
International Journal of Mathematical Archive-8(6), 2017, 53-62 

Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 8(6), June – 2017                                                                                                   53 

 
EFFECT OF HEAT SOURCES ON NON-DARCY CONVECTIVE  

HEAT AND MASS TRANSFER FLOW OF NANOFLUIDS IN CYLINDRICAL ANNULUS 
 

C. SULOCHANA1, G. N. RAMA KRISHNA*2 

 

1Professor, Dept of Mathematics, Gulbarga University, Gulbarga, India. 
2Scholar, Dept of Mathematics, Gulbarga University, Gulbarga, India. 

 
Received On: 09-06-17; Revised & Accepted On: 27-06-17) 

 
 

ABSTRACT 
We analyze non-Darcy convective heat and mass transfer flow of nanofluids in a cylindrical annulus with heat sources 
and chemical reaction. By employing Galerkin finite element analysis with quadratic approximation functions the 
governing equations have been solved. The velocity, temperature and concentration have analyzed for G, D-1,∆, α, γ, Sc 
and φ. Also the Skin friction and the rate of heat and mass transfer have been obtained for different parametric 
variations. It is found that the velocity and actual concentration reduces with increase in heat generating source and 
enhances with heat absorption source, while the temperature reduces with heat generating/absorption source. 
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1. INTRODUCTION 
 
Present days, researchers are more concentrating on enhancement of heat transfer. The low thermal conductivity of 
conventional heat transfer fluids, such as water, is considered a primary limitation in enhancing the heat transfer 
performance. Maxwell's review [19] demonstrated the possibility of increasing the thermal conductivity of fluid-solid 
particles. Subsequently, the particles with micrometer or considerably millimeter measurements were utilized. Those 
particles caused several problems such as abrasion, clogging and pressure losses. During the past decade the technology 
of producing particles in nanometer dimensions was improved and a new kind of solid-liquid mixture that is called 
nanofluid was established by Choi [5]. The dispersion of a small amount of solid nanoparticle in conventional fluids 
such as water or Ethylene glycol changes their thermal conductivity remarkably. In general, in most recent research 
areas, heat transfer enhancement in forced convection is desirable [3, 4 and 15], but there is still a debate on the effect 
of nano-particles on heat transfer enhancement in natural convection applications. Natural convection of Al2O3-water 
and CuO-water nanofluid inside a cylindrical enclosure heat from one side and cooled from the other side was studied 
by Putra et al., [13]. They found that the natural convection heat transfer coefficient was lower than that of pure water. 
Wen and Ding [20] investigated the natural convection of TiO2-water in a vessel composed of two discs. Their results 
showed that the natural convection decreases by increasing the volume fraction of nanoparticle. Jou and Tzeng [7] 
conducted a numerical study of natural convection heat transfer in rectangular enclosure filled with the stream function-
vorticity formulation. They investigated the effects of Rayleigh number, the aspect ratio of the enclosure, and the 
volume fraction of the nanoparticle on the heat transfer inside the enclosures. Their results showed that the average heat 
transfer coefficient increased with increasing the volume fraction of the nanoparticle. Mokhtari Moghari et al. [11] 
quested two phase mixed convection Al2O3-water nanofluid flow in an annulus. Thermal conductivity variation on 
natural convection flow of water-alumina nanofluid in annulus is investigated by Parvin et al. [14]. Soleimani et al. 
[16] studied natural convection heat transfer in a nanofluid filled semi-annulus enclosure. Abu-Nada et al. [1] studied 
natural convection heat transfer enhancement in horizontal concentric annuli using nanofluid. Abu-Nada [2] 
investigated the effect of variable viscosity and thermal conductivity of Al2O3-water nanofluid on heat transfer 
enhancement in natural convection. Das et al [6] have studied mixed convective magneto hydrodynamic flow in a 
vertical channel filled with nanofluids. Sreedevi et al. [19] has investigated mixed convective heat and mass transfer 
flow of nanofluids in concentric annulus with constant heat flux. NagaSasikala et al. [12] have investigated heat and 
mass transfer of a MHD flow of a nanofluid through a porous medium in an annular, circular region with outer cylinder 
maintained at constant heat flux. Sudarsana et al., [18] have analyzed the Soret and Dufour effects on MHD convective 
flow of Al2O3-water and TiO2-water nanofluids past a stretching sheet in porous media with heat generation with heat 
generation/absorption. Recently Madhusudhana Reddy et al., [8] have presented Numerical study of Convective Flow 
of CuO-water and Al2O3-water Nanofluids in cylindrical annulus. 
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In this paper we investigate non-Darcy convective heat and mass transfer flow of nanofluids in a cylindrical annulus 
with heat sources and chemical reaction. By employing Galerkin finite element analysis with quadratic appropriate 
functions the governing equations have been solved. The velocity temperature and concentration, Skin friction and the 
rate of heat and mass transfer have been obtained for different parametric variations.   
 
