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ABSTRACT
In this paper we prove some fixed point theorems in two complete fuzzy metric spaces.
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INTRODUCTION

Fixed point theory is one of the most fruitful and effective tools in mathematics which has enormous applications
within as well as outside the mathematics. Despite noted improvements in computer skill and its remarkable success in
facilitating many areas of research, there still stands one major short coming: computers are not designed to handle
situations wherein uncertainties are involved. To deal with uncertainty, we need techniques other than classical one
wherein some specific logic is required. Fuzzy set theory is one of uncertainty approaches wherein topological
structures are basic tools to develop mathematical models compatible to concrete real life situations. The concept of
fuzzy set was introduced by Zadeh [7]. Kramosil and Michalek [4] built the fuzzy metric spaces in various ways.
George and Veermani [2] modified the notion of fuzzy metrices spaces introduced by Kramosil and Michalek [4] in
order to get a Hausdroff topology. Fixed point theory in fuzzy metric spaces was initiated by Grabiec [3]. In the
literature many authors established the fixed point theorems for mapping satisfying different types conditions in fuzzy
metric spaces. In this paper, we prove some new common fixed theorems in two complete fuzzy metric spaces.

Definition 1.1: A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the following
conditions:

(1) =* is associative and commutative,

(2) * is continuous,

(3)a * 1=aforalla € [0, 1],

(4)a* b<c* dwhenevera<candb<d, foreacha,b,c,d e [0, 1].

Examples of continuous t-norm are a * b =aband a * b = min(a, b).

Definition 1.2[4]: The 3-tuple (X, M, *) is called a Fuzzy Metric spaces (shortly, FM-space) if X is a n arbitrary set.
* is a continuous t-norm and M is a fuzzy set in X* x [0, oo) satisfying the following conditions:

(FM-1) M(x,y, 0) =0,

(FM-2)M (x,y,t)=1,forallt>0ifand only if x =y,

(FM'3) M(X, Y, t) = M(y, X, t):

(FM-4) M(x, y, t) * M(y, z,5) 2 M(X, z, t +5),

(FM-5) M(x,y, .) : [0, 1) — [0, 1] is left continuous for all X, y, z € X and s, t>0.

Note that M(x, y, t) can be thought of as the degree of nearness between x and y with respect to t. In the sequel, we will
only consider FM-space verifying:

(FM-6) !im M(x,y,t)=1forallx,y € X.
—®
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Definition 1.3[2]: Let (X, M, *) be fuzzy metric space. Then
(a) A sequence {x,} in X is said to be Cauchy sequence if, forall t>0and p >0, lim M(Xn+ps Xn, 1) =1
n—o0

(b) A sequence {x,} in X is said to be converges x e X if, forall t >0, limM(x,, x, t) = 1.
n—o

(c) (X, M, *)issaid to be complete if and only if every Cauchy sequence in X is convergent.
Before proving our main results, we state some results which are used in proving our main results:

Lemma 1[5]: Let (X, M, *) be fuzzy metric space and for all x, y € X, t> 0 and if for a number k € (0, 1),
M( X, y, kt) = M(Xx,y,t),thenx=Yy.

Lemma 2[5]: Let (X, M, *) be fuzzy metric space and {y,} be a sequence in X. If there exists a number k € (0, 1),
such that M( ¥y, Yo+, kKt) 2 M( Vo1, Yoo 1), forallt>0andn=1,23,...... then {y,} is a Cauchy sequence in X.

MAIN RESULT

Theorem 2.1: Let (X, M, *)and (Y, M, *) be complete fuzzy metric spaces. If T is a mapping from X into Y and S
is a mapping from Y into X satisfying the following conditions:

M (Sy, STx, t) = min {M(x, Sy, L), M (y, TX, L)} (2.1)
Cl Cl

M’ (Tx, TSy, t) = min {M(x, Sy, L), M'(y, Tx, L)} (2.2)
CZ C2

forall x in X and y in Y where 0 <c¢; <1and 0 < c¢,< 1, then ST has a unique fixed point z in X and TS has a unique
fixed point win Y. Futher Tz = wand Sw = z.

Proof: Let X, be an arbitrary point in X. Define a sequence {x,} in X and a sequence {y,} in Y, as follows:
Xn = (ST)" X0, ¥n = T( Xp.1) fOr n=1,2,......

