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ABSTRACT.

Let M be a Gamma Act over a Gamma semigroup S. In this paper, we investigate the notion of Free gamma acts and
Cofree gamma acts and study some of their properties. Among other results we show that every gamma act is an
epimorphic image of free gamma act. And any gamma act can be embedded in a cofree gamma act. As an applications
of free and cofree gamma acts, we show that concept of monomorphism (epimorphosm)is coincides with injective
(surjective) homomorphism in the category of gamma acts.

1. INTRODUCTION

The concept of I'-semigroups has been introduced by M.K. Sen and N. K. Senin [2] and [3] as follows: if S and I are
nonempty sets, S is called a I'-semigroup if there is a mapping from SxI'xS into S and the following condition is
satisfied:

(S10s82) Pss = S0 (spPs3) for all 51, S5, S3 ESand a, B €T

And S is called I'-semigroup with identity if there isan element1 € Ssuchthat las=sal=sforallse Sand aeT.

As a generalization of I'-semigroup the authors in [1] the notion of gamma act: let S be a I'-semigroup. A nonempty set
M is called left Sp-act of S (denoted by s M), if there is a mapping from SxI'xM into M written (s, o, m) by sam such
that the following condition is satisfied

(510.8)pm = s;a(sypm) forall sy, S, €S, a,BETand me M.

Similarity we can define a right Sr-acts.

A left Sp-act M is called unitary if S is a I'-semigroup with identity 1 and there exist a_€ I" such that la_m =m for all
m € M . We denote the element 1a, by 14i.e 1, m=m for all m €M. A nonempty subset N of M is called Sr-subact if
SI'N € N, Where STN = {san | s € S, o € I', n € N}. In this case we write N< M.

The notion of Sp-homomorphism was introduced in [1] as follows: Let M and N be two Sr-acts. A mapping f: M—N is
called Sp-homomorphism if f(sam) = saf(m) foralls € S, a € I' and m € M. and f: M—N is called

1. injective if f is one to one mapping .

2. surjective if f is onto mapping

3. bijective if f is one to one and onto mapping .

If f: M — N is an bijective Sp-homomorphism, then we called M isomorphic to N and denoted by M = N.

Let M be an Sr-act, X a nonempty subset from M. Then the set define by [X] = N{B | X € B, B <M, is the smallest
Sr-subact of M contains X. and we showed [X]y= Uyex STu where ST'u = {sou | s € S and a € T'}. If M = [X]y for
some nonempty subset X of M, then X is called the generating set of M. That is for any element m € M implies that m
= s;0,u for some s € S, o € T, u € X, and if X = [m],, for some m € M, then we call M is a cyclic gamma act
generating by m. If f: M — N is an Sp-homomorphism, then f([A]m) = [f(A)]n see [1].
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2. FREE GAMMA ACTS

In this section we introduce the concept of free gamma acts and show the structure of free gamma act. and study their
properties.

Definition 2.1: Let M be an Sp-act. A generating set U of M is said to be basis of M, if every element m € M can be
uniquely presented in the form m = sam, for some s € S, a€l’ and m, € U, that is m = s;a;m; = S,a,m, if and only if
S1=S, Q1= 0> and mpy=mo.

A T-semigroup S with identity 1 is free Sr-act with a basis {1} where I' = {a,}, otherwise in case I' is non singleton,
then the Sp-act S may not be free see example. (2.2) (2) below. If an Sp-act M has a basis U, then it is called a free Sp-
act, more precisely |U|-free Sr-act. If U is one element set, then M is called 1-free. And every 1-free is a cyclic, but the
converse is not true in general. The following examples show that the converse is not true.

Examples 2.2:
1. LetS=NandI'= {1}SN. Then S is free Sy-act under multiplication of natural numbers with a basis {1}.
2. Zis not free Zy-act since {1} is the only generating set of Z but 9 € Z and 9 = 3.3.1 = 9.1.1, are two distance
presentation of 9, observe that Z cyclic generating by {1}.

