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ABSTRACT

In this article, separation axioms in Tri star topological spaces are introduced. Several properties and relationship
between the topological spaces induced by separation axioms are analyzed.
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1. INTRODUCTION

Let (X, 7 ) be a topological space. A set X equipped with two topologies 7, 7, is called a Bitopological space with

topology 7 :(Tl U Z'Z). This concept was first introduced by Kelly J.C [6] in 1963. In 1982, Mashhour et al. [8]

introduced the concept of separation axioms in bitopological spaces. After that many authors worked on separation
axioms in bitopological spaces [1], [4]. The study of tri topological spaces was first initiated by Kovar M [7] in 2000. A

non empty set X with three topologies 7, | 7, 7, is called a tri topological space with topology 7= (rl U 7, U 1'3)
and is denoted by (X, 7, 7, 75). Hameed and Mohammed Yahya Abid [3] studied separation axioms in tri topological

spaces. In 2014, Palaniammal S and Somasundharam S [9] defined another topology 7= 7, N 7, N T4 in tri
topological space. In 2016, Stella Irene Mary J and Hemalatha M [10] introduced a new topology called T*,s-topology
in tri topological spaces, which is a combination of two bitopologies defined by 7 = (Tl U Q)ﬂ (T2 U T3) and studied

the various properties of T*;,3-0pen, T*;,3-pre open and T*;,3-semi open sets. Note that > T*13 D T

In this paper, we introduce T*,5-T\ Spaces, T*;,3—pre Ty spaces, k =0, 1, 2, 3 based on the separation axioms induced
by T*1,5-0pen and T*,3- pre open sets and their properties are analyzed.

2. PRELIMINARIES

Definition 2.1.1: [10] A tri topological space (X, 7, 7, 7;) is said to be T*,5-topological space if the topology 7 on
X is defined by z=(z, Uz,)N(z,Ut,), where (7, Uz,) and (r,Ut,) are bitopologies defined on the

bitopological spaces (X, 7, 75) and (X 7, 7;) respectively.

Definition 2.1.2: [10] Let (X, 7, 7,,73) be T*;x3-topological space and A< Xis called
1. T*pg-openif A C 7, 75-int(7, 75-int A) = 7, 7,-int(7, 7,-int A) and T*;-closed if
A D 7, 75cl(7, 75--Cl A).
2. T*ps-preopenif A C 7, 74-int(7, 7,-cl A) and T*5- pre closed if 7, 7,-cl (7, 75-int A) C A.

The intersection of all T*;y;-closed sets (or T*;,3-pre closed sets) containing A is called T*;,3-closure ( or T*;,3-pre
closure) of A and it is denoted by T*;,3-Cl(A)( or T*1,3- pre cl(A)).
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Definition 2.1.3: [5] Let X be a topological space with topology 7 . If Y is a subset of X, the collection
7, ={Y (MU |Ue 7 }isatopology on Y, called subspace topology.

Definition 2.1.4: [2] Let (X, 7 ) be a topological space.

T, axiom: If x, y are distinct elements of X, then there exist an open set U € 7 such that either xeU andy& U or x&
UandyeU.

T, axiom: If X, ye X and y # X, then there exist two open sets U and V such that U contains x but not y and V contains
y but not x.

T, axiom: If X, ye X and y # X, then there exist two disjoint open sets U and V containing x and y respectively.

Tz axiom: If Alisa closed subset of X and x be any point of X disjoint from A, then there exist two disjoint open sets U
and V containing x and A respectively

3. SEPARATION AXIOMS IN T*;,3-SPACE

3.1. T*p3- Tp Space:

Definition 3.1.1: A T*;,; topological space (X, 7, 7, 7T5) is said to be T*y3- Tq space if and only if for each pair
distinct points X, y € X, there exist a T*;,3-0pen set U such that either xe Uandy¢ UorxgUandye U.

Example 3.1.2: Let X = {a, b, c} with 7, = {X, @}, 7, ={X, ¢ {a}}, 7, = Discrete topology, then for each pair x, y
with X # y in X, there exist a T*;,3-open {x} not containing y.

