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ABSTRACT

In this paper we make a detailed study on the concepts of Almost Boolean algebras and Almost Boolean rings. Mainly,
we prove that the class of Almost Boolean algebras and the class of Almost Boolean rings form categories and we
establish an equivalence between them.
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1. INTRODUCTION

The concept of an Almost Boolean Algebra (ABA) was introduced by U.M. Swamy and G.C Rao [6], while studying a
common abstraction of several lattice theoretic generalizations of Boolean algebra and other extensions of Boolean
lattice Theory (N.V Subramanyamn [2], [3] and [4]). Also Swamy and Rao [6] have introduced a ring theoretic
generalization of Boolean ring and called it an Almost Boolean ring (ABR).

It is well known that there is a duality between Boolean algebras and Boolean rings. In this paper we discuss in detail, a
categorical equivalence between ABA's and ABR's. In section 3, we give equivalent conditions for an Almost
distributive lattice A with a maximal element to be an Almost Boolean algebra and define a binary operation * on an
ABA(4, A, Vv,0) and discuss properties of it interrelation to A and V. In section 4, we make a detailed study on ABR's.
In section 5, we extend the notions of morphism and congruence on ABA's and ABR's and prove that these coincide
whether we view it as an ABA as well as an ABR. In section 6, we observe that the class of ABA's is equationally
definable and hence a variety (that is, it is closed under the formation of products, subalgebras and homomorphic
images); on the other hand, it is a category in which the objects are ABA's and the morphisms are the homomorphisms.
Similarly, the class of ABR's is also a variety as well as a category. Finally, we establish an equivalence between the
categories of ABA's and ABR's.

2. PRELIMINARIES

Definition: 2.1 An algebra A = (4, A, Vv,0) of type (2,2,0)is called an Almost Distributive Lattice (ADL) if it
satisfies the following conditions for all a, b and c in A.

(1) 0Ona=0

(2) av0=a

(3) an(bvc)=(@a Ab)v(aac)

(4) (avb)yac =(@anc)v(bac)

(5) av(bAac) =(avb)a(ave)

(6) (@avb)Aab=b
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An ADL A is called an associative ADL if the operation V is associative. Throughout this paper, by an ADL we always
mean an associative ADL only. Most of the preliminaries presented in this section are taken from [6 ].

Example: 2.2 Any distributive lattice bounded below is an ADL.

Example: 2.3 Let X be a nonempty set and fix an arbitrarily chosen element 0 € X. Forany aand b € X, define

_(0ifa=0 _(bifa= 0
anb ={, % £ 0 R
Then (X, A, Vv, 0) isan ADL and is called a discrete ADL.

Definition: 2.4 Let A = (4, A, V,0) be an ADL. Forany a and b € A, define
a<b if a=zaAb(eavb=bh).
Then < is a partial order on A with respect to which 0 is the smallest element in A.

Theorem: 2.5 The following hold good for any elements a, b and ¢ inan ADL A.
(1) an0=0=0Aaand av0=a=0Vva
(2) ana=a=ava
(3) aAnb <bh <bhbva
(4) anb=asavb=band anb=be avb=a
(5) (@aAb) Ac=a A(b A c) (i.e, A is associative)
(6) av(pbva)=avb
(7) a<b = aAb=a=b Aaand avb=b =b Vv a
8 aAnbAac=bAaanc
9 (@avb)ac=(bva)ac
(10)av b=bvaand a A b =b A a whenever anb =0
(11) anb=b Aa <avb=bva
(12) anb =inf{a,b} & aVv b =Sup {a, b}

Theorem: 2.6 Let (A, A, Vv, 0) be an ADL and< be the induced partial order. The following are equivalent to each
other for any elementm € A.

(1) m is a maximal element in (4, <)

(2) mAa=a forallae A

(3) mva=m forallae A

(4) av mismaximal forall aeA.

3. ALMOST BOOLEAN ALGEBRA

Any bounded complemented distributive lattice (L, A, V,’, 0,1) is known as a Boolean algebra. In this section, we
discuss a special class of ADL's. First, we begin with the following.

Theorem: 3.1 Let A be an ADL. Then the following are equivalent to each other.

(1) For any a, b € A4, there exists x € A such that aAx=0and avx=aVvh.

(2) Forany a<bin 4, [a, b] is a complemented lattice.

(3) Forany a € A, [0, a] is complemented lattice.

Proof:

(1) = (2): Leta<bin Aand lety € [a, b]. It is known that [a, b] is a lattice. By (1), there exists x € A such that
yAx=0and yvx =yvb=h.

