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ABSTRACT

The notion of contra continuous functions was introduced by Dontchev.J. In this paper we apply the notion of Q*ga-
open sets in topological space to present and study a new class of functions called contra-Q*ga-continuous functions
as a new generalization of contra continuity. Futhermore, we define contra-Q*ga-closed graph and investigate the
relationship between contra-Q *ga-continuity and contra-Q*ga-closed graph.
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1. INTRODUCTION

One of the important and basic topics in general topology and several branches of mathematics which have been
researched by many authors is the continuity of the functions. In 1996, Dontchev [3] introduced the notions of contra-
continuity in topological spaces. He defined a function f: X — Y is contra continuous if the preimage of every open set
of Y is closed in X. Recently Ganster and Reilly [6] introduced a new class of functions called regular set connected
functions(in 1999). Jafari and Noiri [7] introduced contra-pre-continous functions. J.Mercy and l.Arockiarani [10]
introduced Q*-closed sets and Qp-closed sets in topological spaces. In this paper we introduce and study a new class of
functions called contra-Q*ga -continuous functions which generalize classes of regular set connected [6] contra
continuous [3] and perfectly continuous [13] functions. Moreover, the relationship between contra-Q*ga -continuity
and contra-Q*ga -closed graphs are also investigated.

2. PRELIMINARIES

Throughout this paper (X, 1) and (Y, o) will denote topological spaces. For a subset A of (X, 1), cl(A) and int (A)
represent the closure of A and interior of A with respect to t respectively.

Definition 2.1: A subset A of a topological space (X, 1) is called
(i) apreopen set [9] if A c int(cl(A)) and a preclosed set if cl(int(A))c A,
(ii) an o-open set [12] if Acint(cl(int(A))) and a a-closed set if cl(int(cl(A)))cA,
(iii) a regular open set [14] if A = int(cl(A)) and a regular closed set if A = cl(int(A)),
(iv) ng-closed set [5] if cl(A) c U whenever A c U and U is n-open,
(v) mgp-closed set [15] if pcl(A) < U whenever A cU and U is n-open,
(vi) mga-closed set [1] if acl(A) € U whenever A cU and U is & - open,
(vii)Q*-closed set [10] if pcl(A) c int(U) whenever A < U and U is preopen.
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Definition 2.2: A function f: (X, 1) — (Y, o) is called
(i) perfectly-continuous [13] if 1 (V) is clopen in X for every open set V of Y.
(ii) mga-continuous [1] if for each open set V of Y, f~1(V) is mgo-open in X.
(iii) contra-continuous [3] if f~ (V) is closed in X for every open set V of Y.
(iv) regular set connected [6] if =1 (V) is clopen in X for every V & RO(Y).
(v) contra- o -continuous [8] if f~! (V) is a- closed in (X, 1) for every open set V of (Y, o).
(vi) pre-a-closed [12] if f(V) is a-closed in (Y, o) for every a-closed set V ¢ (X, 1).
(vii) contra-rg-continuous [5] if f (V) is mg-closed in (X, t) for every open set V of (Y, o).
(viii) T-continuous [6] if = ( V) is n-closed in X for every closed set V of Y.,
(ix) RO-continuous[1] if f*( V) is regular open in X for every open set V of Y.
(X) contra- mga-continuous [1] if f~1 (V) is nga -closed in (X, 1) for each open set V of (Y, 6).

Definition 2.3: A space (X, 1) is called:
(i) locally indiscrete [2] if every open set is closed.
(i) mga-space [1] if every mga-open set is open.
(iif) mga-T: space [1] if every mgo-closed set is a-closed.
2
(iv) mildly compact [7] if every clopen cover of X has a finite subcover.
(v) =mga-locally indiscrete [1] if every mga-open set is closed.
(vi) nGa. —compact[1] if every nga-open cover of X has a finite sub cover.

3. CONTRA-Q*ga -CONTINUOUS FUNCTIONS

Definition 3.1: A subset A of a topological space (X, 1) is said to be Q*g—closed if cl(A) cU whenever A cU and U is
Q*-open.

Definition 3.2: A subset A of a topological space (X, 1) is said to be Q*gp—closed if pcl(A)cU whenever A cU and U
is Q*-open.

Definition 3.3: A subset A of a topological space (X, 7) is said to be Q*go—closed if a-cl(A) cU whenever A cU and
U is Q*-open.

Definition 3.4: A function f: (X, 1) — (Y, o) is called contra- Q*g -continuous if f (V) is Q*g -closed in (X, 1) for
each open set V of (Y, o).

Definition 3.5: A function f: (X, ) — (Y, o) is called contra- Q*gp -continuous if f ~1(V) is Q*gp -closed in (X, 1) for
each open set V of (Y, o).

Definition 3.6: A function f: (X, t) — (Y, o) is called contra- Q*ga -continuous if f *(V) is Q*ga -closed in (X, 1) for
each open set V of (Y, o).

