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ABSTRACT
In the present paper, we consider new unified integrals associated with the I- function and M-series with generalized
polynomial. Some interesting special cases of main results are considered in form of many corollaries. The obtained
results of this paper provide an extension of the results given by the literature.
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1. INTRODUCTION

The I-function, which is more general the fox’s H-function [3], introduced by V.P. Saxena [8], by means of the
following Mellin-Barnes type contour integral

(aj' aj)l,n; (aﬂ » B )n+1,Pi]

(5.8), . (B, By )mﬂ_qi
= ﬁfLH(s)zsds D

Where 6(s) = MWz 1y Ml 1Oy etys) 2)
rlT Ly Ty +8is) L g T(aji—ajis)]

Ilz] = Iy q:r [z

piq; (0 = 1,2,..,7),m,n are integers satisfying 0 <n <p;,, 0<m < q;,%;,f;, %;,; are real and positive and
a;, by, a;;, b; are complex numbers, L is suitable contour of the Mellin-Barnes type running from y —ia to y + ia
(y is real) in the complex s-plane, Detail regarding existence conditions and various parametric restriction of
I-function, we may refer [8].

The generalized polynomials introduced by Srivastava [10] is as follows:

MMy _ yin1/mi] ne/me] Cn)myaq ndma, .. ay ag
Snyrn, [21,...,Zt]—2a1=0 ""'Zat=0 o Alng, ag;esng, alz Lz, (3)

Where n; =0,1,2,...Vi = (1, ...,t), mq, ..., m, arbitrary positive integers and the coefficients A[nq, ay;...;n,, a,] are
arbitrary constants, real or complex.

The generalized M-series is defined by Sharma and Jain [9]
B . . = B P, q,
My (al,az, wes Q5 by, by, ...,bq,z) = oM, [(aj)l, (bf)1’Z]
_ ZOO (al)n:--u(ap)n z"
=0 (), (by), Tan+p)
Where (aj)n,(bj)n are the know pochammer symbols. The series (1) is defined when none of the parameters
bis,j =12,..,q is a negative integer or zero; if any numerator parameter a; is a negative integer or zero, then the
series terminates to a polynomial in z.

z,a,PeC,R(a) >0 (4)
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The generalized M-series (4) can be represented as a Fox H-function [3]
(1-ga, 1)1'p; (0,1)

ansB P, q.1_ 1,p+1
PMq [(aj)l' (bj)l'z] =T Hp-fl-'.—q+2 [_Z (0 1)_ (1 _ b] 1) .(1 _ ,8 a) (5)
) ) ) 1'q’ )
_oir@)
Where 7 = —nler(a,)

The three-parameter Mittag-Leffler function, also called generalized Mittag-Leffler function was introduced by
Prabhakar [7] by means of the following series representation

14 _ Vo Pm 2"
Eep (@ = Em=0tem 15y mi (6)

An interesting integral formula given by F. Oberhettinger [6],
fooc xx+a+ \/xz—i-ﬁ)_l1 dx = 2Aa™* (%)# iR D) (7

r(1+A+u)
2. UNIFIED INTEGRAL INVOLVING I-FUNCTION WITH THE GENERALIZED POLYNOMIALS

We derive the following theorem
— (a.‘a.) ; (au’a..) ‘
Theorem 1: ["x*~'(x + a + Vx? + 2ax) Alglf:gm T M
wk(x+a+vx2+2ax) (bj'ﬁj)l,m; (bjiﬁﬁji )m+1,qi

v Zp (x +a++/x%+ Zax)_pt] dx

P1
sz [ (cae T TR)

.....

[n1/m1] [ne/me]
— l—p u—-A-Y pia; _nl)m1a1 (_nf)mtat L. ai a;
=2l-ng i=1Pi% [ (2p) e e I Alng, aq;ng, adz ezt
a,! a,!
a1=0 a;=0

K| (=4 — 25:1 pia;, k);(1—A+pu— Zf:l pici, k); (aj' aj)l_ni (aji' aji)nﬂ_pi

B |(2) t : ©)
(bj'ﬁj)lrm; (bji:ﬁji )m+1,qi; (1 =2 =X piai, k)i (A — = Xiog picti , )

piq; (i = 1,2,..,7),m,nare integers satisfying 0 <n <p;,0 <m <gq;,«;,p;, x;,[p; are real and positive and

a;, by, a;;, by; are complex numbers, L is suitable contour of the Mellin-Barnes type running fromy —ia to y + ia (y is

real) in the complex s-plane.

1) n;,=012,..vi=(1,..,t),my,..,m, arbitrary positive integers and the coefficient A[n, ay;...;n, a,] are
arbitrary constants, real or complex.

(2) k>0, Re(u,A,p) > 0.