We have,
M( Xn, Xns1, 1) = M((ST)" Xo , (ST)™* %o ,t)
= M( S(TXq.0), STXy, 1)
=M(Sy,, STx,, 1)

- t t
Z min {M( X, , Syn, C—), M’(Yn, T, C_)}
1 1

t
=min {M( X, , STXp.1, C—), M’(Yn, TXn, C—)}

1 1
_ t t
=min {M( X, , X , a), M’(Yn, Vet C_l)}
t
=M’ (Yn, Yo C—) (2.3)

1
Now,
M’( Yn s Yn+1 !t) = M,( Txn—l ’ TXI"I 1t)
=M’(TXp_1, TSY, 1)

. t t
= min { M(X,-1, Syn, C—),M’(yn,Txn_l, C—)}
2 2

t t
:mln{M(Xn—l!Xnv CZ )vM(Ynaan C2 )}

t
=M(xn_1,xn,c—) (2.4)
From (2.3) and (2.4),

M(Xnv Xn+1vt) 2 M(Xn_l,Xn,C_) ...........

© 2017, IIMA. All Rights Reserved 92



Sushma*', Anil Kumar® and Sandeep Kumar® / Some Fixed Point Theorems in Fuzzy Metric Spaces / IIMA- 8(1), Jan.-2017.

Z M (Xe_1, %n — 0asn — % (since ¢, €(0,1))

# )
(c,c,)"

Thus {x,} is a Cauchy sequence in (X, M. *). Since (X, M, *) is complete, it converges to a point z in X. Similarly,
we can prove that the sequence {y,} is also Cauchy sequence in (Y, M’, *) . Since (Y, M’, *) is complete, it
converges to a pointwin'Y.
Now, we prove that Tz =w

Consider,
M (Tz,w, &) = 1M M (T2, ys, )

= lim me(1z, Tsy,, et
2 lim min {M(z, Sy, 1), M'(Ya, T2, }

= r'}'_[g min{M(z, X, ,t), M’(yn, Tz ,1) }
=M’(w, Tz,t),

So, Tz=w
Now, we prove that Sw =z

Consider,
M(Sw, z, cit) = !Tl M( SW, Xp+1, Cit)

lim m(sw, sTx,, 1t

vV

!m min{M(x,, Sw, t), M’(w, Tx,, t)}

1iM min £ M(xy, Sw, t), M*(W, Yo, 0}
=M(z, Sw, t)

So, Sw=z
We have STz = Sw = z. Thus the point z is a fixed point of ST in X and the point w is fixed point of Tsin Y.

Uniqueness: Let z # z” be another fixed point of ST in X. We have
M(z,2’ ,cict)=M( STz, STz',¢c; Cp t)

2 min{ M(z’,STz,c t), M’(Tz, TZ’, ¢, 1)}
=min {M(2’,z,c,t), M’(Tz, TZ’,c, 1)}
=M’(Tz, TZ’,cy t) (2.5)

Also,
M’(Tz, Tz’,c,t) = M’ (Tz, TSTZ’,C,t)

2 min{M( z, STz’ ,t), M’(Tz", Tz, t)}
=min{M(z,2’ t), M’(Tz’, Tz, t)}
=M (z,z’,1) (2.6)

From (2.5) and (2.6) we have,
M(z, 2" cict) 2 M(z 2,1

Thus z2=7".
So the point z is a unique fixed point of ST. Similarly, we prove that the point w is a unique fixed point of TS.
Corollary 2.2: Let (X, M, *) be complete fuzzy metric spaces. If T and S are mapping from X into X satisfying the

following conditions:
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M (Sy, STx, t) = min {M(X, Sy, i), M(y, Tx, L)}
Cl Cl

t t
M (Tx, TSy, t) = min {M(x, Sy, — ), M(y, Tx, — )}
CZ C2
for all xin X andy in Y where 0 <c; <1and 0 <c,<1, then ST has a unique fixed point z in X and TS has a unique
fixed point w in X. Futher Tz = w and Sw = z and if z=w, then z is the unique common fixed point of S and T.

Proof: If (X, M, *) and (Y, M’, *) are same fuzzy metric spaces, then by above theorem 2.1, we get the required
result.

