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ABSTRACT

Let G be a finite, simple and undirected graph. A partition of V(G) into independent sets such that each element
of the partition is dominated by a vertex of G iscalled color class domination partition of G [1],[2],[6].[7]. The
minimum cardinality of such a partition is called the color class domination partition number of G and is denoted by
xca(G). If Sisa y.4-partition of G, then the set consisting of one vertex from each element of the partition need not
be a dominating set. Since IT = {{u1},{Us},....., {u.}} where V(G) ={uy,u,,....., U} is a cd-partition of G such that the
set consisting of one element from each partition is a dominating set of G. The minimum cardinality of a cd-
partition in which the set consisting one element from each set of the partition is a dominating set is called the
colorful domination number of G with respect to cd-partition of G and is denoted by )(;d(G). If G has no isolates, then
the trivial partition is a cd-partition which gives rise to a total dominating set of G. The minimum cardinality of a cd-
partition which gives rise to a total dominating set of G is called the colorful total domination number of G and is
denoted by x£4(G). In this paper, a study of this new parameter is initiated. y¢*(G for well known graphs are found,
bounds are obtained and for bipartite graph in certain conditions, the value of y., is obtained and bound for y£¢
isalso derived.
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1. DEFINITION AND x£4(6 / x¢4(G) FOR WELL KNOWN GRAPHS

Definition 1.1: Let G be a simple, finite, undirected graph without isolates. Let IT = {V4, V,,.....\V\} be a cd-partition
of G. Let x;€ V;, (1<i<k}, be suchthat {X;Xy,....X} is a total dominating set of G. Then ITis called a IT¢%-
partition of G. The minimum cardinality of a IT¢%- partition of G is denoted by xf%(G)

Note 1.2: The existence of I1¢¢- partition of G is guaranteed, Since IT= {{us}, {Us},....., {u.}}
where V(G) ={uy,Us,....., Uy} isa IIf? -partition of G.
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Proposition 1.3:
(D) x*(Ky) =n.
(2) x%(Drs) = 2.
(3) xi*(Kin) =2.

@) xf*(Kmp) = 2.
4 if nis even

cd —
(5) X" (W) _{ 3 if nisodd
(6) xf%(P) =6, where P is the Petersen Graph.

Remark 1.4: If G has a full degree vertex, then xf%(G) = x(G).
2. BOUNDS

Observation 2.1:
(D Xca(G) = x£4(G)
(i) max{ xc4(G), ¥:(G)} < x{*(G)
When G = K, withn >3, x.4(G) = n = y,(G) = n, xf*(G) = n. Therefore Equality holds.
(i) 7%(G) = x£*(G) -
(iv) Let G # Ky, 2 < ¥f%(G) < n and the bounds are sharp.

Proof: When G = K,,n>2, xf4(G)=n. When G = K,, x{%(G)=2.
Theorem 2.2: xf4(G) = 2 if and only if G is a bipartite graph without isolates with bipartition Vy, V, such that
there exists X € V; which is adjacent with every vertex of V, and there exists y € V, which is adjacent with every

vertex of V;.

Proof: If Gisa bipartite graph asin the hypothesis of the theorem , then IT= {V,, V, }is a nf¢- partition of G.
Clearly ITisa y£®- partition of G.

Therefore xf4(G) = 2. Conversely, suppose x£%(G) = 2. Then there exist a partition IT = {V3, V,} of V such that
an element x from V; and an element y from V, constitute a total dominating set of G. Therefore x is adjacent with
every vertex of V,and y is adjacent with every vertex of VVi.Therefore G is a bipartite graph as in the hypothesis of the
theorem.

Theorem 2.3: Let G be a simple, finite graph without isolates.
Then xf*(G) < (Xca(G) +7:(G) - 2).

Proof: Let I1={ V1,V,,....\V\} be a y.4-partition of G, where r = y.4(G).

Let D = {xq, Xy, ..., X,,,} be @ minimum total dominating set of G.

