2 ∘ 𝑓. 

Similarly, the coverings of a fixed space 𝑀 are the objects of a cateogory where the fuzzy diffeomorphisms 
are 𝜑:𝑀1� → 𝑀2�  such that 𝓅1 =  𝓅2 ∘ 𝜑. 
 
Remark 2.2:   

1) For each 𝑥𝜆 ∈ 𝑀 the preimage 𝓅−1(𝑥𝜆) =  �𝑥𝜆�  ∈ 𝑀� ∶  𝓅(𝑥𝜆� ) =  𝑥𝜆� is the fibre over 𝑥𝜆. 
2) Any fuzzy smooth covering map is a local fuzzy diffeomorphism. 
3) An injective fuzzy smooth covering map is the fuzzy diffeomorphism. 

 
Example 2.3: Let 𝓅:𝑀 → 𝑀 be a surjective identity map on fuzzy Banach manifold 𝑀, then clearly 𝓅 is fuzzy 
covering map. That is every fuzzy Banach manifold is covered by itself. 
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Definition 2.4: If 𝓅:𝑀�  → 𝑀 is fuzzy continuous map, a fuzzy section of 𝓅 is fuzzy continuous map 𝜎:𝑀 → 𝑀�, such 
that 𝓅 ∘ 𝜎:𝑀 → is 𝐼𝑑𝑀. 

A local fuzzy section is a fuzzy continuous map 𝜎:𝑈 → 𝑀�  defined on some fuzzy open 𝑄-neighborhood 
𝑈 ⊂ 𝑀 satisfying the condition  𝓅 ∘ 𝜎 ∶ 𝐼𝑑𝑈. 

 
Theorem 2.5: Suppose 𝓅:𝑀�  → 𝑀 is a fuzzy smooth covering map, for any 𝑞 ∈ 𝑀� there is a fuzzy open                      
𝑄-neighborhood 𝑈 of 𝑝 =  𝓅(𝑞) and a unique fuzzy smooth local section 𝜎:𝑈 → 𝑀� such that 𝜎(𝑝) =  𝑞. 
 
Proof: Let 𝑈 ⊂ 𝑀 be an evenly covered fuzzy open 𝑄-neighborhood of 𝑝. If 𝑈� is the component of 𝓅−1(𝑈) containing 

𝑞 then by definition 𝓅
−1

𝑈�
� ∶ 𝑈� → 𝑈 is fuzzy diffeomorphism hence there exists a fuzzy local section 𝜎: 𝓅

−1

𝑈�
� ∶ 𝑈� →

𝑈 of 𝓅 such that 𝜎(𝑝) = 𝑞. 
 
Now we shall show that 𝜎 is unique. Let 𝜎′ is another fuzzy local section of 𝓅 on 𝑈 such that 𝜎′(𝑝) = 𝑞 and                  
∘ 𝜎′ =  𝐼𝑑𝑈 . Since 𝜎 is local section for 𝓅 on 𝑈 by definition we have 𝓅 ∘ 𝜎 = 𝐼𝑑𝑈 . Thus by above discussion it is 
clear that 𝜎 is unique. 
 
Theorem 2.6: Suppose 𝓅:𝑀�  → 𝑀 is a fuzzy smooth covering map and 𝑁 is any fuzzy Banach manifold, then a map 
𝐹:𝑀 → 𝑁 is fuzzy smooth if and only if 𝐹 ∘ 𝓅:𝑀� → 𝑀 is fuzzy smooth. 
 
Proof: Let 𝓅:𝑀�  → 𝑀 be a fuzzy smooth covering map and N be fuzzy Banach manifold. If 𝐹:𝑀 → 𝑁 is a fuzzy 
smooth map then by Proposition 2.2 the composition 𝐹 ∘ 𝓅 is fuzzy smooth. 
 
Conversely, if  𝐹 ∘ 𝓅 is fuzzy smooth map and 𝑝 ∈  𝑀 then by theorem 3.1 there is a fuzzy open 𝑄-neighborhood 𝑈 of 
𝑝 and a fuzzy smooth local section 𝜎:𝑈 → 𝑀� such that 𝓅 ∘ 𝜎 = 𝐼𝑑𝑈 then we have 𝐹 𝑈� = 𝐹

𝑈� ∘ 𝐼𝑑𝑈 =  𝐹 𝑈� ∘
(𝓅 ∘ 𝜎) =  (𝐹 ∘ 𝓅 ) ∘ 𝜎, which is a composition of fuzzy smooth maps. Thus 𝐹 is fuzzy smooth map on 𝑈. Hence 𝐹 is 
fuzzy smooth in a fuzzy open 𝑄-neighborhood of each point.  
 