2. FORMULATION OF THE PROBLEM: 
 
We consider the free and forced convection flow in a vertical circular annulus through a porous medium whose walls 
are maintained at a constant heat flux and uniform concentration. The flow, temperature and concentration in the fluid 
are assumed to be fully developed.    Both the fluid and porous region have constant physical properties and the flow is 
a mixed convection flow taking place under thermal and molecular buoyancies and uniform axial pressure gradient.  
The Boussinesq approximation is invoked so that the density variation is confined to the thermal and molecular 
buoyancy forces. The Brinkman-Forchheimer-Extended Darcy model which accounts for the inertia and boundary 
effects has been used for the momentum equation in the porous region. The momentum, energy and diffusion equations 
are coupled and non-linear. Also the flow is unidirectional along the axial direction of the cylindrical annulus.       
            
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig.1: Configuration of the Problem 
 

Making use of the above assumptions the governing equations are 
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where u is the axial velocity in the porous region, T, C are the temperature and concentration of the fluid, k is the 
permeability of porous medium, fk  is the thermal diffusivity, F is a function that depends on Reynolds number, the 
microstructure of the porous medium and DB is the molecular diffusivity, β is the coefficient of the thermal expansion, 
QH is the heat source coefficient, Cp is the specific heat, ρ  is density and g is gravity. '

ck  is the coefficient of chemical 
reaction. 
 
The relevant boundary conditions are  

0=u ,         T= Tw,      C= Cw  at    r = a & a+s                                                                             (4) 
 
Following Tao[19], and Das et al [6] we assume that the temperature and concentration of the both walls is 

BzCCAzTT ww +=+= 00 ,   where A and B  are the vertical temperature and concentration gradients which are 

positive for buoyancy –aided flow and negative for buoyancy –opposed flow, respectively, 0T  and 0C  are the 
upstream reference wall temperature and concentration , respectively. For the fully developed laminar flow in the 
presences of radial magnetic field, the velocity depend only on the radial coordinate and all the other physical variables  
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except temperature, concentration and pressure are functions of r and z, z being the vertical co-ordinate .The 
temperature and concentration inside the fluid can be written as  

( ) , ( )T T r Az C C r Bz• •= + = +                                                                                          (5) 
 
The properties of nanofluid as follows, 
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nfµ is the dynamic viscosity of the nanofluid is, nfρ is the density of the nanofluid, ( )nfρβ is the thermal expansion 

of the nanofluid,  ( )p nfCρ is the heat capacitance of the nanofluid, nfα  is the coefficient of thermal diffusivity of the 
nanofluid.  The subscripts nf, f and s represent the thermo physical properties of the nanofluid, base fluid and the 
nanosolid particles respectively and φ is the solid volume fraction of the nanoparticles. The thermo physical properties 
of the nanofluid are given in Table 1. 

 
Table – 1 

Physical Properties Fluid phase CuO 
(Copper) 

Al2O3 
(Alumina) 

TiO2 
(Titanium dioxide) 

Cp(j/kg K) 4179 385 765 686.2 
ρ(kg m3) 997.1 8933 3970 4250 

k(W/m K) 0.613 400 40 8.9538 
βx10-5 1/k) 21 1.67 0.63 0.85 

 
We now define the following non-dimensional variables 
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Introducing these non-dimensional variables, the governing equations in the non-dimensional form are (On removing 
the stars) 
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The corresponding non-dimensional conditions are 

0=u     0=θ    C=0     at   r=1 and 1+s                             (11) 
 
3. METHOD OF SOLUTION 
 
The finite element analysis with quadratic polynomial approximation functions is carried out along the radial distance 
across the circular duct. The behavior of the velocity, temperature and concentration profiles has been discussed 
computationally for different variations in governing parameters. The Galerkin method has been adopted in the 
variational formulation in each element to obtain the global coupled matrices for the velocity, temperature and 
concentration in course of the finite element analysis.   
 
