International Journal of Mathematical Archive-8(9), 2017, 158-164
@§MAAvailable online through www.ijma.info ISSN 2229 - 5046

GENERALIZED M-SERIES AND MULTIVARIABLE
H-FUNCTION ASSOCIATED WITH PATHWAY TRANSFORM

NEETI GHIYA*, VIDYA PATIL, N. SHIVAKUMAR

Department of Mathematics,
RV College of Engineering, Bangalore-560059, Karnataka, India.

(Received On: 27-07-17; Revised & Accepted On: 04-09-17)

ABSTRACT

The aim of this paper is to obtain a pathway transform or P- transform of the product of generalized M-series and
multivariable H-function with general arguments. As this transform is generalization of many integral transforms and
Generalized M-series and multivariable H-function are general in nature. These results provide a number of new
results on specializing of the parameters. In the later text we have also given some interesting special cases related to
the main results.
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1. INTRODUCTION

Kumar and Kilbas [11] introduced the P - transform or pathway transform as follows:
@D )= f, Dya&xtf(Hdt, x>0, (1.1)
where D ¢ (x) denotes the Kernel-function.

1
1 e L
D gig(x) = fo[a(l-r)] yn-l [1_ a(l_.[)yﬁ] 11 e-xy’a dy, x>0, (12)
withneC,a>0,0>0, a >0, <1, then (1.2) is called type -1 P-transform. If we take
1
Dy (x) = fooo y" [1+a(t-1)y°] 1 e¥dy, x>0, (1.3)

forneC,a>0,a>0,0€eR, T>1, then (1.3) is called type -2 P- transform.

Both the types of P-transform are defined in the space L, ,-(0, ), consisting the Lebesgue measurable complex valued
functions f for which

1

Il = {10 FOF T )<, 1< 1 < oneR. (L4)

The pathway model of Mathai [6], Mathai and Haubold [7] is considered to obtain P-transforms. When a« =1,a =1
and t — 1, the P-transforms reduce to the Kratzel transform, given by Kratzel [12] in the form:

KO )= ["Z3 (xt) f(Ddt, x>0, (1.5)
where Z! (x) is the Kernel function of the Kritzel transform and it is defined by
Z)00= fy7y"t ¥ dy (16)

Kratzel transform and its generalized forms were studied by many mathematicians. Glaeske et al. [13] studied
generalized Kritzel transform and established its composition formulae with fractional calculus(FC) operators on the
spaces of %, , and F, .. Bonilla et al. [9, 10] considered the Kratzel transform in the space F, ,and F, ,. Kilbas et al.
[1] proposed the asymptotic representation for the modified Krétzel function. Kilbas et al. [2] considered the Krétzel
function in (1.6) for all values of ¢ and transform it in terms of Fox’s H-function. Fora=1, a =1, c=1land 7 - 1,
P-transform of type-1 and type-2 reduces to the Meijer transform. whena = 1, a =1, ¢ = 1 and 7 — 1 along with
x replaced by t/4 in (1.2) and (1.3), reduces to modified Bessel function of third kind or Mc - Donald function
[5. sect. 7. 2.2].
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We can observe that,
t

lime, DY (2/4) = 2 ()" K, (0), (L.7)
where K_, (t) denotes the modified Bessel function of third kind or Mc-Donald function. Composition formulae of
(1.1) with fractional operators are given by Kilbas and Kumar [3]. Ghiya [19] established some formulae of P-
transform with the product of H-function and a general class of polynomial.

Sharma and Jain [18] defined Generalized M -Series as given:

o, B o, B
M (z) = M (al,...,apr; bl,...,bqr;z)
p,q P, qoo

_ @n- - - - (apr)n ’Zn : (18)
b - - - (bq/)n I'(a’'n+ B")
n=0
where z, o, B' € C,R(a')>0; (aj), (i=1,...,p") and (b)), (j=1,..,q") are the Pochhammer symbols. The series
(1.8) is defined when none of the parameters (b;),(j=1,..,q") is a negative integer or zero; if any numerator
parameter a; is a negative integer or zero then the series terminates to a polynomial in z. The series in (1.8) is

convergent for all z if p’ < ¢, it is convergent for |z| < 6§ = «“ when p'=q' + 1 and divergent if p' > q'+ 1. When
p'=q’'+ 1 and |z| = §, the series is convergent on conditions depending on the parameters.

