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ABSTRACT 
In the present chapter, we prove fixed point results of mapping defined on soft G-metric space which generalize many 
well known results. 
 
 
2. INTRODUCTION & PRELIMINARIES 
 
In the year 1999, Molodtsov [8] initiated a novel concept of soft sets theory as a new mathematical tool for dealing with 
uncertainties. A soft set is a collection of approximate descriptions of an object. Soft systems provide a very general 
framework with the involvement of parameters. Since soft set theory has a rich potential, applications of soft set theory 
in other disciplines and real life problems are progressing rapidly. Maji et al. [5, 6] worked on soft set theory and 
presented an application of soft sets in decision making problems.   
 
Guler et. al. [4] introduced the concept of soft G-metric space according to a soft element and obtained some of its 
properties. Then, they defined soft G-convergence and soft G-continuity, they proved existence and uniqueness of fixed 
pints in soft G-metric spaces.  
 
Our aim of this article is to present a fixed point theorems in soft G-metric space satisfying a new rational contractive 
condition.  
 
Definition 2.1: Let 𝑋 be an initial universe set and 𝐸 be a set of parameters. A pair (𝐹,𝐸) is called a soft set over 𝑋 if 
and only if 𝑋 is a mapping from 𝐸 into the set of all subsets of the set 𝑋, 𝑖. 𝑒.𝐹:𝐸 → 𝑃(𝑋), where 𝑃(𝑋) is the power set 
of 𝑋. 
 
Definition 2.2: The intersection of two soft sets (𝐹,𝐴) and (𝐺,𝐵) over 𝑋 is the soft set (𝐻,𝐶), where 𝐶 = 𝐴 ∩ 𝐵 and 
∀𝜀 ∈ 𝐶,𝐻(𝜀) = 𝐹(𝜀) ∩ 𝐺(𝜀).This is denoted by (𝐹,𝐴) ∩ (𝐺,𝐵) = (𝐻,𝐶). 
 
Definition 2.3: The union of two soft sets (𝐹,𝐴) and (𝐺,𝐵) over 𝑋 is the soft set, where 𝐶 = 𝐴 ∪ 𝐵 and ∀𝜀 ∈ 𝐶,  

 𝐻(𝜀) = �
𝐹(𝜀),                   𝑖𝑓 𝜀 ∈ 𝐴 − 𝐵
𝐺(𝜀),                  𝑖𝑓 𝜀 ∈ 𝐵 − 𝐴
𝐹(𝜀) ∪ 𝐺(𝜀),        𝜀 ∈ 𝐴 ∩ 𝐵

�   

 
This relationship is denoted by  (𝐹,𝐴) ∪ (𝐺,𝐵) = (𝐻,𝐶). 
 
Definition 2.4: The soft set (𝐹,𝐴) over 𝑋 is said to be a null soft set denoted by Φ  if for all 𝜀 ∈ 𝐴,𝐹(𝜀) = 𝜙  (null set) 
 
Definition 2.5: A soft set (𝐹,𝐴) over 𝑋 is said to be an absolute soft set, if for all 𝜀 ∈ 𝐴,𝐹(𝜀) = 𝑋. 
 
Definition 2.6: The difference (𝐻,𝐸) of two soft sets (𝐻,𝐸)  and (𝐻,𝐸) over 𝑋 denoted by (𝐻,𝐸)\(𝐻,𝐸),  is defined 
as 𝐻(𝑒) = 𝐹(𝑒)\𝐺(𝑒) for all 𝑒 ∈ 𝐸. 
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Definition 2.7: The complement of a soft set (𝐹,𝐴) is denoted by (𝐹,𝐴)𝑐 and is defined by  (𝐹,𝐴)𝑐 = (𝐹𝑐 ,𝐴) where 
𝐹𝑐:𝐴 → 𝑃(𝑋) is mapping given by 𝐹𝑐(𝛼) = 𝑋 − 𝐹(𝛼),∀𝛼 ∈ 𝐴. 
 
Definition 2.8: Let  ℜ be the set of real numbers and 𝐵(ℜ) be the collection of all nonempty bounded subsets of ℜ and 
𝐸 taken as a set of parameters. Then a mapping 𝐹:𝐸 → 𝐵(ℜ) is called a soft real set. It is denoted by (𝐹,𝐸). If 
specifically (𝐹,𝐸) is a singleton soft set, then identifying (𝐹,𝐸) with the corresponding soft element, it will be called a 
soft real number and denoted  �̃�, �̃�, �̃� etc. 
 
0, 1  are the soft real numbers where 0(𝑒) = 0, 1(𝑒) = 1 for all 𝑒 ∈ 𝐸, respectively. 
 
Definition 2.9: For two soft real numbers 

(i) �̃� ≤ �̃�, if  �̃�(𝑒) ≤ �̃�(𝑒), for all 𝑒 ∈ 𝐸. 
(ii) �̃� ≥ �̃�, if  �̃�(𝑒) ≥ �̃�(𝑒), for all 𝑒 ∈ 𝐸. 
(iii) �̃� < �̃�, if  �̃�(𝑒) < �̃�(𝑒), for all 𝑒 ∈ 𝐸. 
(iv) �̃� > �̃�, if  �̃�(𝑒) > �̃�(𝑒), for all 𝑒 ∈ 𝐸. 

 
Definition 2.10: A soft set over X is said to be a soft point if there is exactly one 𝑒 ∈ 𝐸, such that 𝑃(𝑒) = {𝑥} for some 
𝑥 ∈ 𝑋 and 𝑃(𝑒′) = 𝜙,∀𝑒′ ∈ 𝐸\{𝑒}. It will be denoted by 𝑥�𝑒 . 
 
Definition 2.11: Two soft points 𝑥�𝑒 ,𝑦�𝑒 are said to be equal if 𝑒 = 𝑒′ and 𝑃(𝑒) = 𝑃(𝑒′) i.e. 𝑥 = 𝑦. Thus  
𝑥�𝑒 ≠ 𝑦�𝑒 ⟺ 𝑥 ≠ 𝑦 or 𝑒 ≠ 𝑒′. 
 
Definition 2.12: A mapping �̃�: 𝑆𝑃�𝑋�� × 𝑆𝑃�𝑋�� → ℝ(𝐸)∗, is said to be a soft metric on the soft set 𝑋� if 𝑑 satisfies the 
following conditions: 

(M1)  �̃��𝑥�𝑒1 ,𝑦�𝑒2� ≥� 0 for all 𝑥�𝑒1 ,𝑦�𝑒2 ∈� 𝑋�, 
(M2)  �̃��𝑥�𝑒1 ,𝑦�𝑒2� = 0 if and only if  𝑥�𝑒1 = 𝑦�𝑒2 , 
(M3)  �̃��𝑥�𝑒1 ,𝑦�𝑒2� ≥� �̃��𝑦�𝑒2 , 𝑥�𝑒1� for all 𝑥�𝑒1 ,𝑦�𝑒2 ∈� 𝑋�, 
(M4)  �̃��𝑥�𝑒1 , �̃�𝑒3� ≤� �̃��𝑥�𝑒1 ,𝑦�𝑒2� + �̃��𝑦�𝑒2 , �̃�𝑒3� for all 𝑥�𝑒1 ,𝑦�𝑒2 , �̃�𝑒3 ∈� 𝑋�. 

