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ABSTRACT

Chemical graph theory is a branch of graph theory whose focus of interest is to finding topological indices of chemical
graphs which correlate well with chemical properties of the chemical molecules. In this paper, we compute the
modified first and second Zagreb indices, harmonic index and augmented Zagreb index for certain networks like
silicate networks and honeycomb networks.
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1. INTRODUCTION

In this paper, we consider finite simple, undirected graphs. Let G = (V, E) be a graph. The degree dg(v) of a vertex v is
the number of vertices adjacent to v. The edge connecting the vertices u and v will be denoted by uv. We refer to [1] for
undefined term and notation.

A molecular graph or a chemical graph is a simple graph related to the structure of a chemical compound. Each vertex
of this graph represents an atom of the molecule and its edges to the bonds between atoms.

A topological index is a numerical parameter mathematically derived from the graph structure. These indices are useful
for establishing correlation between the structure of a molecular compound and its physico-chemical properties.

The modified first and second Zagreb indices [2] are respectively defined as

1 1
mM G)= , mM G)= _
1(G) u;@de(uf 2(6) WE%G)ddu)dG(v)

Many other topological indices were studied, for example, in [3, 4, 5, 6, 7, 10, 11, 12, 13, 14, 15].

The harmonic index of a graph G is defined as

HG) = 3 2

uveE(G) ds (u)+dg (V).

This index was studied by Favaron et al. [16] and Zhong [17].

The augmented Zagreb index of a graph G is defined as

( dG (U)de (V) T.

AZI(G)= Y

uveE(G) dg (u)+dg (v)-2
The augmented Zagreb index was introduced by Furtula et al. in [18] and was studied, for example, in [19].

In this paper, the modified first and second Zagreb indices, harmonic index and augmented Zagreb index for certain
network. For Figures see [20].
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2 RESULTS FOR SILICATE NETWORKS

Silicates are obtained by fusing metal oxides or metal carbonates with sand. A silicate network is symbolized by SL,,
where n is the number of hexagons between the center and boundary of SL,. A silicate network of dimension two is
depicted in Figure 1.

We compute the exact values of "M3(SL,), "M(SL,), H(SL,) and AZI(SL,) for silicate networks.

Theorem 2.1: Let SL, be the silicate networks. Then

11 7 3 2
1) ™M, (SL,)===n% +—n. 2) ™M, (SL.)==n%+Zn.
4 11 9V (18 _(18)°
3) H(SL,)=7n+—n. 4) AZI(SL,)=| —+— [18*n® +|[ 2 21 o[22 |6n.
(3) H(SLy) 3 (4) AZI(SL,) (73 53] {(4] +(7) 2(5)

Figure-1: Silicate network of dimension two

Proof: Let G be the graph of silicate network SL, with [V(SL,)| = 15n + 3n and |E(SL,)| = 36n% From Figure 1, it is
easy to see that there are two partitions of the vertex set of SL, as follows:

Vs = {ueV(G) | dg(u) = 3}, |V3| = 6n? + 6n.
Ve = {ueV(G) | dg(u) = 6}, [Vl = 9n? - 3n.

By algebraic method, in SL,, there are three types of edges based on the degree of the vertices of each edge as follows:

1)

2)

3)

4)

Ee = {uveE(G) | dg(u) = de(v) = 3}, |Eq| = 6n.
Eo = {uveE(G) | da(u) = 3, da(v) = 6}, [Ee| = 18n%+ 6.
E12 = {UVE E(G) | dg(u) = dg(V) = 6}, |E12| = 18n2— 12n.

Now to compute "M,(G), we see that
m 1 1 1 1
My(G) = Z = z + Z = —
ueVv(G) ds (U)2 uev, ds (U)2 uev, ds (u)2 3
To compute "M,(G), we see that

1 1 1 1
mM G = _— = - -
A = W) i e We () v To W) vz, o (W3 ()

=( : j6n+(ij(18n2+6n)+(ij(18n2—12n)=g”2+§“-

1, 7

1 1
2 i 2 _ =—n"+—n.
(6n +6n)+62 (9n? -3n) 1 +12

3x3 3x6 6x6
To compute H(G), we see that
H(G) = Z 2 = 2 + 2 + ;
wee(e) 9o (W) +dg (V) wieg, dg (W) +dg (V) yieg, A (W) +dg (v) g, do (u) +dg (v)
= (LJGHELJQSM +6n)+(ij(18n2 _12n) =T+
3+3 3+6 6+6 3

To compute AZI(G), we see that

ds (Wdg (v) Y’
AZI(G) =
©) W%G)(de(uwdm)—zj

_ ds (Wds(v) Y ( dg (u)dg (v) ]3 ( dg (u)dg (v) ]3
uvés(de(undm)—zj "2 dewrdow-2) "2 G do (v)-2
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3 3 3
3x3 3x6 6x6
E 6n+ z 2 + 2
(3+3—2) (3+6—2j (18n* +6n) Z (6+6—2) (18n% —12n)

uvek, uvekg uvek,,

(G o[ (2] 2] Jo

3. RESULTS FOR CHAIN SILICATE NETWORKS

We now consider a family of chain silicate networks. This network is symbolized by CS, and is obtained by arranging n
tetrahedral linearly, see Figure 2.

