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ABSTRACT 
In the present paper, we shall proved a fixed point theorem for mapping in two metric spaces. 
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INTRODUCTION 

 
In 1968 Maia (1) generalized the result of well known Banach, S. (2) contraction Principle by taking two metrics on a 
set X. During the past few years Maia's theorem was generalized and fixed point theorems proved in several 
directionsby Iseki,K.(3), Iyer,S.(4), Mishra  (5) Ray, B.K.(6), Rus, I.A.(7), Singh,S.P. and Pant,S.P. (8) Bhore, S.K. (9) 
Phatak,H.K. (10) and others 

 
OUR MAINRESULTS 
 
Theorem 1: Let (X, d1, d2) be metric space such that the following are conditions holds, 

(i) 𝑑𝑑1 (x, y) ≤ d2 (x, y) for all x, y ε X. 
(ii) (X, d1) is complete space. 
(iii) Two mappings S, T : X → X be a mapping are continuous with respect to d1 and  satisfies inequality 

[ d2 (Sx, Ty)]2 ≤ C d2(x,y)d2 (Sx ,Ty )� 1+2{�d2( x,y)+d2 (y,Ty  )}2�
[ 1+{�d2( x,Ty)+d2(y,Sx )}2+{�d2( x,Sx )+d2 (y,Ty  )}2]

 
 

Then S and T have a common fixed point, further if 0< 𝐶𝐶 < 1 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒𝑒𝑒ℎ 𝑜𝑜𝑜𝑜 𝑆𝑆 𝑒𝑒𝑒𝑒𝑑𝑑 𝑇𝑇 ℎ𝑒𝑒𝑎𝑎 𝑒𝑒 𝑢𝑢𝑒𝑒𝑢𝑢𝑢𝑢𝑢𝑢𝑒𝑒 𝑜𝑜𝑢𝑢𝑓𝑓𝑒𝑒𝑑𝑑 point and 
these two fixed points coincide. 
 
Proof: Let x0 ε X be an arbitrary and define a sequence {xn} be a sequence of X then we defined as below                   
x2m-1 = Sx2m-2, x2m =Tx2m-1, m = 1, 2, 3, .......then we show that the sequence{xn}of iterates at  x0 is a Cauchy sequence. If 
for some k be the positive integers such that xk-1 = xk then {xn} is a Cauchy sequence. Suppose that the positive           
xm-1≠ xm for each m=1, 2, 3,…then for x = x2m-2 and  y = x2m-1  using inequality  (iv), we have 

[ d2 (x2m−1, x2𝑚𝑚 )]2 ≤ 𝐶𝐶
d2(x2𝑚𝑚−2, x2𝑚𝑚−1)d2 (x2𝑚𝑚−1, x2𝑚𝑚 )� 1 + 2{�d2(x2𝑚𝑚−2, x2𝑚𝑚−1)+d2 (x2𝑚𝑚−1, x2𝑚𝑚  )}2�

[ 1 + {�d2(x2𝑚𝑚−2, x2𝑚𝑚)+d2(x2𝑚𝑚−1, x2𝑚𝑚−1)}2 + {�d2( x2𝑚𝑚−2, x2𝑚𝑚−1)+d2 (x2𝑚𝑚−1, x2𝑚𝑚  )}2]
 

 ≤ Cd2(x2𝑚𝑚−2,x2𝑚𝑚−1)d2 (x2𝑚𝑚−1,x2𝑚𝑚 )� 1+2{�d2(x2𝑚𝑚−2,x2𝑚𝑚 )}2�
[ 1+{�d2(x2𝑚𝑚−2,x2𝑚𝑚 )}2+{�d2( x2𝑚𝑚−2,x2𝑚𝑚 )}2]

 

 ≤ Cd2(x2𝑚𝑚−2,x2𝑚𝑚−1)d2 (x2𝑚𝑚−1,x2𝑚𝑚 )[ 1+2d2( x2𝑚𝑚−2,x2𝑚𝑚 )]
[ 1+2d2( x2𝑚𝑚−2,x2𝑚𝑚 )]