Theorem 2.3: Let (X, M, *) and (Y, M, *) be complete fuzzy metric spaces. If T is a mapping from X into Y and S
is a mapping from Y into X satisfying the following conditions:

t t t t
M(Sy, STX, t) 2 min{M(x, Sy, C—), M’(y, TX, C—), M(x, Sy, C—) * M(x, STX, C—)}
1 1 1 1

t t t t
M’(Tx, TSy, t) 2 min{ M(x, Sy, ), M’(y, Tx, =), M’(y, Tx, ——)* M’(y, TSy, )}
CZ C2 CZ CZ
for all x in X and y in Y where ¢;, ¢, €(0,1), then ST has a unique fixed point in X and TS has a unique fixed point w
in Y. Further Tz =wand Sw = z.

Proof: Let X, be an arbitrary point in X. Define a sequence {x,} in X and a sequence {y,} in Y, as follows:
Xn = (ST)" X0, Yn = T(Xa1) fOrn=1,2,......

We have,
M( Xn, Xns1, t) = M((ST)" %o , (ST)™ X ,t)
= M(S(TXp.1), STXp, t) = M( Sy, , STXp, 1)

t t t t
2 min{M(X ,SYx ,C—), M’(Yn , TXq ,C—), M(Xn, SYn , C—)* M(Xn , STX,, C—) }

1 1 1 1
H M l M! i M i * M L
=min {M(X, , X, , , ) M(Yn s Vst C, ), M(X , Xn Cl) (Xn , Xn+1 Cl)}
) t t
=min {1, M’( yn ,yn+1; _)1 M(Xnixn+l: _)}
C, C,
t
=M’(Yn, Yners ) (2.7)

Cl
Now,
M’( Yn s Yn+1 ,t) = M,( TXn-1, TXn :t) = M,( TXn-1, TSYn ,t)

t t T t
2 min{M(Xp1, SYn — )M’ (Yo, Tz, — )M’ (Yo, Txoa, — )*M’(Yn, TSYn, — ) }
CZ C2 CZ CZ

t t t
=min{M( Xp-1, X0, 7 ), M’ (Vo Yoo T ) M (Yo Yoo 7 )M (Va1 ) 3

C2 CZ CZ CZ
_ t t
=min{M( Xn_1, X0, = ), L, * M’ (Yo, Vo1, =) }
C2 CZ

t t
:mln{M(xn_l,xn,C ), M (yn.Yn+1,C )}

2 2
t
=M(xn_1,xn,c—) (2.8)
2
From (2.7) and (2.8),
t
M(Xn’ XI’1+1it) 2 M (X 1, Xny ) ..........
n n C1C2
t
Z M (Xn_1, Xn s W —> 0asn —> % (since ¢;c, € (0,1))
192
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Thus {x,} is a Cauchy sequence in (X, M. *). Since (X, M, *) is complete, it converges to a point z in X. Similarly, we
can prove that the sequence {y,} is also Cauchy sequence in (Y, M’, *). Since (Y, M’, *) is complete, it converges to a
pointwin'Y.

Now, we prove that Tz =w

Consider,
M’( Tz, w, Cot) = r'}'_[g M’(TZ, Yns1, Cot) = r'}'_[g M’(Tz, TSy, Ct)

2 |iMmin {M(z, Syn ), M'(Yn, T2.), M'(¥n, TZ.)* M(ya, TSya 1) }

I!i—l;g mln {M( z 1 Xn lt )i M’(yn 3 TZ lt)l M’(yn 1 TZ ,t)* M’(Yn 1 yn+1 't) }

min{M(z,z t), M’(w, Tz,t), M’(w, Tz, t)* M’(w, w,t) }
min {1, M’(w, Tz t), M’(w, Tz t)*1 }
M’(w, Tz,t),

So, Tz=w
Now, we prove that Sw =z

Consider,
M(Sw, z, cit) = !LTO M( SW, Xqs1, Cit) = !LTO M(Sw, STXy, Cit)

2 1M mingM(x,, Sw.), M'(W, Txo, ), M(Xa, SW.0* M(xs, STy ) }

= f!i—r;g mlﬂ {M(an SWlt)v M,( Wl yn: t)’ M(Xn, SW't)* M(Xn, Xn+l 't) }

= min {M(z, Sw,t), M’(w, w, t), M(z, Sw,t)* M(z, z ,t) }
= min {M(z, Sw,t), 1, M(z, Sw,t)* 1}
= M(z, Sw, t)

So, Sw=z
We have STz = Sw = z. Thus the point z is a fixed point of ST in X and the point w is fixed point of Tsin Y.