Now yA(avx)=(yAa)V(yAx)=avO=a and yv(@avx) =(yva)vx=yvx=h.

Also, a< avx<b (by 25(10), xvy=yvx=hb and hence x <b).

Therefore, a Vv x is a complement of y in [a, b]. Thus [a, b] is a complemented lattice.

(2) = (3): isclear.

(3) = (2): follows from the fact that a<a v b and hence a € [0, a v b] and by (2) a will have a complement in
[0, avh].

Definition: 3.2 A non trivial ADL Ais called an Almost Boolean algebra (ABA) if it has a maximal element and
satisfies one, and hence all of the equivalent conditions given in the above theorem.
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Examples: 3.3
(1) Any nontrivial discrete ADL (as given in 2.3) is an Almost Boolean algebra in which each nonzero element is a
maximal element. Note that any discrete ADL with more than two elements is not a Boolean algebra, since
XAy=y andy A x=x for any nonzero elements x and y.
(2) Let (R,+,. ,0,1) be acommutative regular ring with unity 1. For any a and b € R, define
aAb=ab and avb=a+b —qgyb,
where ay is the unique idempotent in R such that aR = ayR.

Then (R, A, V,0) isan ABA in which the maximal elements in (R, <) are precisely the units.

The following examples show that the existence of maximal elements and the relative complements are independent

from each other.

(1) Let X be an infinite set and Abe the set of all finite subsets of X. Then A is a distributive lattice with
empty set as zero element under the usual set theoretic operations (and hence an ADL) satisfying the conditions
in the Theorem 3.1. However, A has no maximal element.

(2) Let N be the set of all non-negative integers. Define A and Vv as follows:

aAb=gcd{a, b} and avb =Ilcm {a, b}.
Then (N, A, v, 1) is a bounded distributive lattice in which 1 is the smallest element and 0 is the largest element.
However, this does not satisfy the conditions given in Theorem 3.1.

Theorem: 3.4 Let A be an ADL with a maximal element. Then the following are equivalent to each other.
(1) Aisan Almost Boolean algebra
(2) Foranya € A, there exists b € Asuchthata Ab = 0and a vV b is maximal
(3) [0,m] isa Boolean algebra for all maximal elements m
(4) There exist a maximal element m such that [0, m] is a Boolean algebra

Proof:
(1) = (2): Let a € A and m be a maximal element in A. Since A is an ABA, and by the theorem 3.1 (1), there exists
b€ AsuchthataAb =0andaVv b =aVmand hence a v b is maximal.

(2) = (3): Assume (2). Let m be a maximal element in A and a € [0,m]. By (2), there exists b € A such that
aAb=0andaVbismaximal. Let x = b Am. Thenx € [0,m] and

aAx=aAbAm=0andaVx =avV(bbAm)=(aVb)A(avm)=aVvm=m
(Since a v b is maximal and a < m).

Therefore, x is the complement of a in [0, m]. Thus [0, m] is a Boolean algebra.
(3) = (4): is clear. To prove (4)= (1), let m be a maximal element in A such that [0, m] is a Boolean algebra.
Leta € Aand x € [0, a]. Then x A m <m and hence there exits y < msuchthat(x Am)Ay=0and (XAm)vy= m.

Now, XA(yAa) = XAy)Aa = XA(MAY)Aa =0Aa = 0 since m is maximal
and xv(yAa) = (XAa) V(yAa) (sincex < a)
=(xvy)aa=(yvx)Aa(by25(9)
=(yVX)A(yvm)Aa (sincey Vv mis maximal
=(yvixam)Aa=(xAm)vy)aa ((by2.5(9)
=m A a=a (since mis maximal).

Therefore y A a is the complement of x in [0,a]. Thus [0,a] is a complemented lattice for alla € A and hence A
is an Almost Boolean algebra.

The following is a more general one, it establishes that the Boolean algebra [0, m] is independent (up to isomorphism)
of the maximal element m in Almost Boolean algebra A.

Theorem: 3.5 Let A be an ADL and m and n be maximal elements in A. Then the lattices [0, m] and [0, n] are
isomorphic to each other. Moreover, the Boolean algebras [0, m] and [0, n] are isomorphic when Aan Almost Boolean
algebra is.

Theorem: 3.6 Let (4, A, V,0) be an ABA. Then for any a and b in A, there exists unique x € Asuch that aAx =0
andavx=aVbh.