A__A__A_A
Vv Y

Figure-2: Chain silicate network

We compute the values of "M;(CS,), "M,(CS,), H(CS,), and AZI(CS,) for chain silicate networks.

Theorem 3.1: Let CS, be the chain silicate networks. Then
1 7 13 5
1) ™M, (CS,)==n+— 2 CS n+—
@ "My ( ”)4 36 @ "My )36 18

3) H(CSn):f—2n+g. (@) AZI (csn):{(%f{%s (158j }n{(ijz_(%fz_(%fz}

Proof: Let G be the graph of chain silicate networks CS, with [V(CS;)| = 3n +1 and |E(CS,))| = 6n. From Figure 2, it is
easy to see that there are two partitions of the vertex set of CS, as follows:

V3 ={ueV(G) | dg(u) = 3}, [Va| =2n + 2.

Ve ={ueV(G) | do(u) = 6}, [Ve| =n - 1.

By algebraic method, in CS,, n > 2, there are three types of edges based on the degree of the vertices of each edge as
follows:

Es = {uveE(G) | de(u) = dg(v) = 3}, [Ee| = n + 4.

Eo = {uveE(G) | dg(u) = 3, dg(v) = 6}, |[E¢| = 4n—2.

Ei, = {uveE(G) | d(u) = dg(v) = 6}, [Esof =n -2,

(1) Now to compute "My (G) we see that

1 1 1 1 1 7
"My(G) = ——= + (2n+2)+ > (n-1)=—n+_—.
ueVZ(G) ds (U)2 u%/:a dg (U)2 u%/:6 dg (U) 32 4 36

(2) To compute "M(G), we see that

ey — -y Ly 1 L

uweE(G) dg (u)dg (v) uveEg dg (u)dg (v) uvek, dg (u)dg (v) +U\/eE12 dg (u)dg (v)

1 13 5
(3 3j(n+4)+( )(4n 2)+( j(n 2)—36 TS
(3) To compute H(G), we see that

_ 2 2 2 2
HG) = Y —=—— =Y — <, +
wee(e) de (W +dg (v) g, de (W) +dg (V) icg, 6 (u)+ds (v) g, de (u)+dg (v)

? 5.5
(3 3)(“4) (3 6)(4n 20 (6 ej( ~2= "y
(4) To compute AZI(G), we see that

ds (Wds (v) Y
AZI(G) = G G
© uva%(e)(de(u)+d@(v)—2j

_ dg (u)ds (v) T [ dg (u)dg (v) T [ dg (u)dg (v) T
W;g(dg(u)me(v)—z P2 G te-2) 2 (o) de (v)-2
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= (sfgizf(n+4)+(3f;?2)3(4n—2)+(622?2j3(n—2)

JORCRGINORGEOE

Theorem 3.2: Let CS,, (n = 1) be the chain silicate network. Then

1) mml(csl)=g. @) mMz(csl):%.
(3) H(Cs,)=2. @) AZI (csl):%.

Proof: Let CS; be the graph of a chain silicate network. Then CS; = K,. Clearly |V(CS;) | = 4 and |E(CS;)| = 6. Also
dcsl (u) =3 forevery u € V(CS,).

To compute "M;(CS;), "M(CS,), H(CS,), and AZI(CS;), we see that

1 1 4
1) ™M,(CS;) = R RV
o Ljev%sl)d(u)2 3? 9
1 1 2
2) "M (CS): - «6=2.
e mggﬂunmw 3x3 3

2 2
3) H(CS)= - x
' LIVEEZ(:CSI) d (U)+d (V) 3+3

K AZI(CSl)_UVEEZ(“csl)(d(qu(v)—Zj “31322) T

4, RESULTS FOR HEXAGONAL NETWORKS
It is known that there exist three regular plane tilings with composition of same kind of regular polygons such as

triangular, hexagonal and square. Triangular tiling is used in the construction of hexagonal networks. This network is
symbolized by HX,, where n is the number of vertices in each side of hexagon. A hexagonal network of dimension six

in shown in Figure 3.
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Figure-3: Hexagonal network of dimension six
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Now we compute the values of "M;(HX,), "Mz(HX,,), H(HX,) and AZI(HX,,) for hexagonal networks.

