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ABSTRACT

In the present work, we establish several fixed point theorems for a new class of self-maps in M-complete fuzzy metric
spaces and compact fuzzy metric spaces, respectively.
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1. INTRODUCTION

In 1975, Kramosil and Michalek [1] first introduced the concept of a fuzzy metric space, which can be regarded as a
generalization of the statistical (probabilistic) metric space. Clearly, this work provides an important basis for the
construction of fixed point theory in fuzzy metric spaces. Afterwards, Grabiec [2] defined the completeness of the
fuzzy metric space (now known as a G-complete fuzzy metric space; see Ref. [3]) and extended the Banach contraction
theorem to G-complete fuzzy metric spaces. Following Grabiec’s work, Fang [4] further established some new fixed
point theorems for contractive type mappings in G-complete fuzzy metric spaces. Soon after, Mishra et al. [5] also
obtained several common fixed point theorems for asymptotically commuting maps in the same space, which
generalize several fixed point theorems in metric, Menger, fuzzy and uniform spaces. Besides these works based on
the G-complete fuzzy metric space, George and Veeramani [6] modified the definition of the Cauchy sequence
introduced by Grabiec [2] because even R is not complete with Grabiec’s completeness definition. Meanwhile, they
slightly modified the notion of a fuzzy metric space introduced by Kramosil and Michalek [1] and then defined a
Hausdorff and first countable topology. Since then, the notion of a complete fuzzy metric space presented by George
and Veeramani (now known as an M-complete fuzzy metric space; see Ref. [7]) has emerged as another
characterization of completeness, and some fixed point theorems have also been constructed on the basis of this metric
space. From the above analysis, we can see that there are many studies related to fixed point theory based on the above
two kinds of complete fuzzy metric spaces. Note that every G-complete fuzzy metric space is M-complete; the
construction of fixed point theorems in M-complete fuzzy metric spaces seems to be more valuable.

The purpose of this work is to propose a new class of self-maps by using a e-function. More importantly, we prove the
existence of a fixed point for these self-maps in M-complete fuzzy metric spaces and compact fuzzy metric spaces in
the senses of George and VVeeramani, respectively.

2. PRELIMINARIES
Now, we begin with some basic concepts. Let N denote the set of all positive integers.

Definition 2.1: A binary operation =: [0, 1] x [0, 1] — [0, 1] is called a continuous t-norm if it satisfies the following
conditions:

(TN-1) = is commutative and associative;

(TN-2) * is continuous;

(TN-3) ax1=a for every a€[0,1];

(TN-4) axb < c+d whenevera<c, b <dand a, b, ¢, de[0,1].
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Definition 2.2: A fuzzy metric space is an ordered triple (X, M, *) such that X is a (nonempty) set,  is a continuous t-
norm and M is a fuzzy set on XxXx(0,0) satisfying the following conditions, for all X, y, z€X, s, t>0:

(FM-1) M(x, y, t)>0;

(FM-2) M(x, y, t)=1 if and only if x=y;

(FM'3) M(X, Y, t):M(y, X, t),

(FM-4) M(x, y, 1)*M(y, z, S)<M(x, z, t+s);

(FM-5) M(X, y, -):(0,00)—(0,1] is continuous.

Definition 2.3: Let (X, M, *) be a fuzzy metric space. Then, a sequence {x,} is said to converge to x in X, denoted
by x,—x, if and only if limn—woM(x,, X, t) = 1for allt > 0, i.e. for each re(0,1) and t>0, there exists noeN such
that M(X,, X, t)>1-r for all n>n,.
(i) A sequence {x,} in X is an M-Cauchy sequence if and only if for each €€(0, 1), t>0, there exists n,eN such
that M(Xm, X, t)>1—€ for any m,n>nq.
(if) The fuzzy metric space (X, M, =) is called M-complete if every M-Cauchy sequence is convergent.

Definition 2.4: A fuzzy metric space (X, M, *) is compact if every sequence in M has a convergent subsequence.
3. THE MAIN RESULTS

In this section, we will establish several fixed point theorems for self-maps of the M-complete fuzzy metric space and
compact fuzzy metric space. In these metric spaces, a function ¢: [0, 1]—[0, 1] which is used by altering the distance
between two points satisfies the following properties:

(P1) ¢ is strictly decreasing and left continuous;

(P2) p(A) =0 ifand only if A = 1.

Obviously, we obtain that lim,_,;- ¢(}) = ¢(1) = 0.

Theorem 3.1: Let (X, M, =) be an M-complete fuzzy metric space and T a self-map of X and suppose that
¢:[0,1]1—[0,1] satisfies the foregoing properties (P1) and (P2). Furthermore, let k be a function from (0,c) into (0,1). If
for any t > 0, T satisfies the following condition:

(1) o(M(Tx, Ty, t)) <k(t)-o(M(x, y, t)), where x, y € X and X £y, then T has a unique fixed point.