 
The soft set 𝑋� with a soft metric �̃� on 𝑋� is called a soft metric space and denoted by �𝑋�, �̃�,𝐸�. 
 
Definition 2.13 (Cauchy Sequence): A sequence �𝑥�𝜆,𝑛�𝑛 of soft points in �𝑋�, �̃�,𝐸� is considered as a Cauchy sequence 
in 𝑋� if corresponding to every  𝜀̃ ≥� 0,∃𝑚 ∈ 𝑁 such that 𝑑�𝑥�𝜆,𝑖 , 𝑥�𝜆,𝑗� ≤� 𝜀̃,∀ 𝑖, 𝑗 ≥ 𝑚, i.e. 𝑑�𝑥�𝜆,𝑖 , 𝑥�𝜆,𝑗� → 0, as 𝑖, 𝑗 → ∞. 
 
Definition 2.14 (Soft Complete Metric Space): A soft metric space �𝑋�, �̃�,𝐸� is called complete, if every Cauchy 
Sequence in 𝑋� converges to some point of 𝑋�. 
 
Definition 2.15[4]: Let 𝑋 be a nonempty set and 𝐸 be the nonempty set of parameters.  
 
Let 𝐺�: 𝑆𝐸�𝑋�� × 𝑆𝐸�𝑋�� × 𝑆𝐸�𝑋�� → ℝ(𝐸)∗ be a function satisfying the following axioms: 
 �𝐺�1�   𝐺�(𝑥�,𝑦�, �̃�) = 0 if  𝑥� = 𝑦� = �̃� 
 �𝐺�2�   𝐺�(𝑥�, 𝑥�,𝑦�) > 0  for all   𝑥� = 𝑦� ∈ 𝑆𝐸�𝑋�� with 𝑥� ≠ 𝑦� 
 �𝐺�3�   𝐺�(𝑥�, 𝑥�,𝑦�) ≤ 𝐺�(𝑥�,𝑦�, �̃�)  for all  𝑥�,𝑦�, �̃� ∈ 𝑆𝐸�𝑋�� with 𝑦� ≠ 𝑧 
 �𝐺�4�   𝐺�(𝑥�,𝑦�, �̃�) = 𝐺�(𝑥�, �̃�,𝑦�) = 𝐺�(𝑦�, �̃�, 𝑥) = ⋯                                 (Symmetry in all three variables) 
 �𝐺�5�   𝐺�(𝑥�,𝑦�, �̃�) ≤ 𝐺�(𝑥�,𝑎, 𝑎) + 𝐺�(𝑎,𝑦�, 𝑧) for all  𝑥�,𝑦�, �̃�, 𝑎 ∈ 𝑋     (Rectangle inequality) 
 
Then the function 𝐺� is called a soft generalized metric or soft G-metric on 𝑋� and �𝑋�,𝐺�,𝐸� is called a soft G-metric 
space.  
 
Definition 2.16: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space, let {𝑥�𝑛}be a sequence of soft points of  𝑋�, a soft point 𝑥� ∈ 𝑋� is 
said to the limit of the sequence {𝑥�𝑛}, if 𝑙𝑖𝑚𝑛→∞ 𝐺(𝑥�, 𝑥�𝑛 , 𝑥�𝑚) = 0 .

 
Then {𝑥�𝑛} is G-convergent to 𝑋�. 

 
Proposition 2.17[4]: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space, then for a sequence  {𝑥�𝑛} ⊆ 𝑋� and a soft point 𝑥� ∈ 𝑋�. The 
following are equivalent 

(i) {𝑥�𝑛} is soft G-convergent to 𝑥�. 
(ii) 𝐺�(𝑥�𝑛 , 𝑥�𝑛, 𝑥�) → 0 as 𝑛 → ∞ 

 
 

(iii) 𝐺�(𝑥�𝑛 , 𝑥�,𝑥�) → 0 as 𝑛 → ∞ 
 
 

(iv) 𝐺�(𝑥�𝑚, 𝑥�𝑛 , 𝑥�) → 0 as 𝑚,𝑛 → ∞. 
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Definition 2.18: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space, then the sequence {𝑥�𝑛} is said to be soft G-Cauchy if for every 
𝜀 > 0 there exists a positive integer 𝑁 such that  𝐺�(𝑥�𝑛 , 𝑥�𝑚 , 𝑥�𝑙) < 𝜀 for all 𝑛,𝑚, 𝑙 ≥ 𝑁 i.e. 𝐺�(𝑥𝑛 ,𝑥𝑚 , 𝑥𝑙) → 0 as 
𝑛,𝑚, 𝑙 → ∞. 
 
Definition 2.19: A soft G-metric space �𝑋�,𝐺�,𝐸� is said to be soft G-complete space if every soft G-Cauchy sequence 
in �𝑋�,𝐺�,𝐸� is G-convergent in �𝑋�,𝐺�,𝐸�. 
     
Proposition 2.20[4]: Let �𝑋�,𝐺�,𝐸�, �𝑋′� ,𝐺′� ,𝐸′� be two soft G-metric spaces, then a function 𝑓:𝑋� → 𝑋′�  is soft G-
continuous at a soft point 𝑥� ∈ 𝑆𝐸�𝑋�� if and only if it is soft G-sequentially continuous at 𝑥� ∈ 𝑆𝐸�𝑋��; i.e. whenever 
{𝑥�𝑛} is soft G-convergent to 𝑥� , {𝑓(𝑥�𝑛)}

 
 is soft G-convergent to 𝑓(𝑥�). 

 
3 MAIN RESULTS 
 
Our main results of this article are as follows.  
 