(3) Re(u) — Re(A) — k min <, Re [Z—’] <0.
J

Proof: Using the I-function in terms of Mellin-Barnes contour integral given by (1) and the definition of a generalized
Polynomials given by (3), then interchanging the order of summation and integration, we obtain L.H.S. of (8) as

= LZ[’T’:_ll ’Z[:l_tt] (_nl)mlal

(_nt)mtat ai at
o Dy 0 Ve, Alng,aq; .m0z, 2,0t

=0 aq! ag!

ks o - ﬂ+k$+zf= i
f (%) 0(s) U xH1 (x+a+ x2 +2ax) ( 1 )dx ds
L 0

And evaluating the inner integral by using a integral formula (7) given by F.Oberhettinger [6] and we get
rn

_ _a_yt o (_nl)m a (_nt)m a
= 21 H gt A= Ei=1 Pi%i [ (2p) Z,..., Z o i S " LA, ag; g )zt e z)t
1- te

a1=0 ar=0

1 f(Y)kse()F(A+k$+2lepiai+1)r(/1+k5+25:1piai_#)
2mi ), \wa s FA+ks+ X pa)l(L+A+ks+ X pia; + 1) s

Now using definition of I-function (1) and (2) we get the desired result.
SPECIAL CASES

Corollary 1.1: Let the condition of theorem 1 be satisfied and set r = 1, the equation (8) reduces to
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0 -y k a‘,a'
f xh1 (x +a++x?+ Zax) Hy " 4 ; ( ])1'7’
0 wk(x + a + Vx% + 2ax) (bj'ﬁj)llq
Sml,...,mt 2 —P1 2 Pt
Ry [zl (x+a+ X +2ax) s Zg (x+a+ x +2ax) ]dx
[n1/m1] ["t/mt]( ) ( )
-n -n
= 21—#a#—l—2f=1piai1“(2y) Z — Z Vmay ‘ mtat.A[nl,al;...;nt,at]zfl,...,zft.
aq! a,!
a1=0 a:=0

Hm,r£+2 i (L)k (=1 - Zf:1 pia;, k);(1—A+u— Zf=1 pia; , k); (ap aj)Lp
Praate Awa (bjﬁﬁj)Lq; A -2A=Yi_pa; k); (A —p—Xi_ pia; , k)
Where H,,'."[z] is well known H-function [3].

©)

Corollary 1.2: If we take my,...,m; » m andnq,...,n, » n i.e. (1,...,t) - 1in the integral (8) and let the condition
of theorem 1 be satisfied, we arrive at the following result which is obtained by Mishra & Pandey [5].

® _ k a, a; - (au’a..)
f xH1 (x +a++/x2+ Zax) AI;’;:Z;T Y . (g ’)Ln 77 It 1p,
0 wh(x + a +VaZ +2ax) BB (B Bii),
ST [z(x +a+ mﬁ] dx

= 21k gh=A=Pa T (2p) Z(Enz/(r)n] —(_';)!'"“ Aln, alz®
(=A=pa,k); (A= A+ p—pa k)i (&, 05), s (@i i),

k
s |(on) (10)
it20i+27 | g (bj'ﬁj)l,m; (b, B;i )m+1,qi; 1-2-pa,k);(=A—pu— pa,k)

Corollary 1.3: If we take r = 1 and my, ..., m; > m and ny,...,n, » n i.e. (1,...,t) - 1 in the integral (8) and let the
condition of theorem 1 be satisfied, we arrive at the following result which is obtained by Garg and Mittal [4].

k (a,a;) _
4 - 7 sm [z(x+a+ x2+2ax) p]dx
wk(x + a + Vx% + 2ax) (bj'ﬁj)l_q
(L)k (=2 —pa,k); (1 — A+ p— pa,k); (a, “1‘)1,,0 )
wa
Mg

(5. 8), (A= 2= pa,k); (=2 = u = pak)

Corollary 1.4: If we take r = 1 and S,’Z‘lf_‘_'__nt — 1 in the integral (8) and let the condition of theorem 1 be satisfied, we
arrive at the following result which is obtained by Chouhan and Khan [2].

yk (07' aj)l,p

3

wk(x + a +Vx% + 2ax) (bj'ﬁj)llq
(ALK A=A+ k) (4, o),
(5.5, (L= A K); (-2 — . k)

o )
f x*1 (x +a++x2+ 2ax) Hy'"
; ,

_ _ (=M)ma ~ !
=217t =2 (2u) Zf[;,nian]r;—!-A[n. alz“a paHzﬁg;iZ

o -2
f a1 (x +a++x2+ 2ax> Hyt
0

(12)

p+2,q+2 |\ ya

k
— Zl—uau—AF(Z#)Hm,n+2 [(L)

Corollary 1.5: If we take r = 1,a; = ; = 1 and S,’ﬁ}_‘_'_'y',f?t — 1 in the integral (8) and let the condition of theorem 1 be
satisfied, we arrive at the following result

[’ -1 mn k (ai)l,p
f a1 (x +a++x2+ 2ax> Gy
0

y
K (b) dx
wk(x +a+VxZ+2ax) 1\ /14
=21 Hgh=Ar (2u)G™ T2 (L)k (=40 A=A+ k)i (@,
Hbpi2,49+2 |\Ga (bj)lq;(l—l,k);(—/l—#,k)

Where G," [z] is well known meijer G-function (fox [3]).

