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ABSTRACT

In this paper we introduced the concept of § — 1) — ¢ —contractive type mappings in the setting of dislocated metric
space. We also provide some example to illustrate our result.

1. INTRODUCTION

Fixed point theory is one of the most dynamic research subject in non linear analysis and many fruitful results have
come into the literature in the last few decades. The most remarkable result was given by Banach [1] in 1922 as Banach
contraction principle. Later on, many generalization of Banach contraction Principle came into existence in the
literature [2-4]. Samet et al. [5] introduced the notion of a-i contraction mappings and proved the related fixed point
theorems.

In 2000, P. Hitzler and A.K. Seda [6] introduced the concept of dislocated metric space and generalized of well known
Banach Contraction Principle in this space, which played a key role in the development of logic programming
semantics. In this paper, we generalize the concept of a-i mappings as § — Y — ¢ —contractive mappings in the
setting of dislocated metric spaces

2. PRELIMINARIES

Definition 2.1 [5]: Let ¢ be a family of functions : [0, c0) — [0, c0) satisfying the following conditions:
(i) 1 is nondecreasing;
(i) Yo, Y™ < oo for each t > 0, where 1" is the nth iterate of y;

Definition 2.2 [5]: Let T: X —» X and a: X X X — [0, c0). we say that T is a-admissible if for allx, y € X, we have
al(x,y) =21 = a(Tx,Ty)=>1.

Hitzler and Seda [6] introduced the concept of dislocated metric space (d-metric space) as follows:

Definition 2.3 [6]: Let X be a non empty set and let d: X x X — [0,) be a function and for all x,y,z € X, the
following conditions are satisfied:

(1) d(x,y) =d(y,x);

(2) d(x,y) =d(y,x) =0;

@) d(x,y) =d(x,2) +d(z,y);

Then d is called dislocated metric (or simply d-metric) on X and the pair (X, d) is called dislocated metric space.

Example 2.4 [6]: Let (X,d) be a metric space. The function f: X x X - R*, defined as d(x,y) = max(x, y); for all
X,y € X is a d-metric on X.

Definition 2.5: A sequence {x,} in a d-metric space (X, d) is said to be d-convergent if for every given €> 0 there
existann € N and x € X such that d(x,,, x) <€ forall n > N and it is denoted by lim,,_,,, x, = x or x, > x asn - o

Definition 2.6 [6]: A sequence {x,} in a d-metric space (X, d) is said to be d-Cauchy sequence if for every €> 0 there
exist ny € N such that d(x,, x,,,) <€ forallm,n € N.
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Definition 2.7 [6]: A d-metric space (X, d) is called complete if every Cauchy sequence is convergent.

Lemma 2.8 [6]: Let (X, d) be a d-metric space, (x,) be a sequence in X and x € X. Then x,, = x(n — oo) if and only
if d(x,,x) > 0(n - =)

Lemma 2.9 [6]: Let (X, d) be a d-metric space and let (x,) be a sequence in X. If the sequence (x,,) is convergent then
the limit point is unique.

Theorem 2.10 [6]: Let (X,d) be a complete d-metric space and let T : X — X be a mapping satisfying the following
condition for all x,y € X:

d(Tx,Ty) < kd(x,y),
where k € [0,1). then T has a unique fixed point.

3. MAIN RESULTS

Definition 3.1: Let (X, d) be a d-metric space and T: X — X be a mapping. T is a 8 — 1y — ¢ contractive type mapping
if there exist three functions 8: X x X — [0, o) and ¢, ¢ € W such that

B P(d(Tx,Ty)) < p(M(x,)) — o(M(x,y)) @
where
d(x,Ty)+d(y,Tx)

: }; forall x,y € X. )

M(x,y) = max {d(x, v),d(x,Tx),d(y, Ty),
Theorem 3.2: Let (X, d) be a d-metric space and let T: X — X is a d-B-i-contractive mapping of type A and satisfies
the following conditions.
(i) T isapB-admissible
(ii) there exist x, € X such that B(x,, Txy) = 1;
(iii) T is d-continuous and if d(x, x) = 0 for some x € X, then B (u,u) = 1.
Then such u is a fixed point of T thatis Tu = w.

Proof: Let x, € X such that 8(xy, Tx,) = 1 (such a point exist from the condition (ii)). Define the sequence {x,}in X
by x,41 = Tx, = T"x, for all n > 0. If x,,y = x,,, 4+, for some n,, then u = x,,, is a fixed point of T. So, we can
assume that x,, # x,, .1 for all n. Since T is S-admissible, we have

B(xo,x1) = B(xo, Txg) 21 = B(Txp, Txy) = B, %) = 1.