Theorem 2.7: Let 𝑀 be a fuzzy Banach manifold and 𝓅:𝑀� → 𝑀 is any fuzzy covering map then 𝑀� has a smooth 
manifold structure such that 𝓅 is a smooth covering map. 
 
Proof: Let 𝑀 be fuzzy Banach manifold and 𝓅:𝑀� → 𝑀 be fuzzy smooth covering map then any point 𝑝 ∈ 𝑀 has an 

evenly covered fuzzy open 𝑄-neighborhood 𝑈 such that  𝓅
−1

𝑈𝚤�
� ∶ 𝑈𝚤� → 𝑈  is fuzzy diffeomorphism. Since 𝑀 is fuzzy 

Banach Manifold let (𝑈,𝜑) be fuzzy Banach chart of 𝑀 and 𝑈� be component of 𝓅−1(𝑈). Thus we can consider 𝑈� as 
the domain of the co-ordinate map 𝜑� :𝜑 ∘ 𝓅:𝑈� → 𝐸𝑖 where 𝑠𝑢𝑝�𝜇𝑈�(𝑥)� = 1 ∀ 𝑥 ∈ 𝑀. Let 𝑈� be a component of 
𝓅−1(𝑈) and 𝜑� :𝜑 ∘ 𝓅:𝑈� → 𝐸𝑖 be co-ordinate map then clearly, �𝑈�,𝜑�� is fuzzy Banach chart on 𝑀�. If two such charts 
�𝑈�,𝜑�� and �𝑉� ,𝜓�� overlap then the fuzzy transition maps can be defined as:   

𝜓 ∘ 𝜑−1 =  

⎝

⎜
⎛
𝜓 ∘  𝓅 �𝑈� ∩ 𝑉���

⎠

⎟
⎞
∘

⎝

⎜
⎛
𝜙 ∘  𝓅 �𝑈� ∩ 𝑉���

⎠

⎟
⎞

−1

   

  =  𝜓 ∘ 𝓅 �𝑈� ∩ 𝑉��� ∘ 𝓅
−1

�𝑈� ∩ 𝑉��� ∘ 𝜙−1 

               = 𝜓 ∘ 𝜑−1 
which is fuzzy diffeomorphism. Thus the collection of all such fuzzy Banach charts defines a smooth structure on 𝑀�.  
 
Remark 2.8: Since the co-ordinate map on 𝑀� is given by 𝜑� :𝜑 ∘ 𝓅: 𝑈� → 𝐸𝑖 , it can be easily shown that the smooth 
structure defined on 𝑀� is unique by existence of unique fuzzy local section. 
 
Theorem 2.9: Let 𝓅1: 𝑀� → 𝑀 and 𝓅2:𝑀′� → 𝑀 be covering maps with 𝑀� ,𝑀′�  be connected and 𝑀 is locally fuzzy path 
connected. If  �̃�:𝑀� → 𝑀′�  is a fuzzy smooth map such that 𝓅1 =  𝓅2�̃�  and �̃� is also a fuzzy smooth covering map. 
 
Proof: Let 𝑀 and 𝑀� are locally path connected fuzzy Banach manifolds and 𝑈 be a path connected open 𝑄-
neighborhood of 𝑀 which is evenly covered by both the covering maps 𝓅1 and 𝓅2. Then the fuzzy sheets above 𝑈 for 
𝓅1  and 𝓅2 are the fuzzy path component of 𝓅1−1(𝑈) =  ⋃ 𝑊𝑖𝑖∈𝐼  and 𝓅2

−1(𝑈) =  ⋃ 𝑉𝑗𝑗∈𝐽  where 𝓅1 𝑊𝑖
�  and 𝓅2

𝑉𝑗�  are  
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fuzzy diffeomorphisms. Since each 𝑊𝑖 is path connected and �̃� is fuzzy smooth then �̃�(𝑊𝑖) ⊆ 𝑉𝑘 where 𝑘 ∈ 𝐼 relating 
𝑖 and 𝑗. Since 𝓅1 𝑊𝑖

�  and  𝓅2
𝑉𝑘�  are fuzzy diffeomorphisms it follows that �̃� 𝑊𝑖

�  is a fuzzy diffeomorphism onto 𝑉𝑘. 
Thus 𝑉𝑘 is evenly covered by �̃�.  

If �̃��𝑀�� is open fuzzy set in �̃��𝑀′��. Let 𝑥𝜆 be any point of 𝑀′�  and 𝑉 be a open 𝑄- neighborhood of 𝑥𝜆which 
is evenly covered by �̃�. Then 𝑉 ∩  �̃��𝑀�� is nonempty and so, 𝑉 ⊂ �̃��𝑀��. Since 𝑀′�  is connected it follows that 
�̃��𝑀�� =  𝑀′�  that is �̃� is surjective. Hence �̃� is fuzzy smooth covering map.  
 