Theorem 3.1.3: A T*y,; topological space (X, 7, 7, 73) is a T*153- To space if and only if for each pair of distinct

points x, y € X, there exist a subset U of X, which is 7, N T,-0pen or 7, -open such that xeU andy¢ U or xgU
andyeU.

Proof: Assume that (X, 7, 7, 75) is a T*y,5- To space. By definition 3.1.1, for any two points x, y with x=y in X,
there exist a T*;;-0pen set U such that either x U and y& U or xg U and y€ U. Since 7 =(r, U7,)N (7, Uz,) =

(7, N 7,) U 7, and U is T*;55-open, we have U is (7, N T,)-0pen or 7, -open.

Conversely, let x, y in X with x#y. By hypothesis, there exist a subset U < X, which is (7, N 7,)-0pen or 73-open
such that xeU and y¢ U or x¢ U and ye U. But7 is union of the (7, N T,) and 73 open sets, implies U is T*;p3-

open containing x or y. Hence (X, 7, 7, 75) is a T*1,3- Tospace.

Theorem 3.1.4: For a space (X, 7, 7, T;) to be a T*3- T o space, it is sufficient that X with 7, -as its topology is a

To-space or X with 7, N T, - asits topology is a To-space.

Proof: Assume that (X, 7,) isaTyspace or (X, 7, N 7,) isaTgspace . Then for each pair of distinct points x, y of X,
there exist a 7, -open set U;ora 7, [ ] 7, - open set U, containing either x or y. Since 7 = (7, (1 7,) U 75, we have

U, and U, are 7 -open, and hence U, and U, are T*3,3-open. Consequently, (X, 7, 7, 73) isa T*1,3- Tospace.

Remark 3.1.5: The condition in the above Theorem is not necessary. We show that there exist (X, z,) and

X, 7, N T, ) spaces which are not Ty, yet (X, 7, 7, T,) is T*1,3- Tospace.
Example 3.1.6: Let X = {a, b, c} with 7,={X, @ {a}{c}.{a c}}, 7, = { X ¢ {a}{b}{a b}}, 75={X ¢ {a c}}

then for each pair x, y with x=y in X, there exist a subset U of X, such that xeU and y¢ U or x¢& U and y € U. Here
X with 7,and X with 7, (] 7, -are not a To-space, but (X, 7, 7, 73) isa T*13- Tospace.
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The following Theorem proves a characterization for a T*;y5- To Space:

Theorem 3.1.7: A T*y,3 topological space (X, 7,7, 74 ) is said to be T*,3- To space if and only if the T*153-closure of
distinct points are distinct.

Proof: Assume that (X, 7, 7, 75) is T*123- T space and let x, y be two distinct points of X. We show that T*;p;-

closure of x and y are also distinct. (X, 7,7, 75) is T*13- Tospace implies that there exist a T*;,3-0pen set U such that

either xe U and y ¢ U. Now U being T*;,3-open implies that X-U is T*;,3-closed. Also x ¢ X-U and y € X-U. Since
T*15-cl{y} is the intersection of all T*;5-closed sets containing y, y € T*3-cl{y} but x& T*5-cl{y} as xg¢ X-U.
Similarly x € T*3-cl{x} but y & T*ps-cl{X}. Hence T*ps-cl{X} = T*1s-cl{y}.

Conversely, Suppose that for any pair of distinct points x, y in (X,tq, 75, 73) we have T*,3-cl{x} # T*1,3-cl{y}. Then
there exist at least one point ze€ X such that ze T*p-cl{X} but z¢ T*;,5-cl{y}. We claim that x& T*y-cl{y}. If
X € T*1p3-Cl{y} then T*5-cl{X} & T*1;5-Cl{y}. S0 ze T*-cl{y} which is contradiction. Hence x& T*;,3-cl{y}.

This implies that xe (T*;3-cl{y}), which is a T*;,;-open set containing x but not y. Hence (X, 7, 7, 73) is a
T*153- ToSpace.

The following Theorem proves the hereditary property of T*,3- T, Space.

Theorem3.1.8: Every subspace of T*y,3- Tospace is a T*y53- Tospace in (X, 7, ,7, 73).