3. Zis Zg-act by the mapping ZaQoZ —Z which is define by (n, E m) +—np .forn, p, g, m €Z with q # 0. Then
Z is generating set of Z but it is not a base of Z. Since n = niq foralln0and 0= ng forany g # 0. However

n= n%n = n%q for g #0 are two distance presentation of an integer n.

Proposition 2.3: Let M, N be Sr-acts, M = N, and M free. Then so is N.

Proof: Clearly f(U) is a generating set of N. Now for n € N and n = sja1f(u1) = s202f(uz), i.e n = f(s;o3up) =
f(s,00uy). This implies that (since f is injective) s;a U = SpaUp, and since M be |U|-free. we get s; =Sy, a1 = ap, Uy = U,
implies that f(u,) = f(u,). We have N is |f(U)|-free Sr-act.

Corollary 2.4: If f: M — N is an injective Sr-homomorphism and M is |U|- free, then f(M) is |f(U)|-free.
Corollary 2.5: The union of free Sy-subacts is also free.

Proof: Let {N; | i € I} be collection of free Sp-subacts of M, and U; be a basis of N; for all i € I. Then
[Uier Uil = UierlU;] = Uier Ny, so it is easy to see that U U; is a basis of U¢; Nja

The following gives the structure of free gamma acts.

It is known that in acts, F is free S-act where S is a monoid if and only if it is isomorphic to disjoint union of S-acts
each is isomorphic to the S-act S see [2]. Unlike, for Sp-acts we have the following.

Theorem 2.6: Let M be an Sp-act. If M is |U|- free, then it is isomorphic to disjoint union of Sr-acts each is isomorphic
to the Sp-act S, i.e M = Ui S; where S; =S foralli e l.

Proof: Let M be a |U|- free Sr-act where U ={x; | i € I}is a basis of M. Then SI'x; is Sy-subact of M for all i € I, and
SI'x; N SI'x; = @ for all distinct i, j € 1. Now for each i € | define fi: ST'x; — S by fi(sax;) = sal forall s € S, a€ I" and
Xi € U. Then s;a;X; = s,0.X; implies that s; =S, and a; = a, and hence ;041 = s,a,1. For each sax; € SI'x;, s' € S and
a' € T implies that fi(S'a'(sax)) = fi((S'a's)ox;) = (S'a's)al = s'a'(sal) = s'a' fi(sax;). and injective (if fi(sio1x) =
fi(sz00%;) implies s;a1 = Spa1 we get  (Spapl)eX; = (Sp001)eXi, Where 1y = 1, is the identity of T'-semigroup S, then
s1a1(1oX;) =S2a0(1oX;)) we have SjapX; =S,aX; implies s; = S, a; = a,) and surjective  Sp-homomorphism. Then
M = Ui Siwhere SI'x; = S; =S foralli €

The converse of the above theorem is true, however if T is a singleton set, then converse is true.

In the following we will show that any nonempty set gives a free gamma acts under arbitrary I'-semigroup. Let S be a
I'-semigroup, X a nonempty set and F(X) be the set of all expression of the form sax where s € S, a € I" and x € X
such that sjouX; = S00%, if and only if X; = X, o1 = ap and x; = X,. Define a mapping SalaF(X) — F(X) by
(s, o, (sax)) — (s'a's)ax, Under this multiplication F(X) becomes |X|-free Sp-act. The above construction of |X|-free
Sr-act has the following universal property.
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Theorem 2.7: Let M be a free Sp-act with a basis B = {x; | i € I]. If 6 is any mapping from B into any Sr-act N, then
there exists a unique Sp-homomorphism y: M — N such that y | B = 0.

Proof: Define a mapping y : M— N by y(sax;) = saf(x;) wheres € S, a€ I' and x; € B. Since B is a basis of M we
give v be well define and clearly that y be a Sp-homomorphism, v | B =0. To show v is unique let y': M— N be
another Sp-homomorphism with y' | B = 0. Then y'(saX;) = soy'(x;) = saf(x;) =soy(x;) = y(sax;) foralls€ S, a € T and
X;€ B.