The multivariable H-function was introduced by Srivastava, and Panda [16] and defined as

. . . ()
Z:l (a], uj,; sy uj(r))l,p. ( cj,) Xj,)l, P1 yrray (C](r)ﬁ X] )1‘ Pr

SRR P (bj;q;j’,...,q;j(r))qu: (df", ¢j’)1,q1 s (49, q)j(r))l.Qr

[ & Dimy g my

1
= (21'r_u))r le e fLr H1(E1)' e 'ur(Er) 0 ( Ell e 'Er) Zil' e ,Z?d‘fp e 'dEr ' (19)
where o =+v-1,
M2 (e - 0%5) M2 r(1- ¢+ %) .
(&) = — - - - - —, Vi€e{l,...,r 1.10
Hl(El) qu:lmi-{-l F(l- dj(1) +¢j(1)§i) H]P:lni+1 F(Cj(l) R x,-(')Ei) { } ( )
nor(1-at S 1P
0 ,....5)= Mj=1 ( aj+ Ni=1 1 5) (1.11)

M (o i w®8) ML r( 10+ 2 w)
1
larg(z)| < S,
Where 0= 3 @ -2 @ - T ¢ @ 4+ 3 0 2P @ 3 o0 I 4@ >0, (1.12)

Further detailed account of the multivariable H-function can be seen in the book by Srivastava et al. [14]. Throughout
this paper it is assumed that this function satisfies the conditions given in this book.

2. MAIN RESULTS

Theorem 1: Let f € L, .(0,0), z,24,...,Z, N€C, a>0, hhy, ... ,h,>0, T <1inthe type -1 P-transform for
o> 0, then

a/ B/
)
G0t h 0, n:mq,ng;...; My, Ny h1 hy
A {VI,(ZX JHDa oats e 21X, e 20X
p.q
N 1
:Zw . @in- - -(ap’)n Z F(1+ 1— ‘L')
n=0 0 n+ a(mh+1)
GOn- - By nh+1 [a(1-0)] G I'(e/n+p")
z1
ahq '
ahy . r .
[xhl[a(l G Hj( ))1.p , ['nh’ hy,... hr]’

0, n+2:mq,Nq;...; M, N
H 1,01 r Or

p+2,q+1 :p1,4q1;-. 5 Pr. dr n+a(nh+1)  ahg ahy ]

; ' 1
#ﬂr (b], lb] yuay qu(r))qu ) [: — ) weny

h o o o
l th[a(l —r)]T

=
o o o

- : (di,’ q)j’)l.(h e di(r)‘q)i(r))l,qr

[1 i w‘“_hl, oy ] . (C,-', Xj,)lp1 ;...;(c].(r),)(].(r))1
' o @.1)
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provided that R (1+ %) >0, R(an+p’)>0.

Proof: Considering the definition of type-1 P- transform as given in (1.1) by virtue of (1.8) & (1.9), we have
o,p

o,aT h 0, n:mg, ny;...; My, Ny hq h
P M.(ZX JH g o an e an 21X 2ex]
p.4

[a (11-T)]E n-1 o % - xty™@ © (CIDI -(apl)n Zh¢nh
fo y"[1-a(1-Dy°]t-Te n=0{p '(bq’)n r@ntph

><(2ﬂ—1w)r le e fLr (MRS ICITNES) Zilthlﬁ’ ..zt dy dt dE,... dE,,

Interchanging the order of integrations and summations, evaluating the inner integral using gamma function, we get

(@ (a ’)n z" 1 31 §
- ;(bl)n___(bq,)n e T I IO R KO LICI SO

1 o 1
[(1+nh+hy & +..4+h &) L 1 .T] N -
. nh+h1§11+}.+hrir+1 fo @ yn+a(nh+h1§1+'"+hr§r+1) 1[1‘3(1' T)yc]l dy dg;..dg,

On solving the y-integral with the help of beta function and expressing the result in terms of multivariable H-function
as given in (1.9), we obtain (2.1).