(13)

'___"',‘l’:lt -1m=1,n=0,p=0,q=2k=2w=2,b;, =0, =1,b, = —v,

B, =1,A=A+v inthe integral (8) and let the condition of theorem 1 be satisfied, we arrive at the following result
which is obtained by Choi and Agarwal [1].

_A y
. [ ]dx
) Y (x+a+Vx2+2ax)
— olev—p pp—v—1 A+2+v,2);A+v—u2); -y
2 Al 24025 A+v,2);(1+2+v+4,2);(1+v,1); 4a? 9
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Where ], (z) is the ordinary Bessel function of first kind [1].
Corollary 1.7: If we take r = 1,5;" """ - 1m=1n=1,p=1,q=2k=1,w=1b; =0,8, =1,b, =1 -,

B,=1,1=v,a, =1—a,a; =1, u= A,y =-Y, inthe integral (5) and let the condition of theorem 1 be satisfied, we
arrive at the following result which is obtained by Choi and Agarwal [1].

[oe] A_l g . . Y
fo . (x+a+ xz+2ax) 1F1 [a,c,(x+a+m)]dx

— 12 [val—vr(zz)r(v—/l) [a,v -ALv+1; Y]
= o |33

r(v+a+1) cv+A+1,v;a (15)

3. UNIFIED INTEGRAL INVOLVING M-SERIES WITH THE GENERALIZED POLYNOMAL

We derive the following theorem

Theorem 2: [" x*7'(x + a + Vx? + Zax)_/1 ‘;Mf —
wk(x+a+\/x2+2ax)

—P1

k

Sttt [zl (x +a++/x%+ 2ax)

NNy
[ny/m1] [ne/m¢] q
(-ny) (—n,) T I(b
= 2l-Hgh=A-Zio1piti [ (2p) e Umier P Al ags oy, @) 25 e, 20 L ()
a,! a,! ! SR ()
a1=0 ap=0 L ¢ =11 \G

(=1- Zf=1 pPi%;, k);(1-21+ u-— Z§=1 pPi%;, k); (0,1); (1 -4, 1)1,p
(0,1); (1 - b;, 1)1,q(1 — A=Y k) (A —p =X pia;, k); (1 = B, a)

s Zy (x +a+x2+ 2ax)_pt] dx

(16)

Hl,p+3 _ (L)k
p+3,q+4 wa

(a )n, (b/')n are know pochammer symbols and parameters b's,j = 1,2,..,q is a negative integer or zero; if any

numerator parameter a; is a negative integer or zero, then the series terminates to a polynomial in z.

1) n;, =01,2,..vi=(1,..,t),my,..,m, arbitrary positive integers and the coefficient A[n,, a;;...;n., a,] are
arbitrary constants, real or complex.

(2) k>0, Re(u,4,p) > 0.

(3) Re(u) — Re(A) — k miny g4y, Re 2_]] <0.
J

Proof: Using the generalized M-series as the function defined by means of the power series in given by (4) and the
definition of a generalized Polynomials given by (3), then interchanging the order of summation and integration, we
obtain L.H.S. of (16) as

] ] cn
— yim1 mel YMUmyaq
- Zalzoﬁ .“'Zat:O

a
kn
o (@), - (a Y - ) -
(bl)n Ebpin'[‘((am:l>+ B k-1 (x+a+ x2 + 2ax> (A+kn+Xi_q p a)dx
&=t (D1)ns s \bg), ;

(ndma aq a
L, = LA, aq; g, .zt ., 2,
!

aq!