Proof: Let aand b € A. By theorem 3.1(1), there exists x € A suchthataAx = 0and a vV x = a Vv b. It can be easily
verified that x is the complement of a in the Boolean algebra [0, a vV b] and hence x is unique.
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Let us define a binary operation * on an ABA A and observe certain properties of this, which will be useful in proving
that A has a structure almost like a Boolean ring.

Definition: 3.7 The unique element x in the above theorem will be denoted by a * b. That is, for any elements a and
b inan Almost Boolean algebra A4, a = b is the unique elementin A satisfying the equations
aA (ax*b)=0and av(axb)=aVb.

Theorem: 3.8 Let (4, A, Vv,0) bean ABA. The following hold good for any elementsaand b in A.
(1) 0Oxa=aanda*0=0
(2) a*xa=0
(3) (a*b) Aa=0
(4) (axb)va=avhb
(5) ax*b is the complementofain[0, aVb]
(6) (axb)xa =a
(7) ax(axb)=axb
(8) (axb)yxb=aAb
(9) bx(@axb)=0
(10)a*b=0 &a=avhb

Proof:
(1) FollowsfromOAa=0andOva=a=a vO0.
(2) We have an0=0and av0 =a = ava.
(3) Since aA(axb) =0, (axb)Aaa=0 (by 2.5(10))
(4)By (3)and 2.5 (10), (axb)va=av(a*b) = avb
(5) This is observed in the proof of theorem 3.1(1)
(6) and (7) are consequences of (3) above.
(8) We have (axbh) A (anb) =aAn(@a*xb)Ab=0Ab=0
and (a*bh) v(@Aab)=(@axb)va)A((@a*xb)vb)= (av(axh))A((@a=h)vhb)
=(avb)A(@@xb) vh)y=[(@avb)ya(a=*h)v[@avh)ab]
=(a*b)vb(sinceaxb<avbh)
and therefore, (axb)*b=a AD.
(9) We have bAO = 0 andbv0 =bv(a A(axb))= (bva)A(bv(axb))= (bva)Aab)v((bva)A (axb))
=bv(avb)Aa(axb)=bv(axh) (since axb < avh)
and hence b * (a*h) = 0.
(10) a*xb =0 = av0 =avb (by (4) above) = a =avh.
Also a = avb = aA0 =0and av0=avb= 0 =axh.

The following theorem gives certain inter relationships between binary operations A, vand .

Theorem: 3.9 The following hold for any elements a, b and ¢ in an Almost Boolean algebra A = (4, A, V,0).
(1) ax(bvc)=(@axb)v(ax*c)
(2) ax(bAac)=(a*xb)A(axc)
(3) (avb)yxc=(a*c)A(bx*c)
(4) (anb)ysc=(axc)v(b=xc)

Proof: (1) Putx =(a*b) Vv (a *c). We have
anx =aAn((@axb)v(@axc)=(@@n(axb))v@an(@axc)=0vo =20
and avx=av(axb)v(axc)=avbv(axc)=avbvav(axc) (by2.5(6))
zavbvavc =avbvc=av(bvec).
and therefore ax(bvc)= x=(a*bh)Vv(axc).

(2)Put y=(axb)Aa(axc) then any=aA(axb)A(a*xc)=0A(axc)=0
and avy=av(la*b)a(axc)=(@v@=b)Aa(av(axc))=(avb)a(avc)=av(bAac)
and hence ax(bAc)=y=(ax*b)A(axc)

(3)Putz=(a*xc)A(bxc).Wehave (avb)Az=(avb)Aa(axc)A(b=c)
=(@n@=*c)a(=*c))v(bAa(@axc)A(b=c))
=(0A(=xc)v((@xc)aba(bxc))=0vO0 =0

and avbvz =avbv(@a*c)a(bxc)=(@avbv(@=c))Aa(@avbv(b=c))
=(bvav(@=*c)a(avpve)=@dbv@avec)a(avb)vece)
=(avb)ve)ya(@@avb)ve)=(avb)vec.

Thus, (avhb)xc=(a=*c)A(b=c).