Inductively, we have
B(xp,x,41) =1 foralln=0,12...... 3)

From (1) and (3), it follows that for all n > 1, we have
lp(d(xn' xn+1)) = lp(d(Txn' Txn+1))
< .B(xn' Txn+1)l/)(d(Txn' Txn+1))
< lp(M(xnﬁxn+1)) - (p(M(xn'xn+1)) (4)
where

d(xn' Txn+1) + d(xn+1' Txn)}
2

M(xn'xn+1) = max {d(xn'xn+1)'d(xn:Txn)rd(xn+1'Txn+1):
d(xnXn+2)+d Cen 1 X0 +1)).
max {d(xnrxn+1)'d(xn+1rxn+2)' — 2 = = ’
d(xnrxn+1)+d(xn+1‘xn+2)+d(xn+1'xn+l)}.
2 )

< max {d(xn' xn+1): d(xn+1' xn+2)'

Since d(x,x) < d(x,y) foreach x,y € X, so we have

M(xn' xn+1) = max {d(xn' xn+1)' d(xn+1' xn+2)'

- max {d(an, Xp12), Zd(xntxn+l)‘;d(xn+ltxn+2)}; (5)

2d(xn xn+1)+d (in+1.%n +2)}.

If forsomen, M(x,,x,4+1) = d(X,41, X,42) (= 0) then from (4) and (5) we have

lp(d(xn+1'xn+2)) < 1P (d(xn+1rxn+2)) - (p(d(xn+1rxn+2)) < w(d(xn+1'xn+2))v

which is not possible. Hence M (x,, x,4+1) = d(x,, x,,+1) forall n € N and (4) and (5) we obtain

lp(d(xn+1'xn+2)) < 1!’ (d(xnﬁxn+1)) - (p(d(xn'xn+1))- (6)

Consequently, the sequence {d(x, 41, X,42)} is non-decreasing for all n € N.
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Taking n — o in (6), and 1 and ¢ are continuous functions. So we have
limn—mo d(xn+1'xn+2) =0 (7)

Now, we show that {x,,} is a Cauchy sequence. If it is not, then there exist € > 0 for which we can find subsequences
{xm, } and {x,, } of sequence {x,,} where n, is the smallest index for which
n, > my > k with d(xmk,xnk) >¢. (8)

Then d(xmk,xnk_l) > €. 9)

Using (8) and (9) we obtain
e< d(xmk,xnk) < [d(xmk,xnk_l) + d(xnk_l,xnk)] <&+ d(xnk_l,xnk). (10)

Taking the upper and lower limit as k — oo, we conclude
e <limy_q infd(xmk,xnk) < limy_ Sup d(xmk,xnk) <e (11

By the (iii) property of d-metric space, we have

d(xmk+1,xnk) < d(xmk+1,xmk) + d(xmk,xnk_l) + d(xnk_l,xnk), (12)
with taking the upper limit as k — oo in (12), we obtain
limy, o, sup d(xmk+1,xnk) <e. (13)

By the (iii) property of d-metric space, we have
d(xmk+1' xnk—l) S d(xmk+l’ xmk) + d(xmk’ xnk—l)’ (14)

By taking the upper limit as k — oo in (14),we obtain
limy,_, o, sup d(xmk+1,xnk_1) <e. (15)

On the other hand,

d(xmk,xnk) < d(xmk,xmkH) + d(xmk+1,xnk_1) + d(xnk_l,xnk). (16)
Using (11) and (7), we obtain

e < limy_inf d(xmkH,xnk_l). @an
Moreover,

£ At 0n) < Al Tnr) + ), (18)

with taking the upper limit as k — oo in (18), we have
e <limy_q supd(xmk,xnk). (19)

By using (1), we have
Y (d(xmk+1' xnk)) S ‘B(xmk’ xnk—l)lp (d(Txmk' Txnk—l))’
< w(M(xmk,xnk_l)) —(p(M(xmk,xnk_l)). (20)

where

d miXn d ny_q1Xm
M i ) = 10 (i i i ) iy 0, ) 2 sl

From on taking the upper limit as k — oo, from (7), (9), (11) and (15) we obtain

limy, o0 supM(xmk,xnk_l) = max{e 0,0,€} = ¢. (22)
Thus, from (19) and (20), we have
Y(e) <o) — (o) (23)

which is not possible. Hence {x, } is a cauchy sequence in X. Since X is complete, there exists zeX such that
0 = limy, 00 d(Xy, X)) = lim, Lo, d(xy,,2) = d(z,2). (24)