The next proposition gives the importance of free Sy-act.

Proposition 3.8: For any Sr-act M, there exist a free Sp-act F, and an surjective SI'-homomorphism from F to M.
Proof: For Sr-act M consider the free Sp-act F(M) as in construction of free gamma acts. Consider 6 = Iy, Theorem
(2.7). there exists an Sp-homomorphism v : F(M)— M such that y | M = 1 ;. Since |y, is surjectivelmplies y is an
surjective.

As an application of the universal property of free gamma acts we have the following results.

We recalled in [4] the definition of Sr-monomorphism in category as : an Sr-homomorphism f : M =N is called
Sr-monomorphism if for all Sr-act H and all Sr-homomorphism 94, d; : H = M such that fd; = fd,, implies 91 =0>.

Proposition 2.9: Let M and N be Sr-acts and : M — N Sp-homo- morphism. Then the following are equivalent

1. fisa Sp-monomorphism.

2. fisinjective mapping.
Proof:
(1) — (2): Leta, a' € M with f(a) = f(a") and {x} is any one element set. Define g, 9, : {x} — M by g1(X) = a, g,(X) = a".
Since F({x}) is a free with a base{x}, then by Theorem (2.7), implies that there are Sp-homomorphisms 94, 8, : F({x})
— M such that 6;[{x} = g, and 6,|{x} = g, by similar argument, there are &', &', : F({x}) — N such that fg; = &'/[{x}
and fg, = &',|{x}. Since fg; = fg, by the uniqueness in Theorem (2.7) of Sr-homomorphism implies thaté'; = ', and
hence fo, = 8'y = 0", = f 0, by the hypothesis implies that 0, = 8,. Consequently a = 6,(X) = d,(x) = a'.
(2) — (1): follows [1].

Proposition 2.10: Let F be a free gamma act. Then for any Sp-acts X and Y, any Sp-epimorphism g: X — Y and
homomorphism f: P — Y. there exist a homomorphism f : P — X such that f = gf.

Proof: Let | be a basis of F, for any Sp-homomorphism f: F— Y, any S r-epimorphism g: X— Y. define the
mapping f : 1— X by £ (i) eg71(f(i)) for all i € I, which is possible since g is surjective. Then by Theorem (2.7).
there exist f : F — X such that f = gf.

Proposition 2.11: Let F be a free Sr-act with a basis I. Then for any two Sr-acts X, Y and any Sy-homomorphisms
f,9: G — Y, f# g implies that fa # ga for some o: G — X. where G any Sr-act.

Proof: Take f, g: X — Y be Sp-homomorphism with f# g. Then there is x € X such that f(x) # g(x), let 0: | - X be a
mapping define byb(i) = x for all i € I. by Theorem (2.7). there exist Sr-homomorphismo’: F — X such that
0= 0"| I therefore, (f2") (i) = f(X) # g(x) = (92" (i) consequently fo' # go’.

3. COFREE GAMMA ACTS

In the following we introduce the dully concept of free gamma cats and study their properties.

Definition 3.1: An Sp-act K is called Cofree. If the exist a non- empty set | and mapping » : K — I such that for every
Sr-act X and every mapping € : X — I there exists exactly one Sr-homomorphism €* : X — K such that xe* = €.

We sometimes write Cof(l) or (Cof(l),) for K and say that K is I-Cofree or |I|-Cofree. The set | is called Cobasis for K.
The following proposition is clear by definition of Cofree gamma acts.

