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ABSTRACT
In this paper we study the geometry of conformal curvature tensor in Lorentzian g -Kenmotsu manifolds. It is proved
that conformally flat, ¢ -conformally flat and conformally recurrent Lorentzian A -Kenmotsu manifolds are 7 -
Einstein manifolds.
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1. INTRODUCTION

In the Gray Hervella classification of almost Hermitiation manifolds, there appears a class W, of Hermitian manifolds
which are closely related to the locally conformal Kaehler manifolds [1]. An almost contact metric manifold
M "((015,77, g) is said to be trans-Sasakian manifold if (MxR,J,G) belongs to the class W, of Hermitian manifolds
where J is the almost complex structure on M x R defined by

d d
(1.1) J(Z,fdt):(gﬁZ—fé,ry(Z)dt)
for any vector field Z on M and smooth function f on M x Rand G is the product metric on M x R [3]. This may be
stated by the condition
(1.2) (Ve =alo(X,¥)e=n(Y )X }+ pla(ox ¥ s =n(¥ Jox }
where «, 8 are smooth functions on M and we say that such a structure is the trans-Sasakian structure of type (a, ﬂ)
[3,5].

Trans-Sasakian structure of type (0, 0), (a,O) and (0, ﬁ) are the cosympletic, « -Sasakian and S -Kenmotsu manifold
respectively. Kenmotsu manifolds defined in [2] are particular examples with g =1i.e., Kenmotsu manifolds are the
trans-Sasakian structure of type (0, 1). Lorentzian A -Kenmotsu manifolds have been studied by Prakasha et al. [4],
Shreenivasa et al. [7] and others.

2. PRELIMINARIES

An n-dimensional differentiable manifold M is called Lorentzian S -Kenmotsu manifold if it admits a (1, 1) tensor
field ¢, a contravariant vector field &, a 1-form 7 and a Lorentzian metric g which satisfy

(2.1) 7(&)=-10"(X)=X +5(X )&, 0 = 0,n(pX ) =0,
(2.2) g(x.&)=n(x),

2.3) a(X, oY )= g(X,Y)+ n (X n(Y),

(2.4) v,& =X -n(x)e]

(2.5) (v, )Y ) = Ala (XY )=n(x Jn(¥)]

(2.6) n(R(X,Y)2)=5*[g(X, 2)n(Y)- o(¥, 2 )y(x )]
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2.7) R(& X =g [n(Y)x —a(x,¥)e]
(28) R(X,Y)e = g [n(x )y = (v )x ]
(2.9) s(X,¢&)=(1-n)sn(x),

(2.10) Q¢ =(1-n)pe,

(2.12) (X, ¥ )=S(X,Y )+(1=n)gn(x n(Y).

where R, S and Q are the curvature tensor, the Ricci tensor and the Ricci operator respectively.
3. CONFORMALLY FLAT LORENTZIAN g-KENMOTSU MANIFOLDS

In this section we prove the following results

Theorem 3.1: A conformally flat Lorentzian S -Kenmotsu manifold M n(go, &, n, g) is an # -Einstein manifold.

Proof: Let us consider a Lorentzian S -Kenmotsu manifold (M " g), n > 3. The Weyl conformal curvature tensor C of
type (1, 3) on a Riemannian manifold is defined by [8]

c(X,Y)z =R(X.¥)Z -~ ——[s(v.2)x —s(x.z)v + g(v,Z Jox
3.1) n-2

—Q(X,Z)QY]+m[g(Y,Z)X ~g(x,z2)v1.

For conformally flat B -Kenmotsu manifold we have C(X Y )Z = 0and then (3.1) reduces to

R(X,Y)z =zr]1j5[s(v,z)x -s(x,z)y +g(Y,z)ex - g(x,z)Qv]

(3.2)
_m[g(v,z)x ——g(x,z )]
Taking inner product by W in (3.2) we obtain
ﬁ(x,v,z,w):ﬁ[s(v,z)g(x,w)-s(x,z)g(Y,W)
(3.3) +5(x,w)g(Y,z)-s(v,.w)g(x,z)]
_mxrm[g(v,z)g(x,w)—g(x,z)g(Y,w)],

where R(X,Y,Z,W)=g(R(X,Y)z,w)

Putting W = £in (3.3) and using (2.2), (2.6) and (2.9) we get

(3.4) s(Y,z)n(x)-s(x,z)(v)= —(ﬁ? +ﬁj{g(x,z)n(¥)— a(Y,Z ()}

Replacing X =< in (3.4) and using (2.1), (2.2) and (2.9) we obtain
(35) s(x,2)=29(x,2)+2,7(X )n(2),

r r
where 4 = 8°+—— and A, =nB* + —.
=/ n-1 . =8 n-1

From (3.5) we conclude that the manifold is 7 -Einstein. This completes the proof of the theorem.

Now, taking an orthonormal frame field and contracting over X and Z in (3.5) we get

(3.6) r=-n(n-1)p’,

where r is the scalar curvature. This leads to the following corollary:
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Corollary 3.1: A conformally flat Lorentzian g -Kenmotsu manifold M n((p,cf,f], g) is of constant scalar curvature

r=-n(n-1)p".

Again, in view of (3.5) and (3.6) we obtain
3.7) s(x,z)=(@-n)g%g(x,2)

This implies that the manifold is an Einstein manifold. Hence we have next result

Theorem 3.2: A conformally flat £ -Kenmotsu manifold M "((p, &, n, g) is an Einstein manifold with scalar curvature

r=-n(n-1)p".