Proof: Let (X, 7, 7, 73) be a T*15- T space and (Y, 7,,7,,7,) be its subspace where 7,7, 7,7, is subspace
topology of 7, 7, N, T, onY. Letyy, Yy, be any two distinct point of Y and hence of X. Now as (X, 7, 7, 73)isa

T*103- To Space there exist a T*jps-open set U such that y;eU and y,¢ U. Then U MY is a T*123-0pen in
(Y, rl', r'z , ré), which contains y; but does not contain y,. Hence Y is T*155- To Space.

3.2. T*1p3- Ty space:

Definition 3.2.1: A T*;5; topological space (X, 7, 7, 75) is said to be T*y,5- Ty space if and only if for any given pair
of distinct points x and y, there exist two T*;3-open sets U and V such that U contains x but not y and V contains y but
not x.

Remark 3.2.2: Every T*15- T1 space is T*1,3- T, Space, but converse not true.

Example 3.2.3: Consider the set N, of all natural numbers and let 7, = 7,= {N, ¢} and 7, be the collection

consisting of N, ¢ and those subsets of N of the form {1,2,3,...n}, n€ N. Clearly the space (N, 7, 7, 75) isa T*s-

Tospace. But it is not a T*;,3- T, space, because if we consider two distinct points m and n (m < n)and if we choose U =
{1,2,3,...m} then me U and n & U, but there does not exist any T*;,3-0pen set V contains n but not m.

Theorem 3.2.4: A T*;,3 topological space (X, 7, 7, 74) is a T*yp3- Ty space iff for each pair of distinct points x, y €

X, there exist subsets U, V of X, which are 7, N T,-openor z7,-opensuchthatxeUandy¢ UorxgVandyeV.

Proof: Assume that (X, 7, 7, 75) isa T*;3- T space. By definition 3.2.1, for any two points x,y with x =y in X, there
exist T*;3-open sets U and V such that U contains x but not y and V contains y but not x. Since 7 = (7, N 7,) U T4

andU,Ve ¢, impliesUis 7, [ ,-open or z,-open.
Conversely, let x, y in X with x # y. By hypothesis, there exist subsets U, V C X, whichare (7, N T,)-openor 7;-

open such thatxeU and y¢ U or x¢V and ye V. Then U and V must belongs to the collection z . This implies U is
T*1,5-0pen containing either x or y. Hence (X, 7, , 7, 75) is a T*1,5- Ty space.
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Theorem 3.2.5: A space (X, 7, 7, T5)tobe T*1,3- T ;space, it is sufficient that X with 7, -is a T;-space or X with 7,

M 7, -isa T;-space.

Proof: Assume that (X, 75) is aTyspace or (X, 7, N 7,) is aTyspace. Then for each pair of distinct points x, y of X,
there exist a 7, -open sets U; and V4, such that U; contains x but not y and V; contains y but not x or z; N T,-0pen
sets U, and V, such that U, contains x but not y and V, contains y but not x. Since 7 = (7, N 7,) U T4, We have

U,V and U, Vs are T*55-0pen sets. Hence (X, 7, 7, 74) isa T*yp3- Ty space.

Remark 3.2.6: The condition in the above theorem is not necessary. We show that there exist (X, 7;) and

X, 7, N 7,) spaces which are not Ty, yet (X, 7, 7, 73) is T*1,3- Ty Space.

Example 3.2.7: Let X = {a, b, c} with 7,={X, ¢ {a}{c}{b, c}{a c}}, 7, = { X, ¢ {a}{b, c}}, 7,={X, ¥,
{a, b},{c}} then for every pair of distinct points of X there exists T*;,3-open sets U and V contains each points
respectively. Here X with 7, and X with 7, (| 7, -are notT;-space, but (X, 7, 7, 7,) isa T*1- Ty space.

Theorem 3.2.8: A T*;5; Topological space (X, 7, 7, 74) is a T*1,3- Ty space if and only if every singleton subset {x}
of X is a T*;,3- closed set.