Theorem 3.1: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space and 𝑇: �𝑋�,𝐺�,𝐸� → �𝑋�,𝐺�,𝐸� be a mapping that satisfies the 
following condition  

 𝐺� (𝑇𝑥�,𝑇𝑦�,𝑇�̃�) ≤
𝑎1𝐺�(𝑥�,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�)𝐺�(𝑦�,𝑇�̃�,𝑇�̃�) + 𝑎2𝐺�(𝑦�,𝑇𝑦�,𝑇𝑦�)𝐺�(𝑦�,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑥�,𝑇�̃�,𝑇�̃�)

𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�)𝐺�(𝑦�,𝑇�̃�,𝑇�̃�) + 𝐺�(𝑦�,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑥�,𝑇�̃�,𝑇�̃�)
 

                               + 𝑏1𝐺�(𝑥�,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑦� ,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑧�,𝑇𝑦� ,𝑇𝑦�)+𝑏2𝐺�(𝑦� ,𝑇𝑦� ,𝑇𝑦�)𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)𝐺�(𝑧�,𝑇𝑥�,𝑇𝑥�)
𝐺�(𝑦� ,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑧�,𝑇𝑦� ,𝑇𝑦�)+𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)𝐺�(𝑧�,𝑇𝑥�,𝑇𝑥�)

                                      (3.1.1) 
 
For all 𝑥�,𝑦�, �̃� ∈ 𝑆𝐸�𝑋�� 

𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�)𝐺�(𝑦�,𝑇�̃�,𝑇�̃�) + 𝐺�(𝑦�,𝑇𝑥�,𝑇𝑥�)𝐺�(𝑥�,𝑇�̃�,𝑇�̃�) ≠ 0 and 
𝐺�(𝑦�,𝑇𝑥�,𝑇𝑥�)𝐺�(�̃�,𝑇𝑦�,𝑇𝑦�) + 𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�)𝐺�(�̃�,𝑇𝑥�,𝑇𝑥�) ≠ 0 

Where 𝑎𝑖 , 𝑏𝑖 ≥ 0 (𝑖 = 1,2) and 𝑎1 + 𝑎2 + 𝑏1 + 𝑏2 < 1. Then 𝑇 has a unique fixed point 𝑢�  and 𝑇 is G-continuous at 𝑢� . 
 
Proof: Let 𝑥�0 ∈ 𝑆𝐸�𝑋�� be an arbitrary soft element and define the sequence {𝑥�𝑛} by 

𝑇𝑥�0 = 𝑥�1,𝑇𝑥�1 = 𝑥�2,𝑇𝑥�2 = 𝑥�3, … … … …𝑇𝑥�𝑛 = 𝑥�𝑛+1 
 
Here we may assume that 𝑥�𝑛 ≠ 𝑥�𝑛+1 for each 𝑛 ∈ 𝑁 ∪ {0}. 
 
Consider, 
𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)    

≤ 𝑎1𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛,𝑇𝑥�𝑛)+𝑎2𝐺�(𝑥�𝑛,𝑇𝑥�𝑛,𝑇𝑥�𝑛)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)
𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛)+𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)

      

+ 𝑏1𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛,𝑇𝑥�𝑛)+𝑏2𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛,𝑇𝑥�𝑛)𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)
𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛)+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)

  

≤ 𝑎1𝐺�(𝑥�𝑛−1,𝑥�𝑛 ,𝑥�𝑛)𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)+𝑎2𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛)𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)
𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)𝐺�(𝑥�𝑛 ,𝑥�𝑛+1,𝑥�𝑛+1)+𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛)𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)

       

 + 𝑏1𝐺�(𝑥�𝑛−1,𝑥�𝑛,𝑥�𝑛)𝐺�(𝑥�𝑛 ,𝑥�𝑛,𝑥�𝑛)𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)+𝑏2𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)𝐺�(𝑥�𝑛,𝑥�𝑛 ,𝑥�𝑛)
𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛)𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)+𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛)

 
 
𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝑎1𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛)                                                                                                                      (3.1.2)   
 
On further decomposing we can write 

𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) ≤ 𝑎1𝐺�(𝑥�𝑛−2, 𝑥�𝑛−1, 𝑥�𝑛−1)                                                                                                    (3.1.3) 
 
By combination of (3.1.2) and (3.1.3) we have 
               𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝑎12𝐺�(𝑥�𝑛−2, 𝑥�𝑛−1, 𝑥�𝑛−1) 

  
On continuing this process n times 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝑎1𝑛𝐺�(𝑥�0, 𝑥�1, 𝑥�1)
  

Then, for all 𝑛,𝑚 ∈ 𝑁,𝑛 < 𝑚  we have 
𝐺�(𝑥�𝑛 , 𝑥�𝑚, 𝑥�𝑚) ≤ 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝐺�(𝑥�𝑛+1, 𝑥�𝑛+2, 𝑥�𝑛+2) + ⋯+ 𝐺�(𝑥�𝑚−1, 𝑥�𝑚, 𝑥�𝑚) 

≤ (𝑎1𝑛 + 𝑎1𝑛+1 + ⋯+ 𝑎1𝑚−1)𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 

≤
𝑎1𝑛

1 − 𝑎1
𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 

 
Therefore {𝑥�𝑛} is soft G-Cauchy sequence. Since �𝑋�,𝐺�,𝐸� is soft G-complete, there exists 𝑢� ∈ 𝑆𝐸�𝑋�� such that 
{𝑥�𝑛} soft G-converges to 𝑢� . 
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Form (3.1.1) we have  
𝐺�(𝑥�𝑛 ,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�) 

                   ≤ 𝑎1𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)+𝑎2𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)
𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)

      

                      + 𝑏1𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)+𝑏2𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)
𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)

  
 
Taking the limit of both sides of above as 𝑛 → ∞  yields 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) ≤ 0 
 
Which implies that 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) = 0 
and hence 𝑢� = 𝑇𝑢�   
 
To prove uniqueness: suppose that 𝑢�  and 𝑣�  are two fixed point for  𝑇. Then 

𝐺(𝑢� , 𝑣�, 𝑣�) = 𝐺(𝑇𝑢� ,𝑇𝑣�,𝑇𝑣�) 
                             ≤ 𝑎1𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)𝐺�(𝑣� ,𝑇𝑣� ,𝑇𝑣�)+𝑎2𝐺�(𝑣� ,𝑇𝑣� ,𝑇𝑣�)𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)

𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)𝐺�(𝑣� ,𝑇𝑣� ,𝑇𝑣�)+𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)
      

                                 + 𝑏1𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑣� ,𝑇𝑣� ,𝑇𝑣�)+𝑏2𝐺�(𝑣� ,𝑇𝑣� ,𝑇𝑣�)𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)
𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑣� ,𝑇𝑣� ,𝑇𝑣�)+𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)

  
 
𝐺(𝑢� , 𝑣�, 𝑣�) ≤ 0 
 
⇒ 𝐺(𝑢� , 𝑣�, 𝑣�) = 0 

 
⇒ 𝑢� = 𝑣� 

 
To show that 𝑇 is soft G-continuous at 𝑢� . Let {𝑦�𝑛} be a sequence of soft elements in  𝑋� such that {𝑦�𝑛} → 𝑢�  then we can 
deduce that 

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) = 𝐺(𝑇𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)  
                         ≤ 𝑎1𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝑎2𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)𝐺�(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)

𝐺�(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝐺�(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)
      

                           + 𝑏1𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝑏2𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)𝐺�(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)𝐺�(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)
𝐺�(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝐺�(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)𝐺�(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)

   
 
Taking the limit as 𝑛 → ∞  from which we see that 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) → 0 and so, by proposition (2.17) we have that the 
sequence 𝑇𝑦�𝑛 is G – convergent to 𝑇𝑢� = 𝑢�  therefore proposition (2.20)  implies that 𝑇 is G-continuous at 𝑢� . 
 