4. ¢ -CONFORMALLY FLAT LORENTZIAN g -KENMOTSU MANIFOLDS

Definition 4.1: A Lorentzian S -Kenmotsu manifold M ”(go, &, g) is said to be ¢ -conformally flat if the condition

4.1) a(C(oX, 0¥ Jpz, W) =0
holds for any vector fields X,Y,Z € TM [6].

Theorem 4.1: A ¢ -conformally flat Lorentzian A -Kenmotsu manifold M "(¢>, &n, g) is an 7 -Einstein manifold.

Proof: Let us consider an n-dimensional Lorentzian /S -Kenmotsu manifold M. Suppose that the condition (4.1)
holds in M, then in view of (3.1) and (4.1) we obtain

§(¢X:¢Yv¢zv(/’vv)=n—iz[s(wY,(DZ)g((pX,w\N)—S(¢X,¢Z)g(¢Yl¢7\N)
(42) +5(px, oW )a(oY, 02 ) - S(eY, oW g (X, 02 )]
—m[g(cﬂwz)@l(wxwﬂ\ﬂ/)—g(cox,coZ)g(coY,coW)]
where R(gX, oY, ¢Z, W ) = g(R(pX, 0¥ JpZ, oW ).

By virtue of (2.3), (2.6), (2.11) and (4.2) we get

43) Aa(X,2)a(y,w)-g(Y,2)g(x,w)+g(x,2)(Y )p(w)
| +9(Y W)h(X)r(z2) - g(x, W (¥ Jn(2 )]

:n—i2[S(Y,Z)g(X W)+s(Y, 2 )r(X )nw)-(n-2)87g(X,W (Y Jn(z)
=5(x,2)g(y.w)=5(x,2)n(Y Jo(W )+ (n-1)8"g (¥ W ) (x Jn(z)
+s(xw)a(v,2)+ s(x W)y (¥ Jn(z) - (n-2)8*g(v. 2 )(x Jn(w )
—s(y,w)g(x,z)-s(v,w (X )n(z)+(n-1)8°g(X, 2 (Y Jn(w )]
1o 2)a (W )+ (v, 2)r (X nw ) + (X, W (¥ Jn(z)
—g(x,2)a(Y,W)-g(X,Z (Y )nw ) g (v, W )r(X n(2)]

Let {ei =12, n} be an orthonormal basis of the tangent space at any point of the manifold. Putting X =W =¢, in
(4.3) and taking summation over i,1 <i < n, we get
(n3— n® + n—)z—r n(n—) ‘ir
This implies that
(4.5) s(v,z)=ag(Y,z)+bn(Y )n(z)
where a:_(n3—4n2+4n—1)ﬂ2—r and b:—w.
(n-1)? (n-2)
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From (4.5), it follows that the manifold is 7 -Einstein. Hence the theorem is proved.

Taking an orthonormal frame field at any point of the manifold and contracting over Y and Z in (4.4), we get

(4.6) r=-n(n-1)8°.

By virtue of (4.6) and (4.4), we obtain
4.7) s(v,z)=-(n-1)p%g(Y,2).

This implies that the manifold is Einstein.

Thus we can state the following result:

Theorem 4.2: A ¢ -conformally flat Lorentzian g -Kenmotsu manifold M ”((p,g,n, g) is an Einstein manifold with

scalar curvature r = —n(n—1)8°.
5. CONFORMALLY RECURRENT LORENTZIAN g -KENMOTSU MANIFOLDS

Definition 5.1: A non-flat Riemannian manifold M is said to be conformally recurrent if the conformal curvature
tensor C satisfies the condition

(5.1) VC=A®C,

where A is an everywhere non-zero 1-form.

We now define a function f on M by f* = g(C,C), where the metric g is extended to the inner product between the
tensor fields in the standard fashion. Then we know that
f(¥Yf)=f2A(Y)
So from this equation we have
(5.2) vf = fA(Y), since f =0.
From (5.2), we obtain

63 1) =T (e )+ Gea(o)r
Similarly,
(5.4) Xt = fA(X),

From which we get

63 (x0)= X er)- ()

From (5.3) and (5.5), we obtain

X (Y£ )=y (xf )= {(XA(Y))-YA(X )} f.

Therefore we get
(V,V, =v,v,)f = {XA(Y)-YA(X )} .
Adding -V, ., f and using definition of recurrent on right side we obtain

(5.6) (Vi V, =V,V, =V )f = {XA(Y)-YA(X )- A[X, Y ]} 1.

Since the left hand side of (5.6) is identically zero and f = 0on M by our assumption we obtain
(5.7) dA(X.,Y)=0.

This implies that the 1-form Ais closed.
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Now, from (5.1), we get
(V,v,CXX,Y)zZ = {UA(V )+ AU )A(V )ic(X,Y)z.

Hence from (5.7), we obtain
(R(X.Y)C)(UV)Z =[2d AX ,Y)]C(UV)Z=0.

Therefore for a conformal recurrent manifold, we have
(5.8) R(X,Y)C =0
forall X,Y e TM.

Equation (5.8) implies that the manifold is conformally semi-symmetric. This completes the proof of the theorem.

It is known that a conformally semi-symmetric Lorentzian g -Kenmotsu manifold is an 7 -Einstein manifold [7].
This leads to the following theorem:
Theorem 5.2: A conformally recurrent Lorentzian £ -Kenmotsu manifold M "((p, &, n, g) is an 77 -Einstein manifold.
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