3. FUZZY LIFTING PROPERTIES ON FUZZY BANACH MANIFOLD 
 
In this section we define fuzzy lift and prove unique existence and lifting criteria referring [4] [7] [17]. 

 
Definition 3.1: Let 𝓅:𝑀1� → 𝑀1 be a fuzzy smooth covering map and let 𝑓:𝑀2 → 𝑀1 be a fuzzy smooth map. A map 
𝑓:𝑀2 → 𝑀1�  is said to be a fuzzy smooth lift of the map 𝑓 if 𝓅 ∘ 𝑓 = 𝑓. 
 
Theorem 3.2: Let 𝑓:𝑀2 → 𝑀1 be a fuzzy smooth map with connected domain 𝑀2. If 𝑓1, 𝑓2:𝑀2 → 𝑀1�  are two fuzzy 
lifts of 𝑓 which agree at at least one point then 𝑓1 = 𝑓2. 
 
Proof: Let 𝑓:𝑀2 → 𝑀1 be a fuzzy smooth map with connected domain 𝑀2. If 𝑓1, 𝑓2:𝑀2 → 𝑀1�  are two fuzzy lifts of 𝑓 
which agree at at least one point then we have 𝑊 =  {𝑥𝜆 ∈ 𝑀2 𝑓1(𝑥𝜆)⁄ = 𝑓2(𝑥𝜆)}. Let 𝑥𝜆 ∈ 𝑀2  and 𝑈 be an evenly 
covered 𝑄-neighborhood of 𝑓(𝑥𝜆).  

If 𝑥𝜆 ∈ 𝑊 then let 𝑉 is a fuzzy sheet which is covering over 𝑈 which contains 𝑥𝜆 such that 𝑓1 = 𝑓2 then 
𝑓1
−1(𝑉) ∩ 𝑓2

−1(𝑉) is an open fuzzy set contained in 𝑊. Since 𝓅𝑓1 = 𝓅𝑓2, 𝑊 is open fuzzy set. 
If 𝑥𝜆 ∉ 𝑊 then we choose disjoint sheets 𝑉1 and 𝑉2 over 𝑈 such that 𝑓1(𝑥𝜆) ∈ 𝑉1 and 𝑓2(𝑥𝜆) ∈ 𝑉2 then  

𝑓1
−1(𝑉) ∩ 𝑓2

−1(𝑉) is an open fuzzy set contained in 𝑀1 ∖𝑊. Thus we have 𝑓1 = 𝑓2. 
 
Lemma 3.3: If 𝓅:𝑀1� → 𝑀1 is a fuzzy smooth covering space, 𝛼: (𝐼, 𝜀𝐼�) → (𝑀1, 𝜏1) is any fuzzy path and                  
𝑥𝜆 ∈ 𝓅−1 �𝛼𝐴�0𝐴(0)�� then there exists a unique map 𝛼�: (𝐼, 𝜀𝐼�) → �𝑀1� , 𝜏1� � such that 𝓅 ∘ 𝛼�𝐴 =  𝛼𝐴 and 𝛼�𝐴�0𝐴(0)� =  𝑥𝜆. 
 
Proof: Let 𝓅:𝑀1� → 𝑀1 is a fuzzy smooth covering space, 𝛼: (𝐼, 𝜀𝐼�) → (𝑀1, 𝜏1) is any fuzzy path and                        
𝑥𝜆 ∈ 𝓅−1 �𝛼𝐴�0𝐴(0)�� then by definition of fuzzy smooth covering map, for every point 𝑦𝛿 ∈ 𝛼(𝐴) there is an open 𝑄-
neighborhood 𝑈𝑦𝛿 whose inverse image under 𝓅 is disjoint 𝑄-neighborhood each of which is mapped fuzzy 
diffeomorphically by 𝓅 on to 𝑈𝑦𝛿, the set of all such open fuzzy 𝑄-neighborhood covers 𝛼(𝐴) and since 𝛼(𝐴) is           
a-compact where 𝑎 ∈ [0;  1], which has finite subcovers that we denote by 𝑈0,𝑈1,⋯𝑈𝑘 that is 𝛼(𝐴) ⊆ ⋃ 𝑈𝑖𝑘

𝑖=0 . 
Let 𝑥𝜆 = 𝛼𝐴(0𝐴(0)) ∈ 𝑈0 and 𝑈0�  be the component of 𝓅−1(𝑈0) that contains 𝑥𝜆 then we can lift a part of the 

path  𝛼𝐴 contained in 𝑈0 to 𝑈0�. 
Let 𝑧𝜌 ∈ 𝛼𝐴 be a fuzzy point contained in both 𝑈0 and 𝑈1 and 𝑧𝜌′ ∈

𝓅
𝑈1� (𝑧𝜌) and 𝑈1� be the component of the 

𝓅−1(𝑈1) containing 𝑧𝜌′. 