Theorem 4.1: Let HX,, be the hexagonal networks. Then

1 117 1
1) "M, (HX )=—n?+=n+—. 2) "M, (HX ) =—(gn2 _ .
) 1( n) 12 8 18 ) 2( n) 24(6n n+1)
3, 8 97 )
3) H(HXn)=En =" 10 4) AZI(HX,) ~ 419.904n% —1101.870n + 678.252.
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Proof: Let G be the graph of hexagonal network HX, with [V(HX,)|=3n? — 3n + 1 and |E(HX,)|=9n° - 15n + 6. From
Figure 3, it is easy to see that there are three partitions of the vertex set of HX, as follows:

V3 ={ueV(G) | ds(u) = 3}, |V4| = 6

V,={ueV(G) | dg(u) = 4}, [V4 = 6n -2.

Vs = {ueV(G) | dg(u) = 6}, [Ve| =3n*-9n + 7.

In HX,, by algebraic method, there are five types of edges based on the degree of the vertices of each edge as follows:
E7 = {uveE(G) | do(u) = 3, dg(v) = 4}, |E7| = 12
Eo = {uveE(G) | de(u) = 3, dg(v) = 6}, |Eq| = 6.
Es = {uveE(G) | dg(u) = dg(v) = 4}, |Eg| = 6n—18.
ElO = {UVE E(G) | dG(U) =4, dG(V) = 6}, |E10| =12n-24.
Epp = {UVE E(G) | dG(U) = dG(V) = 6}, |E12| = 9n2 —33n+ 30.
(1) Now compute "M;(HX,), we see that
1 1 1 1
mM G) = = + +
© uge) dg (u)? Zv dg (u)? Zv dg (u)? Zv dg (u)®
1 17

1.1 1 2
= —(6)+—=(6n-12)+—(3n2 =—n"+>n+—.
7 B+ 7 (6n-12)+ 5 (3 —on+7) =N +gn+ iy

(2) To compute "M(G), we see that

1
™™,(G) = _
A©) UVEZE‘EG) dg (u)dg (v)

1 +Z 1 +Z 1 +Z 1 1

i u\%:z dg (u)dg (v) uvek, dg () dg (v) uvek, dg (w)dg (v) uvek, dg (w)dg (v) +uveE12 dg (u)dg (v)

_(3x4)(12)+(3 ej(6)+(4x4j(6” 18)*( )(12” 24)+( 16j(9n2—33n+30)

1
= Q(Gn -n +1)
(3) To compute H(G), we see that
2
H(G)= _
uv%@) ds (W) +dg (v)
2 2 2 2
= + + + _
uvek, dG (U)+dG (V) uvek, dG (U)+dG (V) uvek, dG (U)+dG (V) uvek,, dG (U)+dG (V)

2

uvev,, dG (U)+dG (v)

_(3 4j(12) ( i6j(6)+( j(Gn 18)+(4+ j(lzn 24 [ —2+6j(9n ~331+30)

3, 8 97
==n"——n+——o!.
2 5 210

(4) To compute AZI(G), we see that

ds (Wdg (v) Y’
AZI(G) =
©) UVEEG)[dGm)mG(v)—ZJ

3x4 Y 3x6 Y 4x6
=(3+4—2j (12)+(3+6—2) ) (4 4- 2) (6n-18)+ ( +6_2j (12n-24)

+( 6> )3(9 2_33n+30)
6+6-2) -0 Teont

~ 419.904n° —1101.870n + 678.252.

5. RESULTS FOR OXIDE NETWORKS

The oxide networks are of vital importance in the study of silicate networks. An oxide network of dimension n is
denoted by OX,. A 5-dimensional oxide network is shown in Figure 4.
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Figure-4: Oxide network of dimension 5
We compute the values of "M;(0X,), "M(0X,,), H(OX,) and AZI(OX,) for oxide networks.

Theorem 5.1: Let OX,, be the oxide network. Then

1) "M (OX,)= 3z 2ty () mMZ(OXn):%n2+in
(3) H(OXn):%n2+n. (4) AZI(OX,)= 1024 - %n.

Proof: Let G be the graph of oxide network OX, with [V(OX,) | = 9n? + 3n and |[E(OX,)| = 18n’. From Figure 4, it is
easy to see that there are two partitions of the vertex set of OX,, as follows:

V, ={ueV(G) | dg(u) = 2}, |V, = 6n

V, = {ueV(G) | dg(u) = 4}, [V4| = 9n* - 3n.

In OX,, by algebraic method, there are two types of edges based on the degree of the vertices of each edge as follows;
Es = {uveE(G) | dg(u) = 2, dg(v) = 4}, |E¢| = 12n.
Es = {uveE(G) | dg(u) = dg(v) = 4}, |Eg| = 18n*- 12n.