(4) can be proved by using the similar technique as above.
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Corollary: 3.10 The following hold for any elements aandb in an Almost Boolean algebra A.
(1) (anb)xa=b=xa

(2) (anb)xb =axh
(3) (avh)xa =0
4) (avb)xb =0

Theorem: 3.11 Let A = (4, A, Vv, 0) be an Almost Boolean algebra and a, b, c € A. Then the following hold.
(1) (@a*b)ac=a=x(bAc)
(2) (@a*xb)Ab=axb and (axb)vb = b
(3) an(b*c)=b=x(anc)
(4) (axb)vc=(ax(bvc))vc
(B) av(bxc)=(axb)*x(avec)

4. ALMOST BOOLEAN RINGS

U.M. Swamy and G.C. Rao [6] have introduced a ring theoretic generalization of Boolean ring and termed it as an
Almost Boolean ring (ABR) and they have exhibited a one-to-one correspondence between ABA's and ABR's. In this
section, we make a detailed study of this correspondence which leads to establishing a categorical equivalence between
ABA's and ABR's. Now, we introduce the notion of an Almost Boolean ring.

Definition: 4.1 An algebra (4, +,-,0) is called an Almost Boolean ring (ABR) if (A is a nonempty set, + and . are
binary operations on Aand 0 is a distinguished element in A) it satisfies the following, forany a,band c in A.

1D a+0=a=0+a

2 a+a =0

(3) a-aa

4 (@a-b)-ca-(b-c)

() a-(b+c)=(a-b)+(a-c)

6) (@a+ b)-c=(@a-c)+(b-0)

(7) ((@ +b) +c)-d=(@+b +¢)-d

(8) Thereis a left identity for - in A

The proof of the following theorem follows from the theorem 3.8.

Theorem: 4.2 Let (4, A, V,0) be an ABA. Define binary operations + and - on A by
atb=(@=*b)v(bxa)and a-b=aAhb.
Then (4, +, -,0) isan ABR.

Corollary: 4.3 Let X be a set with at least two elementsand 0 and m be two distinct elements of X. For any x and ye X,
define
y if x=0 and x-y:{0 Y x=0
Xx+y=1{ x if y=0 y if x#0
0 if x+0and y+#0

Then (X, +, -,0, m) isan ABR.

Corollary: 4.4 Let (R, +,-,0,1) be a commutative regular ring with unity. For any x and y € R, define
X@Yy=x+y-Xy-Yyox and XOy=Xo"Y,
where xo is the unique idempotent such that xR = xyR. Then (R, ®, ©, 0,1) isan ABR.

Theorem: 4.5 Let (R,+,-,0,1) be an ABR. Then the following hold good for any a, b and c € R.
(1) 0-a=0=a-0
(2) Ra ={x-a: xe R} is a Boolean ring under the operations induced by + and - .
(3) (@a-b)-c=(b-a)-c
4) @a+h)-c=(b+a)-c
(5) a-b=0<b-a =0.
(6) a+tb=b+a.
The following is a converse of theorem 4.2.

Theorem: 4.6 Let (R, +, -, 0) be an ABR. For any x and y € R, define

xAy=x-yand xVy =x+ (y + xy).
Then (R, A, V, 0)isan ABA.
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Theorem: 4.7 Let (B, A, V,0) be an ABA and (B,+,-,0) be the corresponding ABR. Then the following are
equivalent to each other.

(1) (B, A, v,0)is aBoolean algebra.

(2) A is commutative.

(3) Vv is commutative.

(4) (B, <) has a unique maximal element.

(5) + isassociative.

(6) (B, +, -, 0)isaBoolean ring.

5. MORPHISMS AND CONGRUENCES

In [1 ], Stone proved that a morphism between two Boolean algebras is also a morphism between the corresponding
Boolean rings and vice-versa and that the same is true for congruences. Here, we extend these concepts to ABA's and
ABR's and we prove that these coincide in an ABA as well as an ABR.

Now, formally we introduce the notions of morphisms and congruences on ABA's and ABR's.

Definition: 5.1 Let (A, A, Vv, 0)and (B, A, v, 0) be ABA's. A mapping f: A — B iscalled a homomorphism
(or simply, a morphism) if f(aAb) =f(a) A f(b), f(avb)=f(a)V f(b)and f(0) =0, forany a and beA.

Observe that £(0) = 0 if and only if f(a * b) = f(a) * f(b), forall a, b € A. If f is an epimorphism, then f(m) is a
maximal element in B for any maximal element m in A.

Note that, without being surjective, a morphism may not carry maximal elements onto maximal elements, even in the
case of Boolean algebras.

Definition: 5.2 Let (4, A, V,0) be an ABA. An equivalence relation 8 on A is said to be a congruence if
(a,b)and (c,d)efB = (aAc,bAd)EB and (aVc,bVvd)ED.