Uniqueness: Let z # z” be another fixed point of ST in X. We have
M( Z,2’ ,C1Co t) = M( STz, STz’ ,¢c; ¢, t)

2 min{M(z’,STz,c, t), M’(Tz, TZ’, ¢, t), M(z’,STz,c, t )* M(z’,STz’,c, t )}
= min{M(z’, z,c, t), M’(Tz, Tz’ ,c, t), M(Z’,z,co t )* M(z°,2°,C, t )}
=M(Tz, TZ',co t) (2.9

Also,
M’(Tz, Tz’ ,c,t) = M’ (Tz, TSTZ’c,t)

2 min {M(z, STz’ .t), M’( Tz’ Tz, t), M’( Tz, Tz, t)y* M’( Tz, TSTZ", t)}
=min{M(z,2’ t), M’ (Tz’, Tz, t), M’ (T2, Tz, t)y* M’( T2’,TZ’, )}
=M (z,7’,1) (2.10)

From (2.9) and (2.10) we have,

M(z, 2 cict) 2 M(z2,1)
Thus z=7".
So the point z is a unique fixed point of ST. Similarly, we prove that the point w is a unique fixed point of TS.

Corollary 2.4: Let (X, M, *) be complete fuzzy metric spaces. If T and S are mapping from X into X satisfying the
following conditions:

t t t t
M(Sy, STX, 1) 2 min { M(x, Sy, —), M(y, Tx, —), M(X, Sy, —)* M(x, STx, —)}
Cl Cl Cl Cl
t t t t
M( Tx, TSy, t) 2 min{ M(x, Sy, — ), M(y, Tx, — ), M(y, TX, — )*M’(y, TSy, —)}
C2 CZ CZ CZ
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for all xin X andyinY where 0 <c; <1and0<c,<1,then ST has a unique fixed point z in X and TS has a unique
fixed point w in X. Futher Tz = w and Sw =z and if z=w, then z is the unique common fixed point of S and T.

Proof: If (X, M, *) and (Y, M’, *) are same fuzzy metric spaces, then by above theorem 2.3, we get the required
result.

Theorem 2.5: Let (X, M, *) and (Y, M, *) be complete fuzzy metric spaces. If T is a mapping from X into Y and S
is a mapping from Y into X satisfying the following conditions:

t t t t
M(Sy, STX, ) 2 min{M( x, Sy, C—), M’(y, TX, C—), M(x, STX, C—), M’( Tx, TSy, C—)}
1 1 1 1

t t t t
M*(Tx, TSy, )= min{M(x, Sy, —=), M’(y, Tx, —=), M’(y, TSy, —~), M(x, STx, —)}
C2 C2 CZ C2
for all x in X and y in Y where ¢, ¢, €(0,1), then ST has a unique fixed point in X and TS has a unique fixed point w
in Y. Further Tz =wand Sw = z.

Proof: Let X, be an arbitrary point in X. Define a sequence {x,} in X and a sequence {y,} in Y, as follows:
Xn = (ST)" X0, ¥n = T( Xp.1) fOr n=1,2,......

We have,
M( Xn, Xns1, 1) = M((ST)" Xo , (ST)™* %o ,t)
= M(S(TXp.1), STXn, ) = M( Sy, , STXp, 1)

t t t t
2 min{M(xn,Syn,C—), M’(yn,Txn,C—), M( Xp, STXp , C—), M’(TX,, TSyn, C—)}

1 1 1 1
H M L M’ i M i M, L
- mln{ (Xn » Xn s Cl )! (yn y Yne1 Cl )! (Xn y Xn+l Cl )1 (yn+l v Yntls Cl ) }
_ t t
=min {1, M’(Yn, Yner, ) M(Xn, Xns1, ) }
C1 C1
t
=M’(Yn, Ynet C—) (2.11)
1

Now,
M’( yl"l ] yn+1 !t) = M,( Txn—l ] TXI"I 1t) = M,( TXI"I—l ] TSyn !t)

t t t t
Z min{M(Xn—lr SYn, C_ )’M,(Ym TXn—l ’ C_ ):M’(Yn, TSYn ’ C_ )’M(Xn—l ,STXn_]_, C_ )}
2 2 2 2

t t t t
:mm{M(Xn—laXnaC ) M’ (Yo, Yn, c ) M’(Yn, Yo s c )» M(Xp1 yxnyc )}

2 2 2 2
_ t t
=min{M(Xn_1, Xn, = ), L, M’ (¥n, ¥Yne1, ) }
C, C,

t t
:mln{M(Xn—l! Xn’c )1 M (YnyYn+1yC )}

2 2
t
=M (Xp-1, X0y ) (2.12)
CZ
From (2.11) and (2.12),
t
M(Xn,Xn+1,t) 2 M(X _1, X ,_) ........
n n ClCZ
t
2 M (xn_l,xn,m ) —> 0asn —> % (since cic, €(0,1))
1v2