And evaluating the inner integral by using a integral formula (7) given by F.Oberhettinger [6] and we get
o

¢ (_nl) (_n )
= 2l gh=A=Zi=1Piti[ (2) E Ve, E . Tlal . ; :ntat Alng, ag;esng el ozt ozt
1! ¢!

a1=0 a;=0

kn
(al)nl LN} (ap)n (%) F(/’{ + kn + Zle pl-al- + 1)[‘(/’{ + kn + Zle pl-al- - ,U.)
= (b)ns wees (bq)n Tlan+p) A+ kn+Xi_; pia)l (1 + A+ kn+ Xi_; pya; + 1)

Now using definition of H-function (5) we get the desired result.
SPECIAL CASES
Corollary 2.1: Let the condition of theorem 2 be satisfied andset p = 1,9 =1,

b, = 1the generalized M-series convert in generalized Mittag-leffler function (6) introduced by Prabhakar [7] the
equation (16) reduces to
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fooo U x+a+ Va2 + Zax)_/1 E"

yk
wh wk(x+a+ 2+2ax)k

5:;1 """ e [zl(x-l-a-l-\/W) ,Zt(x+a+\/M)_pt]dx

mia mea 1
= l-ugn—2- —Yii1pi LF(ZM)an/ml Z([Zt/mt 1Gnmy 1’___’( ndmpay Alng, ag; .. ;nt’at]'zill’" Z:‘t X

aq! ag! ry’
1,4 y k ( A= Zl 1pzauk) (1_l+,u Zz 1pzauk);(0r1);(1_y:1)
|- (0e)
Where H,"[z] is well known H-function [3].

(17)

(0,1);(0,1); (1 =2 =Xy piai, k); (A — = Eicy piai k)5 (1 = B, @)

Corollary 2.2: If we take mq,..,m; > m and ny,..,n, > nie (1,..,t) » 1 in the integral (16) and let the
condition of theorem 2 be satisfied, we obtained

fooo U x+a+VxZ+ Zax)_/1 ng

% ST [Z(x +a+Vx?+ 2ax)_p] dx
wk(x+a+ x2+2ax)
[n/m]

q b.
= 217k gh=A=Pa T (2p) Z - n)ma Aln, a)z® L= 22 r)

D .
j=1 r(a])
Hl,p+3 _ (L)k
p+3,q+4 wa

(A= pa, k); (1 = A+p—pa, k); (0,1); (1 - a;,1)

(18)
(0'1)' (1 - bjrl)l’q(l -1 - pa, k)' (_A —H—pa, k)' (1 - .81 a)

Corollary 2.3: If we take my,..,m; >m and ny,..,n, »>nie (1,..,t) >landset p=1q9=1, a =y,b =
1 the generalized M-series convert in generalized Mittag-leffler function (6) introduced by Prabhakar [7] in the integral

(16) and let the condition of theorem 2 be satisfied, we obtained

yk

wk(x +a+Vx2+ Zax)k

o )
f a1 (x +a++x%2+ 2ax) E;'ﬁ
0

[]
= 217k gh=A=Pa T (2u) Z —(_Z)lma Aln, a]z® I“_ly
ey [_ (L)k (A= pa k) (1= A+ = pa, k); (0,1); (1 -y, 1) ]
45 (0,1); (0,1); (1 =2 —pa,k); (=2 —pu— pa,k); (1 — B, a)

mt

]S,’l" [Z(x+a+ x2+2ax)_p]dx

(19)

Corollary 2.4: If we take S """ — 1 in the integral (6) and let the condition of theorem 1 be satisfied, we arrive at
the following result which is obtalned by Chouhan and Khan [2].

fooo a1 (x +a+Vx2+ Zax)_/1 ng % d =21+ aﬂ_AF(ZM). HZ:l r(by)
W"(x+a+\/m) Hj:1r("'j)
ye [_ (L)k (=4 (A= A+, k); (01); (1 = @, 1),
p+3,q+4 wa

l (20)
(0,1); (1 - b, 1)1,q(1 =4 k); (=4 = k); (1 = B, a)

Corollary 2.5: If we take S,’[;},[',;;;’t"f - 1and set p=1,q=1, a =y,b =1the generalized M-series convert in

generalized Mittag-leffler function (6) introduced by Prabhakar [7] in the integral (16) and let the condition of theorem
2 be satisfied, we arrive at the foIIowing result

fox“_l(x-i-a-l- x2+2ax) Ey

d
wk(x+a+\/x2+2ax)l *
(=4 k); (1 =2+ wk);(0,1);(1—vy,1) ]

©0,1; (01); (1= 4K); (A k); (1 - gy @Y

k
= 21 HgrA=Par(2y) . — Hig*[ (y)

4. CONCLUSION

In this paper we have presented generalized integral formulas involving Sexana I- function and M-series with
generalized polynomials. The result so established may be found useful in several interesting situation appearing in the
literature on mathematical analysis. Further many known and unknown results have been established in terms of special
cases. The results presented in this paper are easily converted in terms of the Fox H-function, generalized Mittag-leffler
function, G-function, Bessel function and hyper geometric function after some suitable parametric replacement. We are
also trying to find certain possible applications of those results presented here to some other research areas.
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