Proof: Let X be a T*;,5- Ty space and x be arbitrary point of X. If y € {x}°, then y # x. Since X is T*;,;- T; space and y
# X there must exist an T*,3-open set Uy such that y € U, but not x. Thus for each Y€ {x}°, there exist an T*;,3-0pen

set U, such that Y € U, S 3" Therefore {x}°=U {y |y=x} = U{u, |y=x = {3 and so £3° = U{u, |y = x}.
Since Uy is T*1,3-0pen set and the arbitrary union of T*;55-0pen sets is T*1,3-0pen, we have {x}° is T*;,5-open. Hence
{x} is T*;xs-closed.

Conversely, let x and y are two distinct points of X such that {x} and {y} are T*;,3-closed set. Then {x}° and {y}° are
T*1p3-0pen sets in X such that y € {x}° but x & {x}* and x € {y}* buty & {y}°. Hence X is T*;,;- T, space.

Remark 3.2.9: A topological space (X, 7,7, 75) is a T*;p3- Ty space if and only if every finite subset of X is T*;p;-
closed.

Definition 3.2.10: Let X be a T*;5s-topological space and A X, x e X is a limit point of A if for every T*;,3-0pen set
B containing x, B -{x}( 1A% ¢.

Theorem 3.2.11: If (X, 7, 7, T5) be a T*153- T, space, then the following statements are equivalent:

i) xe Xisa T*;,3-limit point of A where AC X.
ii) Every T*,3-0pen set containing X, contains infinite number of point of A.

Proof:
(i) = (ii): Assuming that x € X is a T*1,3-limit point of A where A X and U is any T*;,3-0pen set containing X, we
shall show that U contains infinitely many points of A. Suppose U contains only finite number of points of A other than

X. LetV = U-{x}ﬂ A, then V being a finite subset of T*;- T, space, is closed and hence V° is T*j,3-open. Take
W =U [ V¢, which is also T*1,3-0pen and x € W implies W does not contain a point of A other than x. This means x is

not a T*1ps-limit point of A which is contradiction to our assumption. Hence U must contain infinite number of points
of A other than x.

(it) = (i): It is obviously true by the definition of T*;5;-limit point.

3.3. T* 13- T, space:

Definition 3.3.1: A T*;,; topological space (X, 7,7, 75) is said to be T*y,3- T, space if and only if for every pair of
distinct points x, y of X, there exist disjoint T*;5-open sets U and V containing x and y respectively.

Remark 3.3.2: Every T*p5- T, space is a T*;,3- T space, but converse need not be true.
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Theorem 3.3.3: Every discrete space is T*15- T, space while no indiscrete space consisting of at least two points is
T*125- T Space.

Proof: We know that every singleton set is T*;5s-0pen in a discrete space, therefore every pair of distinct points of a
discrete space will have disjoint T*;,3-0pen sets and hence every discrete space is T*1»5- T, space. On the other hand an
indiscrete space consisting of at least two points is not a T*;,3- T, space since the whole space is the only T*;,3- open
set of each point, so that any two distinct points cannot have disjoint T*;,3- open sets.

3.4. T* 13- T3 space:

Definition 3.4.1: A T*y,; topological space (X, 7, 7, 75) is said to be T*;5;-regular if for each pair consisting of a

point x and a T*;,3-closed set B disjoint from X, there exist disjoint T*;,3- open sets containing x and B respectively. A
T*13 —topological space is said to be T*;,3-T5 space if it is T*;,3-regular and its points are T*;,3- closed.

Theorem 3.4.2: A T*;,; topological space (X, 7, ,7,,75) is said to be T*1,3- T5 space iff for each pair consisting of a
point x and a T*,3-closed set B disjoint from x, there exist disjoint subsets U, V of X, which are 7, N T,-0pen or

T4 -0pen containing x and B respectively.

Proof: Assume that (X, 7, 7, 75) is a T*1,3- Ty space. By definition 3.4.1, for each pair consisting of a point x and a
T*15-closed set B disjoint from X, there exist disjoint T*;,3- open sets U and V containing x and B respectively and
each of its points are T* ;- closed. Since 7 = (7, (1 7,) U 7, and U, Ve 7, implies U and V are in 7, (] 7,-open

or 7, -open containing x and B respectively.
Conversely, let x, y in X with x=y. By hypothesis, each pair consisting of a point x and a T*;,3-closed set B disjoint
from x, there exist disjoint subsets U, V of X, which are 7, N T,-0pen or 7,-open containing x and B respectively.