Proposition 3.2: If |I| = |J] for sets | and J, Cof(l) and Cof(J) are |I|- and |[J|-cofreeS-acts respectively, then Cof(l)
=Cof(J).
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In the following we constract of |I|-Cofree gamma acts. Let S be I'-semigroup, and | a nonempty set. Consider the set
I8 which is IS = {f: S — I | f is a mapping}, and define the mapping SET B 15 — I5 by (s,a, f) —saf where (saf)(s*)
= f(sa.s*) for all s* € S.Under this multiplication I° is an Sp-act.

The following proposition gives the existence of |I|-Cofree gamma act for a nonempty set I.

Proposition 3.3: Let S be I'-semigroup and | a nonempty set. Then the Sp-act IS with the mapping »: I5—1 define by
u(a)) = a(1) for all o € IS is an |I|-Cofree.

Proof: Let X be Sr--act and let e: X — 1. Define a mapping
e*: X — IS by e*(x)(s) = e(sox) foralls€ S, x € X.
Then it is straightforward that »* is the unique mapping for which »#e* = € and it is an Sy -homomorphism.

Corollary 3.4: Let S be I'-semigroup. Then any |X|-Cofree gamma act is isomorphic to X 5.

Proof: From Proposition (3.3). For any nonempty set | there is an Sr-act K such that Cof(l) = K. and by Proposition
(3.2) any Cofree Sr-act of a nonempty set X is isomorphic to X5.

Corollary 3.5: Every Sp-act M can be embedding in a Cofree gamma act.
Proof: Exactly in [1] p150 proposition (4.3)
As an application of the notion of cofree gamma acts we have the following results.

We recalled the in [4] definition of SI'-epimorphism in category as : an Sr-homomorphism f : M —N s called Sp-
epimorphism if for all Sr-act H and all Sr-homomorphism d4, d2: N = H such that d1f = d»f, then 81 = 0>.

Proposition 3.6: Let M and N be Sr-acts and f: M — N be Sp-homomorphism. Then the following are equivalent.
1. fis Sp-epimorphism .
2. fissurjective.

Proof:

(1) — (2): Let I be nonempty set with |I| > 1, {a, b}< I, a#b and 0;, 0,: X — {a, b} such that 0, | Im(f) = 0, | Im(f),
01 (XN Im(f)) = {a} ando , (X \ Im(f)) = {b}. Consequentlyd ;f = d,f. Then by definition of Cofree there exist Sr-
homomorphisms % %,: X —Cof (I) and x'; %',: Y — Cof(I) as required of definition of Cofree by the uniqueness of
Sr-homomorphism implies that »;f= %'y = %',= %,f and by hypothesis of (1), »; = %, thus Im(f) = X i.e fis surjectiv.

(2) — (1): follows [1].

Proposition 3.7: Let Q be Sr-act. Then. For any Sr-act B, Si-subact A of B and any Sr-homomorphism f: A— Q
there exist homomorphism f : B — Q such that f | A= f.

Proof: Let B be Sp-act, A be Sy-subact of B, X® a Cofree Sp-act for nonempty set X and ¢ : A— X5 An Si-
homomorphism. Let y € X be a fixed element, define a mapping ¢ : B — X° by

_ _( o(teb)(1) iftgb €A
ob)® = {y ' otﬁer wise

for all t € S. It follows easily from definition of X5 that @ is a S.-homomorphism. Let a € A then for any t € S we have
tga € A. Hence @(b) (t) = @(tob) (1) = te(b)(1) = @(b) (15t) = @(b)(t). Thismean ® | A = .

Proposition 3.8: Let K = (Cof(I), 8) Sr-act for |I| > 1. Then for any Sr-acts X, Y and any Sp-homomorphisms
f,9: X > Y with f # g implies that f6 # g0 for some Spr-homomorphism 0: Y — C. where C is any Sr-act.

Proof: Let f, g: X — Y be Sr-homomorphisms with f # g. Then there is x € X such that f(x) # g(x). Take »: Y — I
be a mapping such that »«f(x) # »g(x) € I. By definition of Cofree, there exist Sr-homomorphism »": Y — K such that
x = 0x'. This implies »'f £x'g.
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