Theorem 3.2: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space and 𝑇: �𝑋�,𝐺�,𝐸� → �𝑋�,𝐺�,𝐸� be a mapping that satisfies the 
following condition for all 𝑥�,𝑦�, �̃� ∈ 𝑆𝐸�𝑋��  

 𝐺� (𝑇𝑥�,𝑇𝑦�,𝑇�̃�) ≤ 𝑎1𝐺�(𝑥�,𝑦�, �̃�) + 𝑎2 max {𝐺�(𝑥�,𝑇𝑥�,𝑇𝑥�),𝐺�(𝑦�,𝑇𝑦�,𝑇𝑦�)}        
                              +𝑎3 max�𝐺�(𝑥�,𝑇�̃�,𝑇�̃�),𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�)�  
                              +𝑎4 max �𝐺�(𝑥�,𝑦�, �̃�),𝐺�(𝑥�,𝑇𝑥�,𝑇𝑥�),𝐺�(𝑦�,𝑇𝑦�,𝑇𝑦�), 𝐺

�(𝑥�,𝑇𝑦� ,𝑇𝑦�)+𝐺�(𝑥�,𝑇𝑧�,𝑇𝑧�)
2

�                          (3.2.1) 
Where 𝑎1, 𝑎2, 𝑎3, 𝑎4 ≥ 0 and  0 ≤ 𝑎1 + 𝑎2 + 2𝑎3 + 2𝑎4 < 1. Then 𝑇 has a unique fixed point 𝑢�  and 𝑇 is G-continuous 
at 𝑢� . 
 
Proof: Let 𝑥0 ∈ 𝑆𝐸�𝑋�� be an arbitrary soft element and define the sequence {𝑥�𝑛} by 

 𝑇𝑥�0 = 𝑥�1,𝑇𝑥�1 = 𝑥�2,𝑇𝑥�2 = 𝑥�3, … … … …𝑇𝑥�𝑛 = 𝑥�𝑛+1   
 
Here we may assume that 𝑥�𝑛 ≠ 𝑥�𝑛+1 for each 𝑛 ∈ 𝑁 ∪ {0}. 
Consider 
  𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛)    

≤ 𝑎1𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝑎2 max {𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1),𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛)} 
+𝑎3 max�𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛),𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)� 

+𝑎4 max�
𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛),𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1),𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛),

𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛) + 𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)
2

� 

≤ 𝑎1𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝑎2 max {𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)}+𝑎3𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1) 
+𝑎4 max�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1),𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1)� 

≤ 𝑎1𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝑎2 max�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 ,𝑥�𝑛),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)� 
+𝑎3{𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)} 
+𝑎4 max�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1),𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) + 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)� 
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If 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) > 𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛), then  

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) < (𝑎1 + 𝑎2 + 2𝑎3 + 2𝑎4)𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)  
 
Which is a contradiction and therefore 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ �
𝑎1 + 𝑎2 + 𝑎3 + 𝑎4

1 − 𝑎3 − 𝑎4
�  𝐺� (𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝑘 𝐺� (𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) 
 
Let 𝑘 = 𝑎1+𝑎2+𝑎3+𝑎4

1−𝑎3−𝑎4
< 1  

 
Repeated n times, we get  

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝑘𝑛  𝐺� (𝑥�0, 𝑥�1, 𝑥�1) 
 
Then, for all 𝑛,𝑚 ∈ 𝑁,𝑛 < 𝑚  we have 

𝐺�(𝑥�𝑛 , 𝑥�𝑚, 𝑥�𝑚) ≤ 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝐺�(𝑥�𝑛+1, 𝑥�𝑛+2, 𝑥�𝑛+2) + ⋯+ 𝐺�(𝑥�𝑚−1, 𝑥�𝑚, 𝑥�𝑚)  
≤ (𝑘𝑛 + 𝑘𝑛+1 + ⋯+ 𝑘𝑚−1)𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 

≤
𝑘𝑛

1 − 𝑘
𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 

 
Therefore {𝑥�𝑛} is soft G-Cauchy sequence. Since �𝑋�,𝐺�,𝐸� is soft G-complete, there exists 𝑢� ∈ 𝑆𝐸�𝑋�� such that 
{𝑥�𝑛} soft G-converges to 𝑢� . 
 
Form (3.2.1) we have  

𝐺�(𝑥�𝑛+1,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑇𝑥�𝑛 ,𝑇𝑢� ,𝑇𝑢�)  
                           ≤ 𝑎1𝐺�(𝑥�𝑛,𝑢� ,𝑢�) + 𝑎2 max {𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛),𝐺��𝑢� ,𝑇𝑢�� ,𝑇𝑢��}        
                               +𝑎3 max�𝐺�(𝑥�𝑛 ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑥�𝑛 ,𝑇𝑢� ,𝑇𝑢�)�  
                               +𝑎4 max �𝐺�(𝑥�𝑛 ,𝑢� ,𝑢�),𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�), 𝐺

�(𝑥�𝑛,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑥�𝑛 ,𝑇𝑢�,𝑇𝑢�)
2

� 
 
Taking the limit as 𝑛 → ∞, and using the fact that the function G is continuous on its variable then we have 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) ≤ (𝑎2 + 𝑎3 + 𝑎4)𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�)  
 
This contradiction implies that  𝑢� = 𝑇𝑢�  
 
To prove uniqueness, suppose that 𝑢�  and 𝑣� are two fixed points of 𝑇. Then by inequality (3.2.1) we have 

   𝐺(𝑢� , 𝑣�, 𝑣�) = 𝐺(𝑇𝑢� ,𝑇𝑣�,𝑇𝑣�)   
                     ≤ 𝑎1𝐺�(𝑢� ,𝑣�, 𝑣�) + 𝑎2 max {𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑣�,𝑇𝑣�,𝑇𝑣�)}        
                         +𝑎3 max�𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�),𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�)�  
                         +𝑎4 max �𝐺�(𝑢� , 𝑣�, 𝑣�),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑣�,𝑇𝑣�,𝑇𝑣�), 𝐺

�(𝑢�,𝑇𝑣� ,𝑇𝑣�)+𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)
2

� 
 
⟹ 𝐺�(𝑢� , 𝑣�, 𝑣�) ≤ (𝑎1 + 𝑎3 + 𝑎4)𝐺�(𝑢� , 𝑣�, 𝑣�)  
 