Since 7 =(7, N 7,) U 7, then U and V must belongs to the collection 7 . This implies U and V are T*;,35-0pen sets

containing x and B respectively. Hence (X, 7, 7, 73) isa T*3- T, space.

Theorem 3.4.3: A space (X, 7, 7, T,) to be T*y,3- T3 space, it is sufficient that X with 7, -is a Ts-space or X with

7, 7, -isa To-space.

Proof: Assume that (X, 75) is a Tyspace or (X, 7, N 7,) is aTsspace . Then for each pair consisting of a point x and
a T*p3-closed set B disjoint from x, there exists disjoint 7, - open sets U; and V1, such that U, contains x but not B and
V contains B but not x or 7, N 7, -open sets U, and V, such that U, contains x but not B and V, contains B but not x.

Since 7 = (7, N 7,) U 74, we have U;,V; and U,V are T*3,5-0pen sets. Hence (X, 7, 7, 75) isa T*y,3- Tyspace.

Remark 3.4.4: The condition in the above theorem is not necessary. We show that there exist (X, ;) and

X, 7, N T, ) spaces which are not Ts, yet (X, 7, 7, T,) is T*1,3- Tz space.

Example 3.4.5: Let X = {a, b, c} with 7,={X,¢@ {c}{b, c}{a c}}, 7, ={ X, ¢ {a}{b, c}}, 7,={X, ¢ {a}} . This
space X is T*1,3- Tyspace. Here X with 7, and X with 7, N T, -are not T*;p3-Ts-space, but (X, 7, 7, 75) isa T*p;-

Tsspace.

3.5. T*p3- pre T, space:

Definition 3.5.1: A T*;,; topological space (X, 7, 7, 7;) is said to be T*;,3-pre Ty space if and only if for any pair of
distinct points X, y € X, there exist a T*;,3- pre open set, which contains one of them but not the other.

Theorem 3.5.2: If {x} is T*1,3- pre open for some x € X, then x & T*,3-pre cl{y} for all x #y.

Proof: Let {x} be T*»3- pre open set for some x € X, then X-{x} is T*.,3- pre closed. Also x & X-{x}. If X € T*,3-pre
cl{y} for some y # X, then X, y both are in all the closed sets containing y, so xe X-{x} which is contradiction. Hence
X & T*1p3-pre c{y}
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Theorem 3.5.3: If every non trivial subset of a tri topological space (X, 7, 7, 7;) is either T*;55-pre open or T*;,5-pre
closed then number of T*,3-pre open and T*;,3-pre closed sets are equal.

Proof: Suppose if number of T*;,3-pre open and T*;»5-pre closed sets are not equal, then number of T*1»5-pre open sets
may be greater than T*;;-pre closed sets or number of T*;,3-pre closed sets may be greater than number of T*;55-pre
open sets. Without loss of generality we assume that, number of T*;,s-pre closed sets are higher than number of
T*105-pre open sets. We know that the only T*;,s-pre closed sets are complement of T*;,s-pre open sets, implies
number of T*;,3-pre open sets must be equal to T*;,3-pre closed sets. From this we can find some of T*,,3-pre open sets
are also T*5-pre closed, which is contradiction to our hypothesis. Hence number of T*;,3-pre open and T*;y5-pre
closed sets are equal.

Theorem 3.5.4: If every non trivial subset of a tri topological space (X, 7, 7, 7;) is either T*;55-pre open or T*;,-pre

closed then (X, 7, 7, T5) is T*y,5-pre Ty space.