Theorem 2: Let f € L, .(0,%0), z,Zy,...,Z,, N €C, a>0, h,h;>0, t>1besuchthatceRando # 0 in the type -2
P-transform, then

o,p
Poer| M (o) YR ]
p.q
N @ (@) “
= . n+tx(
— (bn - - -(bgn o x"h+1 Ja(t-1)] [(a'nt+p)T (111>

O]
(TR )1'p

0,N ImMg, g5 Mi+1, 0 +2;. . ;m, N Zi

P4 Py G PF2 QL iy 6 | P hl[a(r-l)]%' o (b-; \I/-'y ce \I/-(r)) 19
(Cj’; Xj’)1’p15 F(Cji'in) ,[-nh, hy ], [1 nta (nh+1)‘a:1 ] . ](r)‘X]r))
o , (2.2)
( ) ah
(d, q)j’)l,qf'";(d'L’ q)jl)l,qi'[r— w « 1] (d®, ¢(r))

provided that R (ﬁ) R(a'n+p")> 0.

Proof: Following the definition of type-2 P-transform, with help of (1.8) and (1.9), we have,
(X’, B/

60,1 h 0,0 :my, N my 0. mr nr
P {V[,(ZX ) Hy g by a5 pi ain [, 2X™, 02,
p.q

_ 1 ] (a)n. - ( ) n¢nh
= [®[®ynl - 01 t-1 @ Xty ® o L zt
fO fO y [1+ a(T 1)y ] le (Zn:O (b1)p - . '(bq’)n I'(«'n+B) )

1 .
Wf f My ()bt (8) 0 (&, ..., ) 250 L. 20t 25 dtdy dE;..dE,,
L1 L

interchanging the order of integrations and summations, using the integral representation of gamma function, we get
Zm @ ay), 2 f f &) he (5 0 (1, ) L
= T T ) r Z l yesny ZI‘

i (by)y-.(by) ~ T(a'n+p) (an)r Hy (§1) .1 )

1

[(1+nh+h{g) oo - +1)- -
— e Jy ynreeREDA1 4a(e- 1)y°] T dy dg; . d,

On solving the inner integral and then rearranging the terms, we obtain right hand side of (2.2).
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3. SPECIAL CASES

(1) For taking a=1, a=1, =1 inresult (2.1) and (2.2), we get

o,p
@) Um BT M (") Hpqp) arl Do [20X™, s 2ex]
p.q
[o9)
@pn- - '(ap’)n z"

(b - - (b T(@nt ploxm
- 9

0, n+2:mq,n mg, N, IXTl (aj; Hoees I’l]'(r))lrp’ [—l’lh; hl""’ h ] :
) imy,ng;.smenp [,
H p+2,4 :p1,41-- 5 Pr, Ar

llz—hr (TR AL B

X T

1o e ) (), sei(G77),
o o '

- , (3.1)
- e, e,
where R(a'n+p")>0

o,B
(b) lln} g)no-, 1,t M (th) H 0,n :mq,Nq;...; My Nj;.
>

, Dj .. My, Dy ~h1

v P4 :P1 Q13- 5 Pis Qi - 5 Pro dr [21,2ix", .2, ]
p.q
(@n- (a n

n

Z 1
Zn 0 (b1n - (b Da T@n+p’) oxnh+l

_— 69) .
A Wi, e, W :
Ho,n 1mq,ng;..smi, ni+2; .. ;me, Ny Z; ( ] u] u] )l,p
P.G : PL AL Pi+2 Gis-abr,ar | Z1 ahy # o . ®
xM[a(t-1] (b Wy W )¢
P n+a (nh+1) oh
(¢.%), ..;(cjl,x]?) [nh h; ], [1- — 01 ;e .(r),xlr))
’ (3'2)
1o ® 4@
(dj'd%)l, () 0), s (7 07)

where R(a'n+p") >0

(I Forp’'=q" =1,a=vy,b=1in(2.1) and (2.2), Generalized M-series reduces to the Generalized Mittag Leffler

o, B
" - (V)n 1 —rY
function [4], by setting M X)= Yo o —F((x’n+[3) E B)(X) we get
1,1
© B[l g G HE a2
=y Wn z F(”E)
=0 r(@/n+B")(1)n

n+a (nh+1)
oxh+l [a(1-1)]” o

[

x| a(l T) S @i

H 0, n+2 :mq, nq;. mr nr
p+2,q+1 :pqul

I [-nh; hy,.., h.],
. . 1 n+amh+1) ah; ah,
[ (bj; Wy, - ‘le( ))1,q' - ;

-1 ° H )

o g |’
xhr[a(1- T)
[1 N+ a(nh+1) txh1 h : (Cl,X,) ."';(Cj(r)' j(r))
o - o (d( q)!) . (r) q)(r)) , (3.3)
- : ) 1'q1"

where R (1+ 1—1T) >0, R(an+p) > 0.