Let x,,(G) be adjacent with x; for some i, (1 < i <y, — 1).. Assign colors x4(G) +1, ......, xca(G) +¥:(G)—2 to
the vertices xq, Xy, ..., Xj—_1, Xi41, -, Xy,—1 l€AVING the other vertices colored as before. Let D; = D — {x;,x,,}. Let
II,= {V1 — Dy, Vo — Dy, ...V, —Dy, {Xl}'{Xz}, e ,{Xi_l},{Xi+1}, ey {xyt_l} } Since ITis a cd—partition of G,

each V;, (1< 1 <r),is dominated by avertex z; of G and hence each V; — D, isdominated by z; (1< i <r)
of G. Therefore I1; is a cd-partition of G. | IIy| = r+ y.(G) — 2 = y.4(G) + y:(G) — 2. Since (V; —D;)U
(V;=Dy)U (. —D,) =V —Dy, x,, €V —D,. Therefore x,, € V; — D;for some j, (1< i <r). Since x; is adjacent
with x,,, x; € V; — Dy, Therefore x; € V;, — D; where k #j, 1< k< r. Choose z, =x; and Zj = X,, Then
{21, 22, ) Zim1, Xy Zi1, s Zj—15 Xyys Zjg1s -+ s Zpy X15 Xy wens X1, Xj415 -+, Xy,_, } IS @ total dominating set
of G. Therefore IT; is a I1f - partition of G. Therefore yf4(G) < || = (x.q4(G) + v:(G) — 2).

Remark 2.4: The above bound is sharp.

For: let =K. x.q(G)=n, ¥.(G)=2 and xf%(G) = n.

Therefore (x.q(G) +¥:(G) — 2)=n+2-2 =n= xf%(G).

Theorem 2.5: Given a positive integer k, there exist a connected graph G such that x%(G) — x.4(G) = k.

Proof: Let G be the graph given below:
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U1 U Ug

UNwotl'y 1&-‘4‘%‘5&’5 Wkl
Let IT = {{uy, us, wy, ws, wg}, {uy, wy, w;, wg, wo}, {w,,w3}} is a cd-partition of G. Also x.4(G)=3. Let
I = {{uy, wa, ws, we}, {uy, wi, wy, wg, wo}, {w,, w3}, {us}}. I1; isacd-partition of Gand D = { uy, u,, wy, us}
is a total dominating set of G. Therefore yf%(G) < |I1,| = 4. Therefore any y.4- partition of G will not give a total
dominating set of G. Therefore yf4(G) < yx.a(G) = 3. Therefore xf*(G) — y.a(G)=4 — 3=1.

3. BIPARTITE GRAPHS

Theorem 3.1: Let G be a bipartite graph with bipartition V;, V,. Let V; contain a vertex v, which is adjacent with
every vertex of V, and let Vi, Vi, Vi, Vipgqsen Vo D8 @ minimum partition of V; such that v ;, (1<i<t)
is dominated by a vertex of V, are singletons. Then y.4(G) ist+land yxf%(G) < 2t.

Proof: Let Vi4, Vi Vir Vigsqs Vi be  dominated Dby yi,¥,,..y: €V, Let II ={V, —{ ¥5,¥3,..., V¢ },
{3 s ed Vi, Vigse Vi, Vigpaseen Vi b Then I is a cd-partition of G. Choosey from V,—{ v2, ¥3,.... ¥ }»
and wy, wy,..., w from Vi 1, Vip,es Vi, Viggrsenn, Vi respectively such that vy = w; for some j, (1<j <t). Since

v, is adjacent with every vertex of V,, { V1, ¥2,.s Ve» Wi, Wo,eo, W Fisa  IIF% - partition of G. Therefore
xf4(G) < 2t.

Remark 3.2: y£%(G) = 2t in the above theorem.

For:let {Vi1,Vig,oe, Virs Vigia,ee, Vi) D€ minimum partition of V; such that Vi ,4,...., V;, are all singletons and
other contain more than one element. For total domination the dominating vertices for the singleton sets Vi ;- y1,....., Vi
are to be taken. Hence x{%(G) = 2t.
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