Proof: Assume that every non trivial subset of a tri topological space (X,7, 7, 75) is either T*y,5-pre open or

T*125-pre closed. Suppose (X, 7, 7,,T3) is not T*;,5-pre Tospace, then for atleast one of distinct points x, y of X, there

does not exist a T*;,3-pre open set contains either x or y. This implies both x and y are in the same T*;,5-pre open set or
same T*1ps-pre closed set, means {x} and {y} does not belongs to collections T*,3-pre open sets and T*;,3-pre closed

sets. But by our hypothesis, every non trivial subset of a tri topological space (X, 7, 7, T5) is either T*y,3-pre open or

T*125-pre closed set. So our assumption, (X, 7, 7, 73) is not T*;55-pre Tospace, is wrong.
Theorem 3.5.5: Every T*;,3-Tgspace is T*js-pre Tgspace.

Proof: Let (X, 7,7, 74) be a T*153-T, space, then for every pair of distinct points x, y of X, there exist a T*,3-open
set contains either x or y. We know that every T*;,3-0pen set is T*;,3-pre open, this implies every pair of distinct points
X, y of X, there exist a T*;,5-pre open set contains either x or y. Hence (X, 7, 7, 75) is a T*1,3-pre Tospace.

Theorem 3.5.6: In any T*y,3- topological space (X, 7, 7, 75), if distinct points have distinct T*1,3-pre closure then X
is T*,3-pre Ty space.

Proof: Let x, ye X, with x#y and also T*,3-pre cl{x} is not equal to T*;,s-pre cl{y}. Hence there exist z € X such
that ze T*ps-pre cl{x} but z ¢ T*s-pre cl{y}or ze T*5-pre cl{y} but z & T*,5-pre cl{x}. Now without loss of
generality, let ze T*,3-pre cl{x} but z & T*p5-pre cl{y}. We claim that x & T*y3-pre cl{y}. If xe& T*x-pre cl{y},
then T*,5-pre cl{x} is contained in T* ys-pre cl{y}. Hence z € T*,3-pre cl{y}, which is contradiction. This means that
X & T*ps-pre cl{y}, hence x € T*ps-pre cl{y}", which is a T*;3-pre open set containing x but not y. Then

(X,7,,7, T3)isaT*3-pre Tospace.
3.6. T*1ps- pre T, space:

Definition 3.6.1: A T*y,3 topological space (X, 7,, 7, 74) is said to be T*y,3- pre T, space if and only if for any given
pair of distinct points x and y, there exist two T*3,3-pre open sets U and V such that xe U, ygU andye V, X& V.

Remark 3.6.2: Every T*p5- pre T, space is T*1,3- pre T space, but converse need not be true.

Example 3.6.3: Let X ={a, b, ¢, d} with 7,={ X, ¢}, 7, ={X, @ {d}{c}{c, d}}, 7, ={X, ¢ {a}, {a b, c} {a c},
{a, ¢, d}.{a, d}}. Here T*;,3- pre open sets are X, ¢ ,{a}, {a, b, c}.{a, c}.{a, ¢, d},{a, d}. This is T*;,3- pre T,space, but
not T*;,s- pre Ty space since for b and ¢ cannot have distinct T*,,3- pre open sets.

Theorem 3.6.4: A T*,3 Topological space (X, 7, 7, 73) isa T*5- pre T, space if and only if every singleton subset
{x} of X is a T*,3- pre closed set.

Proof: Let X be a T*;3- pre Ty space and x be arbitrary point of X. If ye {x}°, then y# x. Since X is T*y,- pre T,
space and y # x there must exist an T*;,5-pre open set U, such that y € U, but not x. Thus for each y € {x}°, there exist

an T*;,3-pre open set Uy such that Y € U, & {x}°. Therefore U {yly#x}e U {Uy |[y#X}C {x}° and so
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{x}°= U {Uy | Y # x}. Since Uy is T*1,3-pre open set and the arbitrary union of T*1,5-pre open set is T*13-pre open and

so {x}°. Hence {x} is T*15-pre closed set.
Conversely, let x and y be two distinct points of X such that {x} and {y} are T*,3-pre closed sets. Then {x}° and {y}*
are T*;3-pre open sets in X such that y € {x}° but x & {x}°and x € {y}°buty & {y}". Hence X is T*,3- pre T, space.

Theorem 3.6.5: Every finite T*»5- pre T, space is discrete.

Proof: Let X be a finite T*;»5- pre T, space. AC X be any arbitrary is finite set. By Theorem 3.6.4, every {x} in
(X, 7, ,7,,T3) is T*15- pre closed for all x e X.