Choose an arbitrary element ek and let uk, θk and Ck be the values of u, θ and C in the element ek. We define the error 
residuals as     
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Where uk, θk & Ck are values of u, θ& C in the arbitrary element ek. These are expressed as linear combinations in terms 
of respective local nodal values.   
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Where k
1ψ , k

2ψ …..etc... are Lagrange’s quadratic polynomials.     
 
Galerkin’s method is used to convert the partial differential Eqs. (12) – (14) into matrix form of equations which results 
into 3x3 local stiffness matrices. All these local matrices are assembled in a global matrix by substituting the global 
nodal values of order I and using inter element continuity and equilibrium conditions. 
 
The shear stress ( τ ), Nusselt number (rate of heat transfer),  Sherwood number (rate of mass transfer) are  evaluated by 
using the following formulas 
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Comparison: In the absence of absence of Heat sources (α=0) the results are in good agreement with Madhusudhana 
Reddy et al [8]. 

 
Table-2: Nusselt Number (Nu) at r = 1 & 2 

 
 Reddy et al [8] Present Results Reddy et al[8] Present Results 
 φ   Cuo-Water Cuo-Water Al2O3-Water Al2O3-Water 

Nu  (1) Nu  (2) Nu (1) Nu  (2) Nu  (1) Nu (2) Nu  (1) Nu (2) 
0.05 
0.1 
0.3 
 0.5 

0.233577 
0.163482 
0.136183 
0.103455 

-0.20696 
-0.12083 
-0.10503 
-0.09287 

0.233607 
0.163528 
0.136203 
0.103525 

-0.20689 
-0.12103 
-0.10516 
-0.09296 

0.241851 
0.185224 
0.159538 
0.104786 

-0.199721 
-0.092153 
-0.072082 
-0.046868 

0.241901 
0.185314 
0.159608 
0.104826 

-0.199801 
-0.092193 
-0.072102 
-0.046928 
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4.  IMPORTANT RESULTS AND CONCLUSIONS IN THIS ANALYSIS 
 
The equations governing the flow, heat and mass transfer have been solved by employing Galerkin finite element 
analysis with quadratic approximation polynomials. We have chosen here Pr= 6.2 while α, Sc, γ,  φ and Δ are varied 
over a range, which are listed in the Figure legends.  
 
Effects of parameters on velocity profiles: 
Fig. 2 depicts the behavior of the velocity with heat source parameter α. It is found that magnitude of axial velocity 
decreases with increase in the strength of the heat generating source. This is due to the fact that when heat is absorbed, 
the buoyancy forces increases which reduces the flow rate and there by gives rise to depreciation in the velocity profile. 
An increase in the heat absorbing heat source increases the axial velocity in the entire flow region in both types of 
nanofluid. We also find that the values of velocity in CuO-water nanofluid are relatively lesser than those of Al2O3-
water nanofluid. Also u exhibits a reversal flow in the central core of the flow region (1.3≤r≤1.7). The region of 
reversal flow reduces with increase in ∝>0 and enhances with ∝<0. Fig.3 displays the effect of nanoparticle volume 
fraction φ on the nanofluid velocity. It is found that as the nanoparticle volume fraction decreases the magnitude of 
nanofluid velocity in both types of nanofluids. These figures illustrate this agreement with the physical behavior. When 
the volume of the nanoparticle reduces the thermal conductivity and hence reduces the momentum boundary layer 
thickness. 
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Fig. 2: Variation of u with α   
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Fig. 3: Variation of u with φ 

 
 

  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The variation of velocity with Forchheimer number ∆ is exhibited in Fig.4. It is found that the magnitude of velocity 
shows an enhancement with increasing the values of Forchheimer number ∆ in the flow region. This is due to the fact 
that the thickness of the boundary layer increases with values of ∆ in both types of nanofluid. 
 

