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ABSTRACT

Here we shall deduce a series which is rapidly convergent than a given series, by applying a correction function to the
series. The correction function and the corresponding error function are analysed. By this method, the rate of
convergence of the new series can be increased.
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INTRODUCTION

The approximation of an alternating series can be done using remainder term of the series. This method was introduced
by Madhava, an illusturious mathematician of 14™ century. The absolute value of the remainder term is the correction
function. The correction function plays a vital role in series approximation. It gives a better approximation for the
series. The correction function and the corresponding error function are studied and analysed. We can also extract some
rapidly convergent series using correction function and the error functions. The new series so extracted increases the
rate of convergence of the series.

I. PRELIMINARY DEFINITIONS
Definition 1: An alternating series is an infinite series of the form ¥_, (—)"~! a,, where the terms a,>0.

Definition 2: The remainder term for an alternating series Y_;(—)""! a,, is the sum of the series after n terms. It is
denoted by R,.

ie Rn = Z?=n+1(_)k_1 aj
If S denote the sum of the series and S, denote the sequence of partial sums of the series, then R,,= S — S,

Definition 3: The correction function to an alternating series ¥_;(—)" ! a,, is denoted by G, and it is defined as the
absolute value of the remainder term.

If R, denotes the remainder term of the series, then R, = (—1)" G, where G, is the correction function.
i.e. G, = Z?:l(_l)k_lan+k

If {a,} is monotonically decreasing, then G, =| S-S, |

Definition 4: An alternating series Y%_,(—1)""!c, is said to be rapidly convergent than the series ¥7_,(-1)""d,,
if the ratio =* —0as n— .

n
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I1. CORRECTION FUNCTION FOR ALTERNATING HARMONIC SERIES

The Alternating Harmonic series (simply denote it as AHS) is convergent and converges to log2.

_ 1.1 1
Thus log2 = 1_E+§_Z+ ......................... —

1

Proposition 1: The correction function for Alternating Harmonic series is G, = py

Proof: We have Alternating Harmonic series is convergent and converges to log2.

If G, denotes the correction function after nterms of AH S, then we have G, + G,,1 = %ﬂ

. . 1
Now we define, the error functionas E, = G, +G”+1_n_+1

We may choose G, in such a way that |E,| is a minimum .

1
2n+2)-r

Forafixednandfor r eR,let G, (r) —

Then |E,, (r)| is minimum for r = 1.
For |r| > 1, the magnitude of the error function increases.

Hence for r=1, E, and G, are functions of a single variable n.

1

The minimum value of |E, | = ——————
An>+12n“ + 11n+3

Hence the correction function after n terms of AHS is G, — anﬁ and the corresponding error function is

1
Eal= 4n3+12n2+11n+3
Hence the proof.

I11. RAPIDLY CONVERGENT SERIES FROM ALTERNATING HARMONIC SERIES

We have log2 = 1—% + % - % o HZH ...................
Let 3, = 1= 42— 5+ L 4 -1,
Let the error €, = 0,41- 0,
Ony1 = O tey
Putn=1,2,3, ..... n-1 in succession in the place of n and add to get

0,= 01te teytes+..... e,
=1-Gi+ e;teyteg+.....+€,_q, Since 0;=1 — G,

lim,,_, 0,= 1-G;+ € +ey+ez+..........

But lim,_, d, = log2.

Hence log2 = 1-G+ €, +exteg+...... ... €n
1 1
Casel:ForG,= —, Ey =—5—5——
2n+1 4n>+12n4+11n+3
(_1)n+1

We have €,= (—1)"*! E,=¢,= where p=n+1.

4p3-p
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The new deduced series is log2

If ¢, denotes the n' term of the Alternating Harmonic series and if d, denotes the n™ term of the new deduced series,
(GOl

then Ch =

n

Itis clear that <
cn

Hence the deduced series is rapidly convergent than the original series.

1-Git+ e1teytezta.nn.....
2 1 1 1

3 74232 4333 ' 4434
1 1

413-1 ' 4232 4333 ' 4434

3 dn: 677.

= —>0asn - o,

Hence the rate of convergence of new series is increased.

Thus the deduced series is a rapidly convergent series.

IV. APPLICATION

1. We have In2 = 0.6931471806, using a calculator.

Number of terms(n) Sp | S+ (—D)" G,
10 0.6456349206 | 0.6932530476
100 0.6881721793 | 0.6931473037
1000 0.6926474306 | 0.6931471807
10000 0.6930971831 | 0.6931471806
100000 0.6931421806 | 0.6931471806

2. If S, denotes the sequence of partial sum of the original series and if S,” denotes the sequence of partial sums of the
deduced series , then the rapidity of convergence is shown in the following table.

Number of terms (n) S Sy

n n
10 0.6456349206 | 0.6932530683
3. For a given accuracy, the number of terms required is shown below.
Accurac Number of terms required from the original Number of terms required from the deduced
y series . series
0.6930971831 10000 10

V. CONCLUSION

The correction functions and the corresponding error functions play a vital role in series approximation. We can deduce
new series which are rapidly convergent than the original series.
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