Now to compute "M;(OX,,), we see that

m 1 1 1 1 1 3, 21
Ml(G) = Z = Z + z = (—jGn—%(—j(gnz _3n)=—n +—nN.

o) o (W) iF, ds (0)* i, dg (W)* (22 4? 4~ 16
1. To compute "M,(OX,), we see that

1 1 1
"M,(G) = - -
{9 uve;(e) de (u)dg (v) U\%I:EG dg (u)dg (v) +U\%|:EB d (u)dg (v)

1 1 9, 3
= 12n+| — 2_ =—n“+—n.
(2><4) (4X4j(18n 12n)=g """+

2. Tocompute H(OX,), we see that
2 2 2
HG = Y — <2 - % £y

wee(e) Yo (W +dg (v)  yieg, dg (W) +dg (v) ey, dg (u)+dg (v)

2 2 9,
= 12n+ 2 _ =—n“+n.
[2+4) (4 4](18n 12n) =7

3. Tocompute AZI(OX,), we see that

AZI(G) = ( ds (u)dg (v) T: [ dg (u)dg (v) j‘l [ dg (u)dg (v) T
uveE(G) dG(u)+dG (V)_Z uveE, dG(u)+dG(V)_2 uvek, dG(U)+dG(V)_2

:( 2x4 j312”+( 4x4 j3(18 12n)= 1024 , 1184
2+4-2 4e4-_2) oM VT 9

6. RESULTS FOR HONEYCOMB NETWORKS

If we recursively use hexagonal tiling in a particular pattern, honeycomb networks are formed. These networks are very
useful in chemistry and also in computer graphics. A honeycomb network of dimension n is denoted by HC,,, where n is
the number of hexagons between central and boundary hexagon. A 4-dimensional honeycomb network is shown in
Figure 5.
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Figure-5: Honeycomb network of dimension four

In the following theorem, we compute the values of "M;(HC,), "M,(HC,), H(HC,) and AZI(HC,) for honey comb
networks.

Theorem 5.1: Let HC, be the honeycomb networks. Then

3,5 11
(1) li(HCn):EnZJrgn. () mM?_(HCn):n2+§n+g.

; 11 , 1
(3) H(HC,)=3n"-Zn+. (4) AZI(HC, )= (6561n° - 4791n +1302) 5

Proof: Let G be the graph of honeycomb network HC, with [V(HC,)|=6n? and |E(HC,)| = 9n® — 3n. From Figure 5, it is
easy to see that there are two partitions of the vertex set of HC,, as follows:

V, ={ueV(G) | dg(u) = 2}, |V, = 6n.

V3 = {ueV(G) | dg(u) = 3}, [V4| = 6n? - 3n.

In HC,, by algebraic method, there are three types of edges based on the degree of the vertices of each edge as follows:

Es = {uveE(G) | do(u) = do(v) = 2}, [E4| = 6.
Es = {uveE(G) | dg(u) = 2, dg(v) = 3}, |Es| = 12n-12.
Es = {uveE(G) | dg(u) = dg(v) = 3}, |Eg| = 9n? — 15n + 6.

(1) Now compute "M, (HC,), we see that
m - ! . ! 1 (L1 L laz_pry=3n242

P Y A T P T [22 j6n+[32 j(G” “en) =5 gn
(2) To compute "M,(HC,), we see that

1 1 1 1
mM G) = B — - -
(e uveZE%e) de (u)dg (v) UVEZéA dg (u)dg (v) +UVEZ‘E5 ds (u)dg (v) +u\§56 de (u)dg (v)

1 1 1 , 11
= —|(6)+]| — -12)+| —|(9n2 - =N +=n+=.
[M)(e) (mj(lzn 12) (3X3j(9n 15n+6) 3" %

(3) To compute H(HC,), we see that

2 2 2 2
H(G) = Z _— = _— +
wetg) U (U)+dg (v) uvek, dg (u)+dg (v) uvek, dg (u)+dg (v) uvek, dg (u)+dg (v)

2 2 2 , 11
= — |6+ — ~12)+| —— |(9n? - =3n"—=n+=.
(2+2j ( j(12n 12) ( j(9n 15n+6) ste

2+3 3+3
3, 8 97
=—n“"——n+—0m.
2 5 210

(4) To compute AZI(G), we see that

AZIG) = Y ( dg (u)dg (v) ]3:( 2x2 TG{ 2x3 T(lz 12)+( 3x3 ]3( , )
weg(e)\ do (u) +dg (v) -2 2+42-2 213-2) "7 343-2) o -1on+6

1
=(6561n% — 4791n +1302)4—3-
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