Consequently A = U {{x}| xe X} = a finite union of T*;,5- pre closed sets and hence A is T*;,3- pre closed. Since
X-A is also finite, X-A = [ {{x}| x € A’} = a finite union of T*;,5- pre closed sets. This implies X-A is a T*1,5- pre
closed set, and A is T*;,3- pre open. Hence (X, 7, 7, 75) is a discrete space.

3.7. T*1,3- pre T, space, T* 13- pre-irreducible:

Definition 3.7.1: A T*;5; topological space (X, 7, 7, 74) is said to be T*y,5- pre T, space if and only if for every pair

of distinct points X, y of X, there exist disjoint T*;,5-pre open sets U and V containing x and y respectively. Also every
T*103- pre T, space is T*;,3- pre T, space.

Theorem 3.7.2: Every singleton subset of T*;,;- pre T, space is T*;,3- pre closed.

Proof: Suppose that (X, 7, 7, 73) is T*1,5- pre T, space and x, y are distinct points of X. Since the space is T*;y3- pre

T, space there exist a T*,3- pre open set U of y such that x ¢ U. Hence y cannot be a limit point of {x} and the derived
set of {x} is empty. This implies { X } = {x}. Hence {x} is closed.

Theorem 3.7.3: If (X, 7, 7, 75) be a T*1,3 — topological space, then the following statements are equivalent:

(i) 7,7, [ 7,74 is T*15-pre T, topology for X.
(if) The intersection of all T*,3- pre closed sets of each point of X is a singleton.

Proof:
(i) < (ii): Letz, 7, [ 7,7, be a T*15- pre T, topology for X and x, y be distinct points of X. Then there exist T*;55-

pre open sets M; and M, such that xe M, ye M, and M, N M, = @. Moreover x € X-My, is T*,5- pre closed and

y & X-M,, implies y does not belongs to intersection of all T*,,3- pre closed sets of x. Hence the intersection of all
T*15- pre closed sets of x is the singleton {x}, since y is arbitrary.

Conversely, if {x} € X is the intersection of all the T*;,;- pre closed sets then any y € X and y # x implies y does not
not belong to intersection of all T*;y;- pre closed sets of x. Then there exist a T*;,5- pre closed set N of x such that
y & N, implies there exist a T*,3- pre open set O such that xe O < N. This implies O and X-N are T*;,;- pre open sets,

such that xe O, ye X-N and O (1X-N = ¢ . Then the space (X, 7, 7, 75) is T*155- pre T, space.

Definition 3.7.4: A T*1x;topological space is said to be T*;,3— pre irreducible, if it cannot be expressed as the union of
two proper T*1,3— pre closed subsets of X.

Theorem 3.7.5: T*,,3- pre closure of every one point set is T*;,3- pre irreducible.

Proof: Let A X be a T*y,3- pre closure of x € X. Suppose A = A; | J A, where A; and A, are proper T*;,3- pre closed

subsets of A. But one of these must contain x, which is contradiction to the fact that A is the smallest T*,,3- pre closed
set containing x. Hence T*;,3- pre closure of every one point set is T*;,3- pre irreducible.

Theorem 3.7.6: In a T*;,3- pre T, space the only T*,,3- pre irreducible subsets are one point sets.

Proof: Let (X,7, 7, 75) be T*3-pre T, space and A be T*y,5- pre irreducible subset of X. Then A cannot be

expressed as the union of two proper T*;,3— pre closed subsets of X. Suppose A has more than one element then A can
be written as union of singleton sets. By Theorem 3.7.2, every singleton subset of T*;,3- pre T, space is T*js- pre
closed. Hence A is union of proper T 1os- pre closed sets, which is contradiction to T*;,3- pre irreducibility of A. Hence
the only T*,3- pre irreducible subsets of T*;,3- pre T, spaces are one point sets.
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3.8. T* 13- pre regular, T*,3- pre T; space:

Definition 3.8.1: A T* ;5 topological space (X, 7, 7, 75) is said to be T*y,3-pre regular if for each pair consisting of a

point x and a T*1»;- pre closed set B disjoint from X, there exist disjoint T*;,s- pre open sets containing x and B
respectively.

