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ABSTRACT

In this paper, common fixed point theorem of integral type of compatible mappings of type(B) and type (a )
satisfying integral mapping of Two Fuzzy metric space. Establish some new fixed point theorems in complete metric
spaces.

1. INTRODUCTION

Fixed point theory became one of the most interesting area of research in the last forty years for instance research about
control theory, differential equations, integral equations, economics, and etc. The fixed point theorem, generally known
as the Banach contraction mapping principle, appeared by Banach in 1922. Later, the Banach contraction principle has
been widely generalized and extended a common fixed point theorem by removing the assumption of continuity,
relaxing compatibility to compatible maps of type (o) or (B). weak compatibility and replacing the completeness of the
space with a set of alternative conditions for functions satisfying an implicit relation in FM-space.

In our chapter the following implicit relation: Let I = [0, 1],* be a continuous t-norm and F be the set of all real
continuous functions F : 1® — R satisfying the following conditions
1. Fisnoincreasing in the fifth and sixth variables,
2. if, for some constant k € (0, 1) we have
a F (u0k0,vO,v©,u0,1u(2)  v(2)) 2 Lor
b. F (ukt), v, u®,v®,u(s) s v(t),1) 2 1
for any fixedt > 0 and any nondecreasing functions u,v: (0,0) — I with 0 < u(t),v(t) <1 then there
existsh € (0,1) withu(ht) = v(t) * u(b),

3. if, for some constant k € (0, 1) we have
F(u(kt),u(t),1,1,u(t),u(t)) = 1
for any fixed t > 0 and any nondecreasing function u : (0,00) — Ithenu(kt) > u(t).
Beside this the concepts of Fuzzy 2-metric spaces are as follows,

2. PRELIMINARIES

Definition 2. 1: A triplet (X, M,x) is said to be a Fuzzy 2- metric space if X is an arbitrary set, x is a continuous t —
norm and M is a fuzzy set on X? x (0, ) satisfying the following condition for all x,y,z,s,t > 0,
21(FM—1)M(x,y,0,t) >0
22(FM-2)M (x,y,0,t) =1lifandonlyifx = y= 6.
23(FM-3)M (x,y,0,t) =M (y,0,x,t) = M(6,x,y,t)
24 (FM—-4)M (x,y,0,t) *M(y,7,0,s) * M(2,x,0,q9) <M Xy zt+ s+q)
2.5(FM —5) M (x,y,8,¢) : (0,00) — (0,1] is continuous.
Then M is called a Fuzzy 2- metric on X. The function M(x,y, 6, t) denote the degree of nearness between x, y and 6
with respect to t.
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Example 2.2: Let (X, d) be a metric space. Define a *+ b = min {a, b} and
t

M(x,y,0,t) = ———
(*x,6,6) t+d(xy,8)

Forall x,y € Xandallt > 0. Then (X, M,x) is a Fuzzy 2- metric space.
It is called the Fuzzy 2- metric space induced by d.

We note that, M(x,y, 0,t) can be realized as the measure of nearness between x and y with respect to t. It is known
that M(x, y,*) is non decreasing for all x,y € X. Let M(x,y,*) be a Fuzzy 2- metric space for t > 0, the open ball
B(x,r,6,t) = {yeX: M(x,y,0,t) >1—r}.

Now, the collection {B(x,r,0,t):x € X,0 < r < 1,t > 0} is a neighborhood system for a topology t on X induced by
the Fuzzy 2- metric M. This topology is Housdroff and first countable.

Definition 2.3: A sequence {x,} in a Fuzzy 2- metric space (X, M,x) is said to be a converges to x iff for each € > 0
and each t>0, n, € N such that M(x,,x,6,t) > 1 —¢ forall n > n,.

Definition 2.4: A sequence {x,} in a Fuzzy 2- metric space (X, M,*) is said to be a G- Cauchy sequence converges
to x iff for each e >0 and each t>0, ny €N such that M(xp,X,,0,t) >1—¢ forall m,n > n,.

A Fuzzy 2- metric space (X, M,*) is said to be complete if every G- Cauchy sequence in it converges to a point in it.
3. MAIN THEOREM
Common Fixed Point Theorem for Compatible Maps of Type (8) and Type (a) Using integral type mapping

Integral type contraction principle is one of the most popular contraction principle in fixed point theory. The first
known result in this direction was given by Branciari [13] in general setting of lebgesgue integrable function and
proved following fixed point theorems in metric spaces.

Theorem 3.1: Let (X, M,x) be a complete Fuzzy 2- metric space and let A,B,S, T,P and Q be mappings from X into
itself such that the following conditions are satisfied:

3.1(a) P(X) c ST(X) and Q(X) c AB(X),

3.1 (b) (P,AB) iscompatible of type () and (Q,ST) is weak compatible,

3.1 (c) there exists k € (0,1) such that for every x,y € Xand t > 0
( M?2 (Px,Qy,0,kt),M? (Px,ABXx,0,t), )
f M2(Qy,STy,8,t) ,M?(ABx,Qy,0,t) Ev) dv > 1
0 >

Where €: [0, +o] —» [0,+] is a lebgesgue integrable mapping which is summable on each compact subset of
[0, +o0] non negative and such that v € > 0, fos &(v) dv > 0. Then A, B, S, T, P and Q have a unique common fixed
point in X.