(d) :R]G'O('T [Eza’ [3’) (th) 0,n :mq, nNy;...; My, Nj ;.

jeew My, N h1
P.q :P1, Q155 Pis Qi+ Pro A (21,2 ""'Zr]]
z" 1

o (n
=0 P (@' n+B")(Ln

EROES I
oxth*1fa(c-1)] o r (_1)

o,n :mq,nq;...; mj+1, n; +2;.
H 1,01 i i

A r .
z @55 1y 1)
jeo s My, Ny 7 i z

P.q :P1, A1 5 Pi+2,Qi+L. . 5 pr, Or ey e

h gy ' ®
xPM[a(t-1)] o (bj; Wy, - W )1
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(Cj’, Xj,)lypl; ;(Cji,in) [ nh, h1] [1 n+a (nh+1) txh1 ] . ( (r)’X]r))

(d.’, q)].’)lq S ;(d]-i, q)ji)lq ) [Tl M ahl] (d(r)' q)(r))
41 Qi Lr-

o

, (3.4)

where R(a'n+p"), R (ﬁ) > 0.

() Forp'=0,q' =1, by =1in(2.1) and (2.2), the Generalized M-series reduces to the Wright function [17 p. 37
(1.156)], by setting
o B
M [XI=0 @, B, 0= 0" (g qn| x| =22
0,1

1

0 o— =~ We obtain
(1)n (a'n+B')’

0,0, T \UZ] - h 0o,N :miq,nNq;...; My, hy
©) % [O [(B',O(')|ZX ] H oy o o o ar 21X, e 20X ]]

Zm Z F(1+:)
—Zun=0 F(O(’l'H'ﬁ’)(l)n 0th+1 (1. T)]n+a(1;h+1)
[—
IXhl a(l T)] 0— (a]; I’l] ey uj(r))lyp; [‘nh; hl,..., hI‘] ,
0, n+2:mq,ng;.. mr nr
H 2 a1 p1,ars (bs; U TON i n+a(nh+1) .oc_hl ah,
jr jreem j Lqi T-l P ) = yueny p )
xbr[a(1- T)] G
[1 nta(h+1) ahy o(_] (C]','Xj’)l ;...,( (r)’xl(r)
o ) o yreny o . ' (r) (r) ’pr' (3.5)
(df, ), 5™ 7)),
1 ! !
where R(1+ ﬁ) R(a'n+B") > 0.
0,0,T \U} - h 0,n :mq, Ny;...; Mj, Nj;...; My, Ny h
® [ o™ [([3',0(')| 2 ] D0 tpnars by pe e |21 ZiX 1'"-'Zr]]
_Zoo z" 1 1
Tan=0 4 Fa(mht1) 1
FantB)Dn gy nn1 [a(r—l)]nT F(:)
ot (r) .
a; Wi, .., W :
H &M ML nge s mitd, g +2;.. 5 my, np . 7 , ( i M H; )1.P
P G i PL Q-5 Pit2, Qit L. pp g |21 b oy ' ™
()] o (b Uy )1
oyl N B | ~ _nta(@h+1) ohy |, ® @
(C].’X].)Lpl’ '"’(Cj’xj)l,pi’ [ nh' hl ]! [1 ° s ] :( i IX] ) 1p (3 6)
o (i o 1 pta(@htl) am], @) L@ '
(d" q)j)l,ql'm '(dj' q)j)l,qi' [‘r—l o "o ]' '(di ’ q)i )1Qr

where R(a'n+p'), R (ﬁ) > 0.