By using (iii) property of d-metric space, we have
d(z,Tz) <d(z,Tx,) + d(Tx,,Tz). (25)
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Taking the upper limit as n — oo in (25) and using the continuity of T we have

d(z,Tz) <d(TzTz) (26)
Since d(z,z) = 1 and using (1) we have

1/)(d(Tz, Tz)) < B(z, Z)l/)(d(TZ, Tz)) < l/J(M(Z, Z)) — (p(M(z, Z)) 27)
where

M(xmk,xnk_l) = max {d(z, z),d(z,Tz),d(z, Tz),w} =d(z,Tz). (28)
Hence

Y(d(Tz,T2)) < B(z,2)¢(d(Tz, Tz)) < P(d(z,2)) — ¢(d(z,2)). (29)
The property of 1, we obtain

d(Tz,Tz) <d(z,Tz). (30)

Hence we deduce ¢(d(z,Tz)) = 0. Hold
d(Tz,z) =d(Tz, Tz) =d(Tz,z) =0and Tz = z.

Hence, z is a fixed point of T.
If we replace the continuity condition (iii), Theorem 1 remains true. This statement is given as follows.

Theorem 3.3: Let (X, d) be a d-metric space and let T: X — X is a d-B-i-contractive mapping of type A and satisfies
the following conditions.
(i) T isapB-admissible
(ii) there exist x, € X such that B(x,, Txy) = 1;
(iii) if {x, } is a sequence in X such that B (x,,x,,+1) = 1 for allnand x, - x € X asn — oo, then there exists a
sequence {x,, } of {x,} such that B(x,,,x) = 1 for all k.

Then, such z is a fixed point of T, that is Tz = z.

Proof: From proof of Theorem 3.3, we know that the sequence {x, } defined by x,,,.; = Tx, for all n € N is cauchy in
(X, d) and converges to some z € X. Consider (24),

limy, d(xnkH, Tz) =d(z,Tz) (31)
holds. By the assumption on X, we have

P (d(xnk+1' Tz)) < ,B(xnk, z)yY (d(Txnk, Tz))
<y (M(xnk,z)) - (M(xnk,z)) (32)

where

M(xnk' Z) = max {d(xnk’ Z), d(xnk: Txnk)' d(z,T2), d(xnk,Tz)-;-d(z,Txnk)},

= max {d(xnk' Z)' d(xnk' xnk+1)' d(z,Tz), d(xnk'TZ)zd(Z’xnkH)}.

with (7) and (31), we have
limy, M(xnk,z) =d(z,Tz). (33)

Since B(x,,z) =1 we have
Yd(Tz,z) <P(d(Tz Tx,) + d(Tx,,2))
< ll)(d(Tz, Txn)) + lp(d(Txn,Z))
< Bz, x)¢(d(Tz,Tx,)) + P(d(Tx,,2))
<YMz x,)) — o(M(z,x,)) (34)

Let n — oo in (34), we have ¥ (d(Tz.z) < 0). hence z is a fixed point of T, or equivalently, z = Tz.
Corollary 3.4: Let (X, d) be a d-metric space and T: X — X be such that

d(Tx, Ty) < M(x,y) — p(M(x, 7))
for all x,y € X where M(x, y) defined by (2). Then, T has a fixed point.

Proof To prove this corollary it is suffices to take 8 (x,y) = 1 and ¥ (t) = t in theorem 3.4.
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Example 3.5: Let X = [0,) be the d-metric space, where d(x,y) = |x —y]| for all x,y € X. Consider the self-
. . In(x+1)

mapping T : X - X givenby Tx = —

Define B: X X X — [0, o), as

_(1 ifxy€[01],
bx,y) { 0 otherwise.
t

Define the mappings v, ¢: [0, ) — [0,00) by Y(t) = t, p(t) = >

It is easy to see that T is a continuous on X and also T is a B —y — ¢ — contractive type mapping with
P(®) = t,p(t) = sforall £ = 0, forx,y € X,
B, y)Y(d(Tx, Ty)) = ¢(d(Tx,Ty))
=d(Tx,Ty) = |Tx, Tyl
B |ln(x +1) In(y+ 1)|

2 2 |
<22 —1d( ) =d(x,y) 1d( )
=3 2 —2 xX,y) = X,y 2 X,y

=9(dx ) - ¢(dxy))

SPY(Mx,y)) — (M(x,y)).
Now, we claim that T is 8 —admissibe.
Let (x,y) € X x X such that 8(x,y) = 1. From the definition of T and 8 we have both Tx = @and Ty = @
are in [0,1]. Therefore B(Tx,Ty) = 1. Then Tis B —admissible.

So (i) hypothesis of the theorem is satisfied.

Now taking x, = 0 and Tx, = TO = w = 0, we have B(x,Tx,) = £(0,T0) =1 > 1.

So (ii) hypothesis of theorem is also satisfied and obviously (iii) hypothesis is also satisfied.
So all the condition of theorem is satisfied and has a fixed point z = 0.
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