⟹ 𝐺�(𝑢� , 𝑣�, 𝑣�) = 0  

 
Which implies that 𝑢� = 𝑣.�   
 
To show that 𝑇 is soft G-continuous at 𝑢� . Let {𝑦�𝑛} be a sequence of soft elements in  𝑋� such that {𝑦�𝑛} → 𝑢�  then we can 
deduce that 

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) = 𝐺(𝑇𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)   
≤ 𝑎1𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛) + 𝑎2 max {𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)} 

+𝑎3 max�𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)� 

+𝑎4 max �𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),
𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) + 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)

2
� 

≤ 𝑎1𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛) + 𝑎2 𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝑎3𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) 
+𝑎4 max�𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)�                                             (3.2.2) 

 
Now following three cases are arise: 
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Case-I: If max�𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)� = 𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛) then condition (3.2.2) reduces to  

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ (𝑎1+𝑎4)𝐺�(𝑢�,𝑦�𝑛,𝑦�𝑛)+𝑎2𝐺�(𝑦�𝑛,𝑢�,𝑢�)
1−(𝑎2+𝑎3)

  
 
Taking the limit as 𝑛 ⟶ ∞  from which we see that  

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ⟶ 0  
 
Case - II: If max�𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)� = 𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)  then condition (3.2.2) reduces to  

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ 𝑎1𝐺�(𝑢�,𝑦�𝑛,𝑦�𝑛)+(𝑎2+𝑎4)𝐺�(𝑦�𝑛,𝑢�,𝑢�)
1−(𝑎2+𝑎3+𝑎4)

  
 
Taking the limit as 𝑛 ⟶ ∞  from which we see that  

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ⟶ 0  
 
Case - III: If max�𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)� = 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) then condition (3.2.2) reduces to  

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ 𝑎1𝐺�(𝑢�,𝑦�𝑛,𝑦�𝑛)+𝑎2𝐺�(𝑦�𝑛,𝑢�,𝑢�)
1−(𝑎2+𝑎3+𝑎4)

  
 
Taking the limit as 𝑛 ⟶ ∞  from which we see that  

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ⟶ 0  
 
Taking the limit as 𝑛 → ∞  from which we see that 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) → 0 and so, by proposition (2.17) we have that the 
sequence 𝑇𝑦�𝑛 is G – convergent to 𝑇𝑢� = 𝑢�  therefore proposition (2.20)  implies that 𝑇 is G-continuous at 𝑢� . 
 
Theorem 3.3: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space and 𝑇: �𝑋�,𝐺�,𝐸� → �𝑋�,𝐺�,𝐸� be a mapping that satisfies the 
following condition for all 𝑥�,𝑦�, �̃� ∈ 𝑆𝐸�𝑋��  

𝐺�(𝑇𝑥�,𝑇𝑦�,𝑇�̃�) ≤ 𝛼
𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�) + 𝐺�(𝑥�,𝑇�̃�,𝑇�̃�)

2
 

+𝛽 𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)[𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)+𝐺�(𝑥�,𝑇𝑧�,𝑇𝑧�)+𝐺�(𝑦� ,𝑇𝑥�,𝑇𝑥�)+𝐺�(𝑧�,𝑇𝑥�,𝑇𝑥�)]
2[𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)+𝐺�(𝑦� ,𝑇𝑥�,𝑇𝑥�)]

                                                       (3.3.1) 

Where 0 ≤ (𝛼 + 𝛽) < 1
2
 . Then 𝑇 has a unique fixed point 𝑢�  and 𝑇 is G-continuous at 𝑢� . 

 
Proof: Let 𝑥0 ∈ 𝑆𝐸�𝑋�� be an arbitrary soft element and define the sequence {𝑥�𝑛} by 

 𝑇𝑥�0 = 𝑥�1,𝑇𝑥�1 = 𝑥�2,𝑇𝑥�2 = 𝑥�3, … … … …𝑇𝑥�𝑛 = 𝑥�𝑛+1   
 
Here we may assume that 𝑥�𝑛 ≠ 𝑥�𝑛+1 for each 𝑛 ∈ 𝑁 ∪ {0}. 
 
Consider 

  𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛)    
≤ 𝛼 𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)

2
  

 +𝛽 𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)[𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)+𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)+𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)]
2[𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)+𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)]

 

 ≤ 𝛼 𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)+𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)
2

 

 +𝛽 𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)[𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)+𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)+𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛)+𝐺�(𝑥�𝑛,𝑥�𝑛 ,𝑥�𝑛)]
2[𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)+𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛)]

 

≤ 𝛼𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝛽𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1) 
 

(1 − 𝛼 − 𝛽)𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ (𝛼 + 𝛽)𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 
 
𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ (𝛼+𝛽)

(1−𝛼−𝛽)
𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 

 
𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 

 
 Let 𝐾 = (𝛼+𝛽)

(1−𝛼−𝛽)
                                                                                                                                                          (3.3.2) 

 
On further decomposing we can write 

𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) ≤ 𝐾𝐺�(𝑥�𝑛−2, 𝑥�𝑛−1, 𝑥�𝑛−1)                                                                  (3.3.3) 
 
By combination of (3.3.2) and (3.3.3) we have 

𝐺�(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+1) ≤ 𝐾2𝐺�(𝑥�𝑛−2, 𝑥�𝑛−1, 𝑥�𝑛−1) 
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On continuing this process 𝑛 times  

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝑛𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 
 
Then for all 𝑛 ,𝑚 ∈ 𝑁 ,𝑛 < 𝑚 we have 

𝐺�(𝑥�𝑛 , 𝑥�𝑚, 𝑥�𝑚) ≤ 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝐺�(𝑥�𝑛+1, 𝑥�𝑛+2, 𝑥�𝑛+2)+. . . +𝐺�(𝑥�𝑚−1, 𝑥�𝑚, 𝑥�𝑚) 
≤ (𝐾𝑛 + 𝐾𝑛+1 + ⋯… + 𝐾𝑚−1)𝐺�(𝑥�0, 𝑥�1, 𝑥�1)  
≤ 𝐾𝑛

1−𝐾
𝐺�(𝑥�0, 𝑥�1, 𝑥�1)  

 
Therefore {𝑥�𝑛} is soft G-Cauchy sequence. Since �𝑋�,𝐺�,𝐸� is soft G-complete, there exists 𝑢� ∈ 𝑆𝐸�𝑋�� such that 
{𝑥�𝑛} soft G-converges to 𝑢� . 
 
Form (3.3.1) we have  

  𝐺�(𝑥�𝑛 ,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�) 

≤ 𝛼
𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�) + 𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)

2
 

+𝛽 𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)[𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)+𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)]
2[𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑢�,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)]

  

≤ 𝛼 𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)
2

        

+𝛽 𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)[𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑢,𝑥�𝑛,𝑥�𝑛)+𝐺�(𝑢�,𝑥�𝑛,𝑥�𝑛)]
2[𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑢�,𝑥�𝑛,𝑥�𝑛)]

  
 
Taking the limit of both sides of above as 𝑛 → ∞ yields 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) ≤ (𝛼 + 𝛽)𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) 
 
This contradiction implies that 𝑢� = 𝑇𝑢� . 
 