(IV) For o' =B’ = 1 with arbitrary p’ and q' in (2.1) and (2.2), the Generalized M-series reduces to Hypergeometric
function [8], by setting

11(,[1 - F b @Dn--@,0n b
D q,[X]—p' q' [(3)1 i( )1 ] Y- om o oweo tain

! ! . . .
O I (ORECHEEZY BRSSO A

Zn 0(2‘1)n (a O Z 1-‘(1-'—1L_-‘I,:—)0((nh+1)
(b)n- (b Hn n! oxnh+1 [a(l-‘t)]nf
%
| [a(1- r)]mThl @i 1y 5D [-nh; hy,.., hy],
el B ey, [ontethen @y o
Z. (b], lIJ]',..., qJ] )Lq' ‘[-1- o ;T,..., T )

ohy
xPr[a(1 - T)]T
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[1_ n+amh+l) ahy  ahe ] (c]-', Xj,)l . ( ](r)’X](r)
—G P T, . _pl‘
(r) @ (3.7)
d!, &/ .
— : ( ] q)])l,qL q) )
1
where R(1+ :)> 0.
! ' 0T AN e M e M. -
@Wwﬁhmmw%mm:mmmuuﬁ
_ Z (@n- (a Nn z 1
0 + a(nh+1)
"= o (b Do ! oxhh+1 [a(t—l)]nf F(ﬁ)
ot (r) .
a; Wi, .., W :
o,n :mq,ng;..;mi+1, nj +2;...; mg, np l Zj Z ( i B Hj )l.p
P.q :P1, Q15 Pit2, i+ L. . Pr. Ar Lo ahy 7 werfr .
rfaen)] o (bj:nb],-- )
) i n+a(nh+1) ahg ], (r) )
() e ), [1 220880 )00y
‘ ’ (3'8)

’ ’ i i ( ) «oh
(d., q)i)l.ql;"' ;(dj‘, q)jl)l.ql , [Ti % o 1] (d(r)’ q)(r))

whereR( ) > 0.

(V) Forn=p, m; =1,n;=p;q; =q; +1, Vi=1,--rin(2.1) and (2.2), the multivariable H-function reduces
to the Lauricella function [15], we have

o, B I N (CEETEITEAT LD | NN (CR B R I
M (zx")Fgel N o) ® @ 4@ "
p.q [(2- by ™, -0 )] HO-d7 ), e
) g_-%c,a,t © a1
(e
. (r). (r) - ZlX ,ty - ZrX T
. Krd-,¢j>JL%. _
@Dn - - @yn 2 (1) P(1-nh) (o)
= 2ne0 (o). . On ah 41 [a(l_mw et B F(l-ﬁ+ W)
[1-nh; hy,.., h.], n+a(nh+1) ahg ah,
Fgﬁ '2111 p(;r[ L 1 N N+ a(nh +1) ahy ah, "6 o |
TT-1 o "o o | _
[t u®, )], [ )], (1),
(O TR L N PR W
_ 2 T = s | (3.9)
Xhl[a(l —r)]T xbr[a(1-1)] ©
1 , , (nh+1) (nh +1)
where R(1+ E)’ R(an+p), R(1-nh), R(%),R(l- ﬁ+ w> >0.
_all;/lﬁl( h)FP:pl-..,.p.....-p [(1 a4 ul(l)’ K ulr) )] [(1 Cl1 ’ Xll))]l p1’
ZX o e
I N e e O
(J) :Pnc,ot,t © Lq -1
JICECRT )
— ZyeeyZiX L, Z
T r
o @D _(ap,)n M T'(14nh) lﬂ(n+oz(r(1’h+1)) F(l ri1 7I+a(;1h+1))
=0 (b)y,. . ®gdn  nhe1 [a(r-1)]L:h+l) F((x’n+ (1) r(il)
(a7 s (edhxd),
p:p1;e pi+21; “3Pr 1p;
q:41;-59itl;ar PN
Krm=w@~wanLq= Krd°*¢PﬂLm:“iLw~Hhm'
163
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. +nh,h1],[w%1 il 750, 310
_ L n+a (nh+1) ah, ™. Y ._Z1, vy ﬁ’ v, — 2 |,(3.10)
[1 ‘L'—1 o "o ] [(1 dj , ¢] ) l] 1,97’ xM[a(r-1)] @

where R (ﬁ) R(an+B), R ((1 _ ﬁ L (:h+1)))’ R(14nh), R (n+tx(2h+1)) > 0.

4. CONCLUSION

In this paper, we have proposed the images of the product of M-series and multivariable H-function under pathway
transform. We have found that number of special cases can be obtained of our main results, which are related with
M-series, multivariable H-function and pathway transform.
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