Proof: Let x, € X, then from 3.1 (a) we have x,,x, € X such that
PXO = STX]_ al’ld QXl = ABXZ

Inductively, we construct sequences {x,} and {y,} in X such that for n € N
PXan-2 = STXzn-1 = Y2n-1 and Qxznq = ABXy, =Yan

Put x = x,, and y = X,,44 in 3.1.(c)then we have

( M2 (PX21,QX2n+1,0,kt), M2 (Px2n,ABX,p,0,t) >
f ‘MZ(QX2n+1:STX2n+1:9‘t) ..MZ(ABXanQ2n+1rert) E(V) dv>1
0

(Mz(y2n+1,y2n+z,9.kt).M2(Y2n+1rYan9rt)'>
f M2(y2n+2.Y2n+1,.0,.0.M?(y2n,y2n+2,0,0 Ev) dv>1
0

M?(yzn+1.Y2n+2,0.kt),
F| M2(y2n+2Y2n+1.8.0.M2(y2n+1.Y2n+1.0.0,
t
*M?(y2n+1.Y2n+2.95
Js ( 2) Ev) dv> 1
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From condition 3.2 (a) we have
M2(y2n+1Yzn+2,0,Kt) Mz(YanYZn+1rer£)*M2(YZn+2‘YZn+1rer£)
Jo §(v) dv > [) 2 2 g(v) dv

We have
M?(y2n+1.Y2n+2.0.k0 Mz(YanY2n+1rer£)
Jo §(v) dv = [ 27E(v) dv

Since &(v) is a lebesgue integrable function so we have
t
M(Y2n+1,Y2n+2, 6, kt) = M (YZn' Yzn+1, 0, E)

Similarly we have

t
M(Y2n+2,Y2n+3, 6, kt) = M (YZn+1' Yon+2, 6, E)

Thus we have
t
M(Yn+1' Yn+2/ 9, kt) = M <Yn' Yn+1 9' E)

t
M(Yn+1' Yn+2, 9, t) =M <Yn' Yn+1r 9, ﬁ)

t
M(Yn' YH+1'er t) =M <YO' Y1, e:ﬁ) -1 as n— o
and hence M(yp, Yn+1,6,t) > 1 asn - oo forall t > 0.

Foreach e > 0 and t > 0, we can choose n, € N such that
M(Vy Yns1,6,8) > 1 —€ forall n > n,.

Forany m,n € N we suppose that m > n. Then we have

t t t
M(Yn' Ym, G,t) = M (YH' Yn+1 0, E) * M (YH+1' Yn+2, 9, E) * .o * M (Ym—l' Ym, 9, E)
MYy Vm 6,) = (1 —€e)*x (1 —€) *..... * (1 —¢e)(m — n)times

M(Yn'Ym' G,t) = (1 - E)
And hence {y,} is a Cauchy sequence in X.

Since (X, M,x) is complete, {y,} converges to some point z € X. Also its subsequences converges to the same point
z € X. That is
{Pxan+2} > z and {STxyp41} - 2 3.2 (i)
{ Qxan41} > z and {ABx,,} > z 3.2 (i)

As (P, AB) is compatible pair of type (B), we have
M(PPx,,, (AB)(AB)x,,,0,t) =1,  forallt >0

Or M(PPx,,,ABz,6,t) = 1
Therefore, PPx,, = ABz.
Put x = (AB)X,, and y = X,p4; in5.2.1(c) we have
M?(P(AB)x2n,Qy,0,kt),
F MZ(P(AB)in‘AB(AB)in.B.t)rMZ(QX2n+1rSTX2n+1r9rt).>
f M2(AB(AB)X2n,Qx2n+1,6,0) E(V) dv > 1
0

Taking n — oo and 3.1(a) we get
2 2
fOM ((AB)z,z,6,kt) Ev) dv = fOM ((AB)zz,6,t) £(v) dv

Since &(v) is a lebesgue integrable function which implies
M((AB)z,z,0,kt) > M((AB)z,z,6,t)

We have
ABz =1z. 3.2(iii)
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Put x =z and y = Xy, in 3.1(c) we have
Mz(PZ,QX2n+1,9,kt),*M2(PZ,ABZ,G,t)
F MZ(Q X2n4+1,ST X2n4+1,6,1),,

fo MZ(ABZVQX2n+1Vth) E(V) dV > 1
Taking n - o 3.1 (a) and using equation 3.1 (i) we have
. M2 (Pz,z,0,kt) MZ2(Pz,z,0,t)
That is fo E(v) dv = fo &(v) dv