It can be observed that for any congruence 6 on an ABA A, the Quotient A/g is also an ABA under the induced

operations A and v on A/H defined by:

0(a) AB(b) =06(anb)and b(a) Vv o(b) =0(aVb),
Where, 6(a) = {b € A: (a,b) € 6}, in which 8(0) is the zero element and 8(m) is maximal for any maximal m in
A. Also, the class of congruence relation on A form a complete lattice under the inclusion ordering.

The following gives an inter-connection between homomorphisms and congruences on ABA's.

Theorem: 5.3 Let A be an ABA and 0 a binary relation on A. Then 0 is a congruence on A if and only if 6 is the kernel
of a homomorphism of A into some ABAB.

Theorem: 5.4 Let A and B be ABA's and 8 a congruence on A4, and f: A — B an epimorphism such that ker f = 6,
where, ker f = {(a,b) € AX A: f(a) = f(b)}. Then there is an isomorphism « : A/t9 — B such that aof = f,

where 8 : A —>A/6 is the natural map.

Similarly, the above theorem holds good in the case of ABR's.

6. THE CATEGORICAL EQUIVALENCE

In this section, we prove that the classes of ABA's and ABR's form categories and establish an equivalence between
them. Let us recall from theorems 4.2 and 4.6 that an ABA can be made as an ABR and vice-versa. In the following we

give that these two processes are inverses to each other.

Theorem: 6.1 Let (4, A, Vv,0) be an ABA and R(A) = (4, +,-,0) be the corresponding ABR.
Also, Let A(R(A)) = (4, A V,0) be the ABA obtained from R(A). Then A = A(R(4)).

Theorem: 6.2 Let (R,+, -,0) bean ABRand A(R) = (R, A, V,0) be the corresponding ABA. Also,
let R(A(R)) = (R,®,©,0) be the ABR obtained from A(R). Then R = R(A(R)).

Corollary: 6.3 The correspondences A +— R(A) and R > A(R) are inverses to each other and establish a one-to-
one correspondence between the class of ABA's and the class of ABR's.
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Theorem: 6.4 Let A; and A, be ABA'sand R(A;) and R(A,) be the corresponding ABR's. Also, let f: A; - A, be
a mapping. Then f is a homomorphism of ABA's if and only if it is a homomorphism of ABR's.

Proof: Suppose that f: A; — A, is a homomorphism of ABA's.

Now for any a,b € A, f(a+b) = f((@a *b)V (b *a)) = f(a *b) V f(b *a)

(f@=* f®) Vv (fb) * f(a))
=f(a) + f(b)

and f(a-b) =f(a Ab) =f(@A f(b)=f(a) - f(b).

Therefore f: R(A;) = R(A;) isahomomorphism of ABR's.

Conversely suppose that f: R(A;) = R(4;) is a homomorphism of ABR's. Then for any a and b in A;,
f(0) = f(a + a) =f(a) + f(a) =0,
fla Ab)=f(a-b)=f(a) f(b)=f(a) A f(b)
andf(avb)=f(a+b+a-b)=f(@ + f(b +a-b)
=f@+(f(b) +f(@)- f(b)) = f(@V f(b).
Thus f: Ay = A, isahomomorphism of ABA's.

Corollary: 6.5 A +— R(A) and R — A(R) establish an equivalence between the category of ABA's and that of
ABR's.

Theorem: 6.6 Let (4, A, Vv,0) be an Almost Boolean algebra and R(A4) = (4, +,-,0) be the corresponding Almost
Boolean ring. Let 8 be an equivalence relation on A. Then is 8 is a congruence on A4 if and only if it is a congruence on
R(A).

Proof: Assume that 6 is compatible with A. Since the binary operations A and - are the same, we have to only
prove that 6 is compatible with Vv if and only if itis so with +. Suppose that 6 is compatible with v. Then, the

quotient A/e isan ABA in which 8(a) x 8(b) = 6(a = b)foranya,b € A.
This implies that 0 is compatible with the operation * also.

Now, forany a,b,c,d € A,(a,b),(c,d) € 6 = (a * ¢,b * d),(c *x a,d *b) € 0
= ((a*c)V(c*xa),(b*xd)v(d*b)) €O
= (a+c,b+d) € 6.

Therefore 6 is compatible with +.

Conversely supposethat 6 is compatible with +.

Then(a, b), (c,d) € 8 = (a,b), (c,d), (ac,bd) € 6

= (a + (c + ac),b + (d + bd)) € 6

= (@VcbvVvd) Eeob.
Therefore, 6 is compatible with v. Thus 6 is a congruence on the Almost Boolean algebra A if and only if it is so
on the Almost Boolean ring R(A).
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