 
 
[ d2 (x2m−1, x2𝑚𝑚 )]2≤ Cd2(x2𝑚𝑚−2, x2𝑚𝑚−1)d2 (x2𝑚𝑚−1, x2𝑚𝑚) 
 
d2 (x2m−1, x2𝑚𝑚) ≤ Cd2(x2𝑚𝑚−2, x2𝑚𝑚−1) 
 
Where C < 1. Proceeding in this way we getd2(x2m−1, x2𝑚𝑚 ) ≤  𝐶𝐶 2𝑚𝑚−1d2(x2𝑚𝑚−2, x2𝑚𝑚−1) 
 
By calculations we can easily seen that the following inequality hold for sequence {xn}. 

d2�xi, xj� ≤ ∑𝑘𝑘=1
𝑗𝑗−1 d2(xk, xk+1) 

                ≤ ( 𝐶𝐶𝑢𝑢

1−𝐶𝐶
)d2(x0, x1)      j < i 

Tends to zero as  i→ ∞. 
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It follows that {xn} is a Cauchy sequence with respect to 𝑑𝑑2 . Further by condition (i) sequence is a Cauchy under 
metric𝑑𝑑1 . Since X is complete space there is some u in X such that   limn→∞ 𝑓𝑓𝑒𝑒  = p in the metric 𝑑𝑑1 .  Since S is 
continuous on X it is continuous at p also. Sp = S logm→∞   xn= S logm→∞    x2m= logm→∞   Sx2m= logm→∞     x2m+1= p 
 
Similarly, by the continuity of T we have Tp = p. Hence p is the a common fixed point of S and T. 
 
Let p and q be two distinct common fixed point of S and T then 

[d2(p, q)]2 = [d2(Sp, Tq)]2 

 ≤ C d2(p,q)d2(Sp ,Tq )� 1+2{�d2( p,q)+d2(q,Tq )}2�
[ 1+{�d2(p,Tq)+d2(q,Sp )}2+{�d2( p,Sp )+d2(q,Tq )}2]

 

 ≤ C d2(p,q)d2 (p,q)� 1+2{�d2( p,q)+d2 (q,q )}2�
[ 1+{�d2(p,q)+d2(q,p)}2+{�d2( p,p)+d2 (q,q )}2]

 

 = 𝐶𝐶[ d2 (p, q)]2 
 

Since 0 < C < 1 we aarive at a contradiction then p = q. Therefore S and T have unique common fixed point. 
     
REFERENCES 
 

1. Maia M.G., Un' osservazione ssulle cotrazioni metriche, Rend. Sem. Math. Univ. Padova40, 139-143 
(1968). 

2. BanachS., Sur les operations dans les ensemeblesabstraits et leur application aux equations integrals 
Fund.Math3, 133-181(1922). 

3. Iseki K., A common fixed point theorem, Rend. Sem. Math. Padova 53, 13-14 (1975). 
4. IyerS., Fixed point theorems in Bimetricspaces,, Journal of M.A.C.T.,15 (1982). 
5. Mishra S.N., Remarks on some fixed point theorems in Bimetric spaces, Indian J.pure appl. Math 9(12), 

1271-1274 (1979). 
6. Ray B.K.., On a fixed point theorem in a space with two metrics, Mathematics Education Vol. IX No. 3 

(1975). 
7. RusI.A., On a fixed point theorem of Maia, Studia Univ. Babes - Bolyai 22, 40-42(1977). 
8. Sigh S.P. and Pant R.P., A common fixed point theorem in a metric space with two metrics, Pure appl. 

Math. Sci.14 (1-2), 35-37(1981). 
9. Bhore S.K., Fixed points of orbitally continuous mappings, The Mathematics Education Vol.XXI No.4 

Dec.1987. 
10. PathakH.K., On some non-unique fixed point theorems for the maps of Dhagetype, Pure and Appl.Math. 

Science Vol. XXVII No.1-2 March 1988. 
 

Source of support: Nil, Conflict of interest: None Declared. 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 

 