 

 
Fig. 4: Variation of u with ∆ 
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Effects of parameters on temperature profiles:  
Fig.5 depicts the behavior of the temperature with heat source parameter α. It is found that temperature exhibits a 
decreasing tendency with increase in the strength of the heat generating/absorbing source. This is due to the fact that 
the presences of the heat source generate/absorbing energy in the thermal boundary layer and as a consequence the 
temperature rises in the annular region.  Fig. 6 shows that the variation of temperature with φ. It can be seen from the 
profiles that an increase in the nanoparticle volume fraction reduces the temperature in the boundary layer. This is due 
to the fact that the thickness of the thermal boundary layer decreases with increase in φ. 
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Fig. 5: Variation of θ with α  

 

 
Fig. 6 : Variation of θ with φ 

 
 
. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Also Fig. 7 shows the variation of temperature with ∆. It is found that an increase in ∆ enhances the temperature in the 
thermal boundary layer, thus lesser the thermal diffusivity larger the temperature in the flow region. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
Fig. 7: Variation of θ with ∆ 
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Effects of parameters on concentration profiles: 
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Fig. 8 : Variation of C with α  
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Fig. 9 : Variation of C with γ 

 
 
Figure 8 represents the concentration (C) with heat source parameter α. In this case the actual concentration is negative. 
This implies that the actual concentration C is less than the equilibrium concentration C0. The actual concentration 
reduces with increase in strength of the heat generating source (∝>0) and increases with that of heat absorbing source. 
Fig. 9 represents the concentration (C) with chemical reaction parameter (γ). It can be seen from the concentration 
profiles that the actual concentration enhances in degenerating chemical reaction case and in the generating chemical 
reaction case we notice depreciation in the actual concentration in both types of nanofluid.  

 
Fig. 10 : Variation of C with Sc  
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Fig. 11 : Variation of C with φ  

               
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
Fig. 12 : Variation of C with ∆ 
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Fig.10 represents the variation of C with Sc. It is found that increase in Sc enhances the actual concentration in the fluid 
region in both types of nanofluid. Thus, lesser the molecular diffusivity larger the actual concentration in the flow 
region. Fig. 11 shows the variation of concentration with nanoparticle volume fraction φ.We notice a reduction in the 
actual concentration with increasing φ. This may be attributed to the fact that an enhancement in φ results in decreasing 
the thickness of the solutal boundary layer. The concentration in CuO-water nanofluid is greater than those values in 
Al203-water nanofluid. Fig. 12 depicts the concentration with ∆. It can be seen from the profiles that the actual 
concentration enhances with increase in ∆. This shows that higher the Forchheimer number larger the thickness of the 
solutal boundary layer. 
 
Effects of parameters on Skin friction: 
The skin friction on inner and outer cylinders is exhibited in table 3 for different parametric variations.  

 
Table -3: Skin Friction (τ) and Nusselt Number (Nu) at the boundaries r = 1 and 2 

 

 Cuo-water Al2O3-water 
τ(1) τ(2) Nu  (1) Nu (2) 

  ∝  2 
  4 
  -2 
 -4 

-0.344709 
-0.353567 
-0.363166 
-0.384333 

0.295543 
0.299686 
0.245654 
0.252341 

-0.375427 
-0.383641 
-0.393429 
-0.399738 

0.309548 
0.326910 
0.256453 
0.296603 

φ 0.05 
 0.1 
 0.3 
 0.5 

-0.344709 
-0.322286 
-0.298190 
-0.166095 

0.295543 
0.234133 
0.199080 
0.166046 

-0.375427 
-0.356835 
-0305607 

-0.204787 

0.309548 
0.243367 
0.155813 
0.125445 

Δ  2 
4 
6 

10 

-0.344709 
-0.835576 
-1.793485 
-2.329867 

0.295543 
0.757665 
1.213450 
2.148234 

-0.375427 
-0.904463 
-1.855349 
-2.454894 

0.309548 
0.866134 
1.234368 
2.357145 

 
Higher the strength of heat generating/absorbing source larger |τ| at both the cylinders.  An increase in the nanoparticle 
volume fraction φ reduces |τ| at the cylinders in both types of nanofluid. The stress enhances at r= 1 and 2 with an 
increase in Forchheimer number (∆) for both types of nanofluid. In all the above variations we noticed that the values 
of stress in Cuo-water nanofluid are relatively smaller than those in Al2O3-water nanofluid.  