Definition 3.8.2: A T*,3 —topological space is said to be T*;,3-pre T3 space if it is T*1p3- pre regular and singleton sets
are T*;,3- pre closed.

Definition 3.8.3: In a T*1,3 topological space (X, 7,7, 75), @ T*1,3 —pre neighborhood of a point (or a set) in X is an
T*123—pre open set which contains the point ( or the set).

Theorem 3.8.4:
(i) Every T*5-preregular Tspace is a T*;,3-pre T3 space.

(ii) A T*yp3-topological space (X, 7, 7, 75) is T*1p3-pre T3 space, then (X, 7, 7, 75) is T*1p3-pre T, space

Proof:
(i) Let (X,7,,7, 75) be a T*;3-pre T, space and X, y be two distinct points. Then since X is a T*,5-pre

T, space, {x} is a T*ys-pre closed set, also y & {x}. Hence by definition of T*,5-pre regular, there exist
disjoint open sets G and H such that {x} € G and y € H. Hence every T*,3-pre regular T, space is a T*;,3-pre
T; space.

(ii) Assume that (X, 7, 7, 73) be a T*;p3-pre T space. This implies that given a T*,3- pre closed F X and
x € X such that x  F, there exist T*;,3— pre open sets G, Hc X such that xe G, FC H and G MNH= @. Any
arbitrary y € F, x € F implies y # x. Therefore for distinct x, y € X, there exist T*;,3—open sets G, Hc X such
that xe G, yeH and GNH =¢. Hence (X, 7,7, T4) is a T*1-pre T, space. By definition 3.7.1, every
T*15-pre T, space is T*p3-pre T, space. Hence a T*;,3-pre T3 space is a T*;,3-pre T, space.

Theorem 3.8.5: A T*j-topological space (X, 7, 7, 75) is T*1,3-pre Tg space iff each x € X, there exist a T*1,3-pre
neighborhood of x which contains the closure of another T*;,3—pre neighborhood of x.

Proof: Assume that (X, 7, 7, 74) be a T*1x5-pre T3 space. Then for a T*;5;-pre closed F < X and x € X such that x ¢
F, there exist T*,; — pre open sets G, HC X such that xeG, FcH and G(IH =¢. G[IH =

p=>GcX-H= G c X —H = X-H. Since X-H is T*y,s- pre closed implies G c X-Hc X-F. And F is
T*15- pre closed implies X-F is T*55- pre open. Therefore given a T*;,3- neighborhood X-F of x € X, there exist a
T*,,5- neighborhood G of x such thatxe G G < X — F .

Conversely, if each T*153—neighborhood of x € X contains the closure of another T*;,5- neighborhood of x. Consider a
T*125- pre closed set F < X and any x € X disjoint from F. Then F is T*ys- pre closed and X € F = x € X-F is T*,5-pre
open, this means X-F is T*;,3-neighborhood of x € X. By assumption there exist a T*;,3 —neighborhood G of x, such

that xe Gc G c X —F_NowGﬂ(X —G)=¢ andxe G < X —F implies, Fc X -G ,also X -G
is T*;,3-pre open. Conclusively, given a T*;,3- pre closed set F and any x € X such that x ¢ F, there exist T*;,5-pre open
sets G and X-G such thatxeG,F c X =G andG () (X - §)= ¢ implies (X, 7, 7, 73) be a T*;55-pre regular
space. Hence X is T*y,s-pre T3 space.

Theorem 3.8.6: The product of T*;,3-pre T3 spaces is a T*;,3-pre T3 space.

Proof: Let {X,} be a family of T*y,5-pre T space and X = ITX,. Let x = (x,) be a point of X and U be a T*,3- pre
open set containing x in X. Choose a T*3,3-pre open I U, about x contained in U. Choose for each a, a T*;,3-pre open

set V, of x,in X, such that \70[ cU, . Take V =11V, , then V = H\Ta . By Theorem 3.8.5, H\Ta clilU, cU.
It follows that V' < TTU » €U, sothat X is a T*;3-pre T; space.
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