To prove uniqueness, suppose that 𝑢�  and 𝑣�  are two fixed point for  𝑇. Then 

𝐺(𝑢� , 𝑣�, 𝑣�) = 𝐺(𝑇𝑢� ,𝑇𝑣�,𝑇𝑣�) 
 ≤ 𝛼 𝐺(𝑢�,𝑇𝑣� ,𝑇𝑣�)+𝐺(𝑢�,𝑇𝑣� ,𝑇𝑣�)

2
+ 𝛽 𝐺(𝑢�,𝑇𝑣� ,𝑇𝑣�)[𝐺(𝑢�,𝑇𝑣� ,𝑇𝑣�)+𝐺(𝑢�,𝑇𝑣� ,𝑇𝑣�)+𝐺(𝑣� ,𝑇𝑢�,𝑇𝑢�)+𝐺(𝑣� ,𝑇𝑢�,𝑇𝑢�)]

2[𝐺(𝑢�,𝑇𝑣� ,𝑇𝑣�)+𝐺(𝑣� ,𝑇𝑢�,𝑇𝑢�)]
 

    
G(𝑢� , 𝑣�, 𝑣�) ≤ 𝛼𝐺(𝑢� , 𝑣�, 𝑣�) + 𝛽𝐺(𝑢� , 𝑣�, 𝑣�) 
 
𝐺(𝑢� , 𝑣�, 𝑣�) ≤ (𝛼 + 𝛽)𝐺(𝑢� , 𝑣�, 𝑣�) 
 
⇒ 𝐺(𝑢� , 𝑣�, 𝑣�) = 0 

 
 Since (𝛼 + 𝛽) < 1 

⇒ 𝑢� = 𝑣� 
 
To show that 𝑇 is soft G-continuous at 𝑢� . Let {𝑦�𝑛} be a sequence of soft elements in  𝑋� such that {𝑦�𝑛} → 𝑢�  then we can 
deduce that 

𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) = 𝐺(𝑇𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) 
≤ 𝛼 𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)

2
  

+𝛽 𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)[𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝐺(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)+𝐺(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)]
2[𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)+𝐺(𝑦�𝑛,𝑇𝑢�,𝑇𝑢�)]

  
 
𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ (𝛼 + 𝛽)𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) 
 
[1 − (𝛼 + 𝛽)]𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ 0 
 
𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ 0 

 
Taking the limit as 𝑛 → ∞  from which we see that 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) → 0 and so, by proposition (2.17) we have that the 
sequence 𝑇𝑦�𝑛 is G – convergent to 𝑇𝑢� = 𝑢�  therefore proposition (2.20)  implies that 𝑇 is G-continuous at 𝑢� . 
 
Theorem 3.4: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space and 𝑇: �𝑋�,𝐺�,𝐸� → �𝑋�,𝐺�,𝐸� be a mapping that satisfies the 
following condition for all 𝑥�,𝑦�, �̃� ∈ 𝑆𝐸�𝑋��  

𝐺�(𝑇𝑥�,𝑇𝑦�,𝑇�̃�) ≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑥�,𝑇𝑥�,𝑇𝑥�),𝐺�(𝑦�,𝑇𝑦�,𝑇𝑦�),𝐺�(�̃�,𝑇�̃�,𝑇�̃�),𝐺�(𝑥�,𝑦�, �̃�)� 
+𝛽 �𝐺

�(𝑥�,𝑇𝑥�,𝑇𝑥�)+𝐺�(𝑦� ,𝑇𝑥�,𝑇𝑥�)+𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)
1+𝐺�(𝑥�,𝑇𝑥�,𝑇𝑥�) 𝐺�(𝑦� ,𝑇𝑥�,𝑇𝑥�) 𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)

�                                                                                    (3.4.1) 
Where 𝛼,𝛽 ≥ 0 and 𝛼 + 3𝛽 < 1 Then 𝑇 has a unique fixed point 𝑢�  and 𝑇 is G-continuous at 𝑢� . 
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Proof: Let 𝑥0 ∈ 𝑆𝐸�𝑋�� be an arbitrary soft element and define the sequence {𝑥�𝑛} by 

𝑇𝑥�0 = 𝑥�1,𝑇𝑥�1 = 𝑥�2,𝑇𝑥�2 = 𝑥�3, … … … …𝑇𝑥�𝑛 = 𝑥�𝑛+1 
 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)          
≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1),𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛),𝐺�(𝑥�𝑛,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛),𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛)� 

+𝛽 �𝐺
�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)+𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1)+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)
1+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1) 𝐺�(𝑥�𝑛,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1) 𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)

�  

≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛),𝐺�(𝑥�𝑛, 𝑥�𝑛+1, 𝑥�𝑛+1),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1),𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛)� 
+𝛽 �𝐺

�(𝑥�𝑛−1,𝑥�𝑛,𝑥�𝑛)+𝐺�(𝑥�𝑛,𝑥�𝑛 ,𝑥�𝑛)+𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)
1+𝐺�(𝑥�𝑛−1,𝑥�𝑛,𝑥�𝑛) 𝐺�(𝑥�𝑛,𝑥�𝑛,𝑥�𝑛) 𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)

�  

≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛),𝐺�(𝑥�𝑛, 𝑥�𝑛+1, 𝑥�𝑛+1)� 
+𝛽�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1)�                                       (3.4.2) 

Here two cases are arise 
 
Case – I: If  𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)� = 𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) 
 
Then condition (3.4.2) reduces to 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝛼𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝛽�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1)� 
 
(1 − 𝛽)𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ (𝛼 + 2𝛽)𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) 
                      

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤
(𝛼 + 2𝛽)
(1 − 𝛽) 𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 

 
𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) 

 
Let 𝐾 = (𝛼+2𝛽)

(1−𝛽)
 

 
On continuing this process n times  

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝑛𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 
 
Case – II: If  𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛),𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)� = 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) 
 
Then condition (3.4.2) reduces to 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝛼𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝛽�𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) + 𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1)� 
 
(1 − 𝛼 − 𝛽)𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 2𝛽 𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 
                         

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤
2𝛽

(1 − 𝛼 − 𝛽)𝐺
�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) 

 
𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) 

 
 Let 𝐾 = 2𝛽

(1−𝛼−𝛽)
 

 
On continuing this process n times  

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝑛𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 
 