Proof: Letx,be a point in X. Define Xn+.1=TX, and t,(t)=M(X,, Xn+1, t) for all neNU{0}, t>0. Now we first prove
that T has a fixed point. The proof is divided into two cases.

Case-1: If there exists noeNU{0} such that Xn 11 = Xp , i.e., TXnO = Xp, , then it follows that Xp is a fixed point
of T.

Case-2: We assume that 0<t,(t)<1 for each n. That is to say, the relationship x,#x,.; holds true for each n. From (1), for
every t>0, we can obtain

(@) o(ta(1)=(M(Xn, Xn+1, £))=O(M(TXp-1, TXp, 1))<k(t) 0(Ty-1())<(Ty-1(1)).
Since ¢ is strictly decreasing, it is easy to show that {t,(t)} is an increasing sequence for every t>0 with respect to n.

We put lim,_,.t,(t)=t(t) and suppose that 0<t(t)<I. By (2), then t,(t)<t(t) implies that
() @(Tne1())=k(t)-@(a(1)).

For every t, by supposing that n—oo, since ¢ is left continuous, we have

(4) o(x(®)=k(t)-o(x(t)<e(x(1)),
which is a contradiction. Hence t(t)=1. That is, the sequence {t,(t)} converges to 1 for any t>0.

Next, we show that the sequence {x,} is an M-Cauchy sequence. Suppose that it is not. Then there exist 0<e<1 and two
sequences {p(n)} and {q(n)} such that for every neNU{0} and t>0, we obtain that

(3) p(M)>q(n)=n, M(xp(n), Xq(n), t)<l-¢,
M(Xp(n)—1, X¢(n)—1, t)>1—¢, and M(X,(n)—1, X4(n), t)>1—€.

For each neNU{0}, we suppose that s,()=M(x,(n), X4(N), t); then we have
(6) 1—e=sn(t)=M(Xp(n),Xq(N),))>M(xp(N)—1,x,(N), /2)xM(Xp(N)—1, X4(N), t/2)>15(N)(t/2)*(1—€).

Since 1,(t/2)—1 as n—oo for every t, supposing that n—oo, we note that {s,(t)} converges to 1—¢ for any t>0.
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Moreover, by (1), we have
(7) oM (xp(n).Xq(n),))=<k(1)- @(M(xp(N)~1,x4(N)~ L) <@(M(xp(N)~1,X4(N)~ L,1)).

According to the monotonicity of ¢, we know that M(Xy(n), X4(n), 1)>M(Xs(n)—1, X4(n)—1, t) for each n. Thus, on the
basis of the formula (5) we can obtain
(8) 1-e=M(xp(n), Xq(N), )>M(Xp(n)—1, X4(n)—1, t)>1—€.

Clearly, this leads to a contradiction.
In particular, we consider another case. That is, there exists ngeNU{0} such that M(X, X,, t)< 1—e€ for all m, n>n,.
Obviously, for any peN, we know that M(xn0+p+2,xn0+p+1,t)<l—e. As ¢ is monotonic, it is easy to see that the

sequence {M(Xn0+p+21 Xn0+ p+1,t)} is a monotone and bounded sequence with respect to p. Therefore, there
exists a€(0,1—¢] such that

limp_. M(Xn0+p+2, Xn0+ p+1s t) =q for all t>0. Thus, we can obtain

9 @ M(Xn0+p+2’ Xng+p+ls )<k ¢ M(Xn0+p+1’ Xno+p’t) :

By supposing that p—o, we have @(o)<0, which is also a contradiction.

Hence {x,} is an M-Cauchy sequence in the M-complete fuzzy metric space X. Therefore, we conclude that there exists
a point xeX such that lim;_,., X,=x.

Now we will show thatxis a fixed point of T. Since 0<t,(t)<1, there exists a subsequence {X,n} of {X,} such
that x,(,#x for every neN. From (2), we can obtain
(10) Of(p(M(Xr(n)Jrl, TX, 1)=e(M(Tx(n), TX, t))fk(t)'(p(M(Xr(n), X, 1)).

By supposing that n—<o in (10), we have
(11) 0<e(M(x, TX, ))<k(t)-p(M(X, X, t))=k(t)-@(1)=0.

So we can get o(M(x, TX, t))=0. According to the property (P2), it is easy to show that M(x, Tx, t)=1, i.e., TX=x.

Furthermore, we claim that x is the unique fixed point of T. Assume that y(#x) is another fixed point of T, we then
obtain

(12)  oM(x,y, )=e(M(Tx, Ty, ))<k(t)-@(M(x, ¥, 1)<e(M(x, Y, 1)),
which is a contradiction. The proof of the theorem is now completed.
4. CONCLUSIONS

In this work, we proposed a new class of self-maps by altering the distance between two points in fuzzy environment,
in which the ¢-function was used. On the basis of this kind of self-map, we further proved some fixed point theorems
in M-complete fuzzy metric spaces and compact fuzzy metric spaces. Obviously, the present investigation enriches our
knowledge of fixed points in M-fuzzy metric spaces.
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