We now extend the process of lifting of the fuzzy path to its part contained in 𝑈1 by using 𝓅
−1

𝑈1�
�  which is 

fuzzy diffeomorphism between 𝑈1� to 𝑈1. Continuing the process of lifting for finite number of steps the entire fuzzy 
path     𝛼𝐴 is lifted to a fuzzy path 𝛼�𝐴 in 𝑀1�  and from above theorem we can show that the lift obtained is unique. 
 
Theorem 3.4: Let 𝓅:𝑀1� → 𝑀1 be fuzzy smooth covering map, 𝑓:𝑀2 → 𝑀1 be fuzzy smooth map where 𝑀2 is locally 
fuzzy path connected and 𝑤𝜌 ∈ 𝑀1�  and 𝑦𝛿 ∈ 𝑀2 such that �𝑤𝜌� = 𝑓(𝑦𝛿) = 𝑥𝜆. If 𝑓 has a fuzzy lift such that        
𝑓:𝑀2 → 𝑀1�  such that 𝑓(𝑦𝛿) = 𝑤𝜌 then 𝑓∗�𝜋1(𝑀2,𝑦𝛿)� ⊆ 𝓅∗ �𝜋1�𝑀1� , 𝑤𝜌��. 
 
Proof: For every 𝑧𝜂 ∈ 𝑀2 choose a fuzzy path 𝛼𝐴 from 𝑦𝛿  to 𝑧𝜂 ∈ 𝑀2 then clearly (𝑓𝛼)𝐸 is a fuzzy path from 𝑥𝜆 to 
𝑓(𝑧𝜂) ∈ 𝑀1. Let 𝑓(𝑧𝜂) be the terminal point of (𝑓𝛼)𝐸�  which is the lift of a fuzzy path (𝑓𝛼)𝐸 starting at 𝑤𝜌. If 𝛼𝐴′ is 
another fuzzy path from 𝑦𝛿  to 𝑧𝜂 in 𝑀2 then 𝛼𝐴 ∙ 𝛼𝐴′���� is a fuzzy loop at 𝑦𝛿  hence 𝑓( 𝛼𝐴 ∙ 𝛼𝐴′����) is a fuzzy loop at 𝑥𝜆 ∈ 𝑀1  
 
which by hypothesis lifts to a fuzzy loop at 𝑤𝜌. Since (𝑓𝛼)𝐸 is fuzzy smooth homotopic to 𝑓( 𝛼𝐴 ∙ 𝛼𝐴′���� ∙ 𝛼𝐴′) = 𝑓( 𝛼𝐴 ∙
𝛼𝐴′����) ∙ 𝑓(𝛼𝐴′) as a fuzzy path from 𝑥𝜆 to 𝑓(𝑧𝜂) and their fuzzy lifts have the same end points and so                
 (𝑓𝛼)𝐸� (1) = �𝑓𝛼′� �

𝐹
(1). Thus 𝑓 is well defined. 
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Let 𝑉 be an open fuzzy 𝑄-neighborhood of 𝑓(𝑧𝜂) we may assume that 𝑉 is a fuzzy sheet above an evenly 

covered open fuzzy subset i.e., 𝑈 = 𝓅(𝑉) of 𝑀1. Let 𝑆 be the fuzzy path connected open fuzzy 𝑄-neighborhood of 𝑧𝜂 
in 𝑓−1(𝑈). Let 𝑢𝜁 ∈ 𝑆 and 𝛽𝐵 be a fuzzy path from 𝑦𝛿  to 𝑢𝜁  so 𝑓�𝑢𝜁� = 𝑓(𝛼𝐴 ∙ 𝛽𝐵)(1) which is the end point of (𝑓𝛽� )𝐶 

the fuzzy lift of the fuzzy path (𝑓𝛽)𝐶 begining at 𝑓(𝑧𝜂) in 𝑉 , but �𝓅 𝑉� �
−1

((𝑓𝛼)𝐸) is also a fuzzy lift of same kind 

thus 𝑓𝛽𝐵� = �𝓅 𝑉� �
−1

((𝑓𝛼)𝐸)  therefore 𝑓�𝑢𝜁� = (𝑓𝛽� )𝐹  in 𝑉 . Hence 𝑓(𝑆) ⊆ 𝑉 and so 𝑓 is fuzzy continuous at 𝑧𝜂. 

Since 𝑧𝜂 is arbitrary we have 𝑓∗�𝜋1(𝑀2,𝑦𝛿)� ⊆ 𝓅∗ �𝜋1�𝑀1� , 𝑤𝜌��. 
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