 
Effects of parameters on Nusselt Number: 
The rate of heat transfer (Nusselt Number (Nu)) at the inner and outer cylinders is shown in table 4 for different 
parametric variations 

Table -4 

 Cuo-water Al2O3 -water 
Nu  (1) Nu (2) Nu  (1) Nu (2) 

α    2 
4 
-2 
-4 

0.235577 
0.257066 
0.226042 
0.205036 

-0.216962 
-0.225774 
-0.188545 
-0.164543 

0.217655 
0.225154 
-0.213534 
-0.179857 

-0.209721 
-0.222175 
-0.176137 
-0.156076 

φ 0.05 
0.1 
0.3 
0.5 

0.235577 
0.193482 
0.146183 
0.113455 

-0.216961 
-0.120833 
-0.105038 
-0.092879 

0.217655 
0.175224 
0.129538 
0.104786 

-0.209721 
-0.112153 
-0.099082 
-0.077868 

∆  2 
4 
6 

10 

0.235577 
0.864484 
1.451445 
2.661746 

-0. 216962 
-1.291456 
-4.642634 
-5.630959 

0.217655 
0.669542 
1.228413 
2.358894 

-0.209721 
-1.034882 
-3.001753 
-4.055524 

 
An increase in the strength of the heat generating source enhances |Nu| while it reduces with that of heat absorbing 
source at r = 1 & 2. An increase in nanoparticle volume fraction φ reduces the rate of heat transfer at r = 1 & 2 in both 
types of nanofluid. The variation of Nu with Forchheimer number ∆ shows that the rate of heat transfer enhances with 
increase in ∆. Thus inclusion of inertia of boundary effects leads an enhancement in the rate of heat transfer.   In all the 
above variations we noticed that the values of Nu in Cuo-water nanofluid are relatively greater than those in Al2O3-
water nanofluid. 
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Effects of parameters on Sherwood Number: 
The table 5 represents the variation of mass transfer Sh at r=1&2 with different values of α, Sc, γ, φ and Δ.  

 
Table – 5: Sherwood Number (Sh) at the boundaries r = 1 and 2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The table 5 represents the variation of mass transfer (Sh) at r=1&2 with different values of α, Sc, γ, φ and Δ. The rate of 
mass transfer increases with increase in heat generating source and reduces with that of heat absorbing source at both 
the cylinders in both types of nanofluid. With respect to Schmidt number (Sc) we notice an enhancement in |Sh| at the 
cylinders in both fluids.  The variation of Sh with chemical reaction parameter (γ) shows that the rate of mass transfer 
enhances in the degenerating chemical reaction case and reduces in the generating chemical reaction case at the 
cylinders in both types of nanofluid.  An increase in the nanoparticle volume fraction φ reduces |Sh| at r= 1 & 2 in both 
fluids.  The rate of mass transfer enhances with increase in Forchheimer number (∆). This indicates that inclusion of 
inertia and boundary effects leads to an enhancement in |Sh| at both cylinders. . It is found that in all the variations the 
values of Sherwood number in Cuo-water nanofluid are remarkably greater than    those values in Al2O3-water 
nanofluid. 
 
CONCLUSIONS 
 
 An increase in α>0 reduces the Velocity, temperature and actual concentration. The velocity and actual 

concentration enhances and temperature reduces with α<0. The skin friction enhances with |α| while the rate of 
heat and mass transfer enhances with α>0 and reduces with α<0.  

 An increase in nanoparticle volume fraction φ reduces the velocity, temperature and actual concentration. The 
skin friction, the rate of heat and mass transfer reduces φ at both the cylinders. 

 Lesser the molecular diffusivity larger the actual concentration and rate of mass transfer.  
 The actual concentration enhances and Sherwood number increases at r = 1 & 2 in the degenerating chemical 

reaction case, while in the generating chemical reaction case a reversed effect is observed in C and Sh. 
 An increase in Forchheimer number (Δ) leads to an enhancement in |u|, θ and C.  τ, Nu and Sh increases with ∆ 

at r= 1 & 2 in both nanofluids. 
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