Then for all 𝑛,𝑚 ∈ 𝑁,    𝑛 < 𝑚 we have  

𝐺�(𝑥�𝑛 , 𝑥�𝑚, 𝑥�𝑚) ≤ 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝐺�(𝑥�𝑛+1, 𝑥�𝑛+2, 𝑥�𝑛+2)+. . . +𝐺�(𝑥�𝑚−1, 𝑥�𝑚, 𝑥�𝑚) 
≤ (𝐾𝑛 + 𝐾𝑛+1 + ⋯… + 𝐾𝑚−1)𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 
≤ 𝐾𝑛

1−𝐾
𝐺�(𝑥�0, 𝑥�1, 𝑥�1)  

 
Therefore {𝑥�𝑛} is soft G-Cauchy sequence. Since �𝑋�,𝐺�,𝐸� is soft G-complete, there exists 𝑢� ∈ 𝑆𝐸�𝑋�� such that 
{𝑥�𝑛} soft G-converges to 𝑢� . 
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Form (3.4.1) we have  

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑥�𝑛 ,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)  
≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑥�𝑛−1,𝑢� ,𝑢�)� 

+𝛽 �
𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1) + 𝐺�(𝑢� ,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1) + 𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)
1 + 𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1) 𝐺�(𝑢� ,𝑇𝑥�𝑛−1,𝑇𝑥�𝑛−1) 𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)

� 

≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑥�𝑛−1,𝑢� ,𝑢�)� 

+𝛽 �
𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑢� , 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)
1 + 𝐺�(𝑥�𝑛−1, 𝑥�𝑛, 𝑥�𝑛) 𝐺�(𝑢� , 𝑥�𝑛 , 𝑥�𝑛) 𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)

� 

 
Taking the limit as taking the limit as 𝑛 → ∞ 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) ≤ 𝛽𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) 
 
Since 𝛽 < 1. 
 
Which implies that  

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) = 0 
 
And hence 𝑢� = 𝑇𝑢� . 
 
To prove uniqueness suppose that 𝑢�  and 𝑣� are two fixed point for 𝑇.  Then  

𝐺�(𝑢� , 𝑣�, 𝑣�) = 𝐺�(𝑇𝑢� ,𝑇𝑣�,𝑇𝑣�) 
≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑣�,𝑇𝑣�,𝑇𝑣�),𝐺�(𝑣�,𝑇𝑣�,𝑇𝑣�),𝐺�(𝑢� , 𝑣�, 𝑣�)� 

 +𝛽 �𝐺
�(𝑢�,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�)+𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)
1+𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�) 𝐺�(𝑣� ,𝑇𝑢�,𝑇𝑢�) 𝐺�(𝑢�,𝑇𝑣� ,𝑇𝑣�)

� 
 ≤ 𝛽𝐺�(𝑣�,𝑢� ,𝑢�)  

 
𝐺�(𝑢� , 𝑣�, 𝑣�) ≤ 2𝛽𝐺�(𝑢, 𝑣�, 𝑣) 

 
a contradiction. Therefore, 𝐺�(𝑢� , 𝑣�, 𝑣�) = 0 
 
Hence 𝑢� = 𝑣� 
 
To show that 𝑇 is soft G-continuous at 𝑢� . Let {𝑦�𝑛} be a sequence of soft elements in  𝑋� such that {𝑦�𝑛} → 𝑢�  then we can 
deduce that 
 
Using (3.4.1)  

  𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) = 𝐺�(𝑇𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)     
≤ 𝛼𝑚𝑖𝑛�𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛),𝐺�(𝑢� ,𝑦�𝑛,𝑦�𝑛)� 

+𝛽 �
𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) + 𝐺�(𝑦�𝑛,𝑇𝑢� ,𝑇𝑢�) + 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)
1 + 𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�)𝐺�(𝑦�𝑛,𝑇𝑢� ,𝑇𝑢�)𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)

� 

≤ 𝛽[𝐺�(𝑦�𝑛,𝑢� ,𝑢�) + 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)] 
 

𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ 𝛽
1−𝛽

𝐺�(𝑦�𝑛,𝑢� ,𝑢�)  
 
Taking the limit as 𝑛 → ∞  from which we see that 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) → 0 and so, by proposition (2.17) we have that the 
sequence 𝑇𝑦�𝑛 is G – convergent to 𝑇𝑢� = 𝑢�  therefore proposition (2.20)  implies that 𝑇 is G-continuous at 𝑢� . 
 
Theorem 3.5: Let �𝑋�,𝐺�,𝐸� be a soft G-metric space and 𝑇: �𝑋�,𝐺�,𝐸� → �𝑋�,𝐺�,𝐸� be a mapping that satisfies the 
following condition for all 𝑥�,𝑦�, �̃� ∈ 𝑆𝐸�𝑋��  

  𝐺�(𝑇𝑥�,𝑇𝑦�,𝑇�̃�) ≤ 𝛼𝐺�(𝑥�,𝑦�, �̃�) + 𝛽�𝐺�(𝑥�,𝑇𝑦�,𝑇𝑦�) + 𝐺�(𝑥�,𝑇�̃�,𝑇�̃�)�  
+𝛾 𝐺�(𝑥�,𝑦� ,𝑧�)[1+𝐺�(𝑥�,𝑇𝑦� ,𝑇𝑦�)]

1+𝐺�(𝑥�,𝑇𝑧�,𝑇𝑧�)
+ 𝛿 �𝐺

�(𝑥�,𝑇𝑦� ,𝑇𝑦�).𝐺�(𝑦� ,𝑇𝑦� ,𝑇𝑦�)
𝐺�(𝑧�,𝑇𝑦� ,𝑇𝑦�)

 �                                         (3.5.1) 
 Where 𝛼,𝛽, 𝛾, 𝛿 ≥ 0 and 𝛼 + 4𝛽 + 𝛾 + 2𝛿 < 1  
 
Then 𝑇 has a unique fixed point 𝑢�  and 𝑇 is G-continuous at 𝑢� . 
 