Since &(v) is a lebesgue integrable function so we have
M(Pz,z 6,kt) = M(Pzz6,t)

we get Pz =z
So we have ABz =Pz =z

Putting x = Bz and y = X,n4; in 3.1(d), we get
M2 (PBz,QX5n41,0,kt),M? (PBz,ABBZ,0,t)

f <M2(QX2n+1rSTX2n+1r9rt)"M2(ABBZ’QX2n+1'e't)> E(V) dv>1
0

Taking n — oo, 3.1(a) and using 3.1.(i) we get
2 2
fOM (Bz,z,0kt) E(V) dv > fOM (Bz,z,0,t)

§(v) dv

Since &(v) is a lebesgue integrable function which follows
M(Bz,z, 0, kt) > M(Bz,z,6,t)

We have Bz =z
And also we have ABz = z implies Az = z
Therefore Az =Bz =Pz =z

As P(X) c ST(X) there exists u € X such that
z = Pz = STu

Putting x = x,, and y = u in 3.1(c) we get

<M2(szn,Qu,G,kt),Mz(szn,Aszn,S,t)
M?(Qu,STu,8,t),M?(ABx,p,Qu,0,t)
Js E(v) dv>1

Taking n - « and using 3.1. (i) and 3.1(ii) we get

< M2(z,Qu,0 kt),M2(z,2,6,t)
M2(Qu,STu,8,t),M?(z,Qu,0,t)
Js E(v) dv>1

2 2
fOM (z,Qu,0,kt) E(V) dv > fOM (z,Qu,06,t) E(V) dv

Since §(v) is a lebesgue integrable function which implies
M(z, Qu, 6,kt) = M(z,Qu,0,t)

we have Qu =z

Hence STu =z = Qu.

Hence (Q,ST) is weak compatible, therefore, we have
QSTu = STQu

Thus Qz = STz
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Putting x = x,, and y = z in 3.1(c) we get
<M2(PXZH,QZ,G,kt),MZ(ABXZH,STZ,Q,t),MZ(PXZH,ABXZH,B,t)
M?2(Qz,STz,0,t),M?(Px41,STZ,0,t),M? (ABX,1,Qz,6,t)
Js E(v) dv>1

Taking n - oo and using 3.1(ii) we get
F< M2(z,Qz,0,kt),M?(2,2,6,t) >
M?(Qz,STz,0,1),M?(2,Qz,6,t)
Js Ev) dv>1

2 2
fOM (z,Qz,0,kt) E(V) dv > fOM (z,Qz,6,t) E(V) dv

Since &(v) is a lebesgue integrable function and hence
M(z, Qz, 6, kt) = M(z,Qz, 6,t)

we get Qz =2z

Putting x = X,, andy = Tz in 3.1(c) we get
<M2 (Px2n,QTz,0 kt),M? (PxZn,ABxZn.e.t)>
M2(QTz,STTz60,t),M? (ABx;,,QTz0,t)
Js E(v) dv>1

As QT = TQand ST = TS we have
QTz =TQz =Tz

And ST(Tz) = T(STz) = TQz = Tz

Taking n — o« we get

<M2 (z,Tz,0,kt),M2(z,2,0,t)
f M?(Tz,Tz0,t),M?(z,Tz6,t)
0

>E(v) dv>1

f M2(z,Tz,0 kt) M2(z,Tz ,0,t)
0

&(v) dv = fo §(v) dv

Since &(v) is a lebesgue integrable function therefore
M(z, Tz, 0,kt) = M(z, Tz 0,t)

We have Tz=1z
Now STz =Tz =z implies Sz = z.
Hence Sz2=Tz=Qz =z 3.1(v)

Combining 3.1(iv) and 3.1(v) we have
Az=Bz=Pz=Sz2=Tz=Qz =z

Hence z is the common fixed point of A, B, S, T, P and Q.

Uniqueness: Let u be another common fixed point of A, B, S, T, P and Q. Then
Au=Bu=Su=Tu=Pu=Qu =u

Putting x = u and y = z in 3.1(c) then we get
<M2(Pu,Qz,B,kt),,Mz(Pu,ABu,B,t))
M2(Qz,STz,6,t),M%(ABu,Qz,6,t)
Js g(v) dv>1

Taking limit both side then we get
< M2 (u,z,0,kt),(u,u,6,t) >
M?(z,2,0,),M? (u,z,6,t)
fo E&v) dv>1

M2 (u,z,6,t)

&(v) dv = fo §(v) dv

f M2 (u,z,0,kt)
0

© 2017, IIMA. All Rights Reserved 152



Chithapelli'srinivasl, M. Vijaya Kumar*z, Dr. Pankaj Tiwri® / Common Fixed Point Theorem For Compatible Maps of Type () and

Type (a) Using Integral Type Mapping for Implicit Relations In Fuzzy Two Metric Spaces / IIMA- 8(4), April-2017.

Since §(v) is a lebesgue integrable function so we have

We get

M(u, z,6,kt) = M(u,z6,t)

Z = U.

Thatis z is aunique common fixed point of A, B, S, T, P and Q in X.

Remark 3.1: If we take §(v) = 1 then we get Theorem 3.1.
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