Thus {x,} is a Cauchy sequence in (X, M. *) . Since (X,M, *) is complete, it converges to a point z in X. Similarly, we
can prove that the sequence {y,} is also Cauchy sequence in (Y, M’, *) . Since (Y, M’, *) is complete, it converges to a
pointwin'Y.
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Now, we prove that Tz = w,
Suppose Tz #w

Consider,
M’( Tz, w, ciCyt) = !HI‘O M’(TZ, Yn+1, C1 Cot) = r'}'_tg M’(Tz, TSy, C1Cot)

= M‘o min{M(z, Syn, cit), M’(Yn, TZ, Cat), M*(Yn, TSYn, Cst), M(z, STz, cat) }

ﬂ[‘o min{M(z, X, , ¢1t), M’(Yn, TZ, C1t), M*(Yn, Yns1, Cat), M(z, STz, cit) }

min{M(z,z,cit), M’(w, Tz, cit), M’(w, w, cit), M( z, STz, cyt) }
min {1, M’(w, Tz, cit), M(z, STz, cit) }
M(z, STz, cyt), (2.13)

M(z, STz, cyt)

r!'_'ll M(Xn, STz, Cit) = rI]I_I;E M(Syn, STz, cit)

\%

M mingM(z, Syn, ), M'(yn, T2, 1), M(2, STz 1), M*(Tz, TSy, ) }

[ITi—r;];‘J mln{M(Z; Xn, t)l M’(yn:TZ: t)v M( Zv STZ it)i M,( TZ ! yn+1 ’t) }

=min{M(z, z, t), M’(w, Tz, t), M(z, STz ,t), M’ (Tz, w, t) }
=M (Tz,w,t) (2.14)

From, (2.13) and (2.14),
M’( Tz, w, ciCot) 2 M’(Tz,w,t)

So, Tz =w, since ¢;¢; €(0,1)
Similarly, we prove that Sw =1z
We have STz = Sw = z. Thus the point z is a fixed point of ST in X and the point w is fixed point of Tsin Y.

Uniqueness: Let z # z’ be another fixed point of ST in X. We have
M(z, z’, ¢y C, ) = M(STz, STZ’ ¢y C, 1)

2 min{M(z’,STz,c, t), M’(Tz, TZ’, c, t), M(z’,STz,c, t), M’ (TZ', Tz, c, t )}
= min {M(z’, z,c, t), M’(Tz, Tz’ ¢, t), M(2’,z,Cc, t), M’(TZ’,Tz,c,t)}
=M’(Tz, TZ’,cy t) (2.15)

Also,
M’(Tz, Tz’,c,t) = M’ (Tz, TSTZ’,c,t)

2 min {M(z, STz’ t), M*(TZz’, Tz, t), M’(TZ’, TSTZ’, t), M(z,STz, t)}
=min{M(z,z’ t), M’(Tz’, Tz, t), M’(Tz’, TZ’, t), M(z, z, t)}
=M (z,2’, 1) (2.16)

From (2.15) and (2.16) we have,
M(z, 2’ ciCyt) 2 M (z,2’,1)

Thusz=72".
So the point z is a unique fixed point of ST. Similarly, we prove that the point w is a unique fixed point of TS.

Corollary 2.6: Let (X, M, *) be complete fuzzy metric spaces. If T and S are mapping from X into X satisfying the
following conditions:

t t t t
M(Sy, STX, ) 2 min { M(x, Sy, C—), M(y, Tx, C—), M( Tx, TSy, C—), M( x, STX, C—)}
1 1 1 1

t t t t
M(Tx, TSy, t)= min{ M(x, Sy, ——), M(y, Tx, ), M(x, ST, —), M(y, TSy, —)}
CZ CZ CZ CZ
for all xin X andy in Y where 0 <c; <1and 0 <c,<1,then ST has a unique fixed point z in X and TS has a unique
fixed point w in X. Futher Tz = w and Sw = z and if z =w, then z is the unique common fixed point of Sand T.
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Proof: If (X, M, *) and (Y, M’, *) are same fuzzy metric spaces, then by above theorem 2.5, we get the required
result.
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