Proof: Let 𝑥0 ∈ 𝑆𝐸�𝑋�� be an arbitrary soft element and define the sequence {𝑥�𝑛} by 

 𝑇𝑥�0 = 𝑥�1,𝑇𝑥�1 = 𝑥�2,𝑇𝑥�2 = 𝑥�3, … … … …𝑇𝑥�𝑛 = 𝑥�𝑛+1   
 
Here we may assume that 𝑥�𝑛 ≠ 𝑥�𝑛+1 
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Consider, 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)  
≤ 𝛼𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝛽�𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛 ,𝑇𝑥�𝑛) + 𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)� 

 +𝛾 𝐺�(𝑥�𝑛−1,𝑥�𝑛,𝑥�𝑛)[1+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)]
1+𝐺�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛)

+ 𝛿 �𝐺
�(𝑥�𝑛−1,𝑇𝑥�𝑛,𝑇𝑥�𝑛).𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛,𝑇𝑥�𝑛)

𝐺�(𝑥�𝑛 ,𝑇𝑥�𝑛,𝑇𝑥�𝑛)
 � 

 ≤ 𝛼𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝛽�𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1)�        
+𝛾 𝐺�(𝑥�𝑛−1,𝑥�𝑛 ,𝑥�𝑛)[1+𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)]

1+𝐺�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1)
+ 𝛿 �𝐺

�(𝑥�𝑛−1,𝑥�𝑛+1,𝑥�𝑛+1).𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)
𝐺�(𝑥�𝑛,𝑥�𝑛+1,𝑥�𝑛+1)

 �   
≤ 𝛼𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 2𝛽𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1) 

+𝛾𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝛿𝐺�(𝑥�𝑛−1, 𝑥�𝑛+1, 𝑥�𝑛+1) 
≤ 𝛼𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 2𝛽�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1)� 

+𝛾𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝛿�𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛) + 𝐺�(𝑥�𝑛, 𝑥�𝑛+1, 𝑥�𝑛+1)� 
 
(1 − 2𝛽 − 𝛿)𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ (𝛼 + 2𝛽 + 𝛾 + 𝛿)𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛)  
                                                   ≤ 𝛼+2𝛽+𝛾+𝛿

1−2𝛽−𝛿
𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛)  

 
⇒ 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝐺�(𝑥�𝑛−1, 𝑥�𝑛 , 𝑥�𝑛)                                 

 
Let 𝛼+2𝛽+𝛾+𝛿

1−2𝛽−𝛿
= 𝐾 

 
On continuing this process n times 

𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) ≤ 𝐾𝑛𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 
 
Then for all 𝑚,𝑛 ∈ 𝑁,𝑛 < 𝑚 we have 

𝐺�(𝑥�𝑛 , 𝑥�𝑚, 𝑥�𝑚) ≤ 𝐺�(𝑥�𝑛 , 𝑥�𝑛+1, 𝑥�𝑛+1) + 𝐺�(𝑥�𝑛+1, 𝑥�𝑛+2, 𝑥�𝑛+2)+. . . +𝐺�(𝑥�𝑚−1, 𝑥�𝑚, 𝑥�𝑚) 
≤ (𝐾𝑛 + 𝐾𝑛+1 + ⋯… + 𝐾𝑚−1)𝐺�(𝑥�0, 𝑥�1, 𝑥�1) 
≤ 𝐾𝑛

1−𝐾
𝐺�(𝑥�0, 𝑥�1, 𝑥�1)  

 
Therefore {𝑥�𝑛} is soft G-Cauchy sequence. Since �𝑋�,𝐺�,𝐸� is soft G-complete, there exists 𝑢� ∈ 𝑆𝐸�𝑋�� such that 
{𝑥�𝑛} soft G-converges to 𝑢� . 
 
Form (3.5.1) we have  

 𝐺� (𝑢� ,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑥�𝑛,𝑇𝑢� ,𝑇𝑢�) = 𝐺�(𝑇𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)  
≤ 𝛼𝐺�(𝑥�𝑛−1,𝑢� ,𝑢�) + 𝛽�𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�) + 𝐺�(𝑥�𝑛−1,𝑇𝑢� ,𝑇𝑢�)�  

+𝛾 𝐺�(𝑥�𝑛−1,𝑢�,𝑢�)[1+𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)]
1+𝐺�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�)

+ 𝛿 �𝐺
�(𝑥�𝑛−1,𝑇𝑢�,𝑇𝑢�).𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)

𝐺�(𝑢�,𝑇𝑢�,𝑇𝑢�)
 �  

 
Taking the limit as taking the limit as 𝑛 → ∞ 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) ≤ (2𝛽 + 𝛿)𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) 
 
Since(2𝛽 + 𝛿) < 1 

𝐺�(𝑢� ,𝑇𝑢� ,𝑇𝑢�) = 0 
 
And hence 𝑢� = 𝑇𝑢�  
 
To prove uniqueness suppose that 𝑢�  and 𝑣� are two fixed point for 𝑇. Then  

𝐺�(𝑢� , 𝑣�, 𝑣�) = 𝐺�(𝑇𝑢� ,𝑇𝑣�,𝑇𝑣�) 
≤ 𝛼𝐺�(𝑢� , 𝑣�, 𝑣�) + 𝛽�𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�) + 𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�)� 

+𝛾
𝐺�(𝑢� , 𝑣�, 𝑣�)�1 + 𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�)�

1 + 𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�)
+ 𝛿 �

𝐺�(𝑢� ,𝑇𝑣�,𝑇𝑣�).𝐺�(𝑣�,𝑇𝑣�,𝑇𝑣�)
𝐺�(𝑣�,𝑇𝑣�,𝑇𝑣�)

 � 

 
⇒ 𝐺�(𝑢� , 𝑣�, 𝑣�) ≤ (𝛼 + 2𝛽 + 𝛾 + 𝛿)𝐺�(𝑢� , 𝑣�, 𝑣�) 

 
Since (𝛼 + 2𝛽 + 𝛾 + 𝛿) < 1 
 

⇒ 𝐺�(𝑢� , 𝑣�, 𝑣�) = 0 
 
To show that 𝑇 is soft G-continuous at 𝑢� . Let {𝑦�𝑛} be a sequence of soft elements in  𝑋� such that {𝑦�𝑛} → 𝑢�  then we can 
deduce that 
 



Shinjini Solanki1, Basant Kumar Singh1 et.al / Fixed Point Results in Soft G-Metric... / IJMA- 8(9), Sept.-2017. 

© 2017, IJMA. All Rights Reserved                                                                                                                                                                      150  

 
Using (3.5.1) 

 𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) = 𝐺(𝑇𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)  
≤ 𝛼𝐺(𝑢� ,𝑦�𝑛,𝑦�𝑛) + 𝛽[𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) + 𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛)] 

 +𝛾 𝐺(𝑢�,𝑦�𝑛,𝑦�𝑛)[1+𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)]
1+𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛)

+ 𝛿 �𝐺(𝑢�,𝑇𝑦�𝑛,𝑇𝑦�𝑛).𝐺(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)
𝐺(𝑦�𝑛,𝑇𝑦�𝑛,𝑇𝑦�𝑛)

 � 
 
⟹ 𝐺(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) ≤ 𝛼+𝛾

[1−(2𝛽+𝛿)]
𝐺(𝑢� ,𝑦�𝑛,𝑦�𝑛)  

 
Taking the limit as 𝑛 → ∞  from which we see that 𝐺�(𝑢� ,𝑇𝑦�𝑛,𝑇𝑦�𝑛) → 0 and so, by proposition (2.17) we have that the 
sequence 𝑇𝑦�𝑛 is G – convergent to 𝑇𝑢� = 𝑢�  therefore proposition (2.20)  implies that 𝑇 is G-continuous at 𝑢� . 
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