Theorem 3.7:
(i) Every contra-continuous function is contra- Q*ga —continuous.
(if) Every contra- a —continuous function is contra- Q*go —continuous.
(iii) Every contra-Q*g-continuous function is contra- Q*go —continuous.
(iv) Every contra- Q*ga —continuous function is contra- Q*gp —continuous.

Converse of above theorem is not true as the following example shows:
Example 3.3:
(@ LetX={a,b,c},1={D, X, {a}} and o = {D, X, {b}, {c}, {b, c}}. Then the identity function

f: (X, 1) — (X, o) is contra-Q*ga —continuous, but not contra-continuous.

(b) Let X={a,b,c},t={D, X, {a,b}} and 6 = {D, X, {a}, {a, b}}. Then the identity function f: (X, 1) — (X, o)
is contra-Q*ga —continuous, but not contra-a-continuous.

(c) Let X ={a, b, c,d}, 1= {D, X, {a}, {a, c}, {a, d}, {a, ¢, d}} and 6 = {D, X, {a}, {b}, {a, b}}. Then the
identity function f: (X, 1) — (X, o) is contra-Q*ga —continuous but not contra-Q*g-continuous.

(d) Let X = {a, b, c}, t=®, X, {a}, {b}, {a, b}, {a,c}} and 6 = D, X, {b}, {c}, {b, c}}. Then the identity

function f: (X, 1) — (X, o) is contra-Q*gp-continuous but not contra-Q*ga-continuous since {c} Q*gp-closed
but not Q*ga-closed in (X, 7).
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Definition 3.4: A space (X, 1) is called Q*ga-locally indiscrete if every Q*ga-open set is closed.
Example 3.5: Let X ={a, b, ¢}, 1= {D, X, {a}, {b}}. Then X is Q*ga-locally indiscrete.

Example 3.6: Let X = {a, b, ¢}, 1= {®, X, {a}, {b, c}} and tc = D, X, { b, c}, {a}}.Then X is not Q*ga-locally
indiscrete since {b} is Q*ga-open but not closed.

Remark 3.12: The following diagram holds.

| Completely continuous | -— | Parfectly continuous | —h—| Fegular set connected

l

| Contra-continuous |

N\

| Contra-Q*g-continuous

N/

Contra-Q*gg-continuous |

|

Contra-0Q*gp-continuous

Contra-o-continuous |

Thus the class of contra-Q*ga-continuous function properly contains the class of contra-Q*g-continuous function and
contra-a-continuous function but stronger than contra-Q*gp-continuous function.

Theorem 3.7: If a function f: (X, 1)— (Y, o) is Q*ga -continuous and (X, t) is Q*ga-locally indiscrete then f is
contra-continuous.

Proof: Let V be open in (Y, o). Since f is Q*ga-continuous, f (V) is Q*ga-open in X. Since X is Q*ga-locally
indiscrete, f (V) is closed in X. Hence f is contra-continuous.

Theorem 3.8: If a function f: (X, 1) — (Y, o) is contra-Q*ga -continuous and pre-a-closed surjection. If X is Q*go-
T:1 space, then Y is locally indiscrete.
2

Proof: Let V be open in (Y, o). Since f is contra-Q*ga-continuous, f (V) is Q*ga-closed in (X, 7). Since X is
Q*go-Ti , (V) is a-closed in X. Since f is pre-o-closed surjection, f(f *(V)) = V is a-closed in Y.
2

Now cl(V) = cl(int(V)) c cl(int(cl(V))) < V shows that V is closed in Y. Therefore Y is locally indiscrete.

Theorem 3.9: If a function f: (X, 1) — (Y, o) is contra -Q*ga-continuous and is a Q*ga-T: space, then f: X — Y is
2

contra-a-continuous.
Proof: Straight forward.

Theorem 3.10: If a function f: (X, 1) — (Y, o) is contra-Q*ga-continuous and X is a Q*ga-space, then f: X — Y is
contra-continuous.

Proof: Straight forward.

Definition 3.11: A space (X, 1) is called Tqo«ga-space if every Q*ga-closed set is Q*g-closed.
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Theorem 3.12: If f: X — Y is contra-Q*ga-continuous and if X is Tqsga-space, then f is contra- Q*g-continuous.
Proof: Straight forward.
Theorem 3.13: Suppose Q*GaO(X) is closed under arbitrary union. Then the following are equivalent for a function
EX->Y

(i) fiscontra-Q*ga-continuous

(i) For every closed subset F of Y, f *(F) £ Q*GaO(X)

(iii) For each x ¢ X and each F ¢ C(Y, f(x)), there exists U ¢ Q*GaO(X, x) such that f(U) c F.

Proof: (i) < (ii) and (ii) = (iii) is obvious (iii) = (ii). Let F be any closed set of Y and x & £ (F). Then f(x) ¢ F and
there exists U, € Q*GaO(X, x) such that f(Uy) — F.

Therefore we obtain f*(F) = Uyce-1g) £ Q*GaO(X).

Lemma 3.14: If Y is open in X, A € Q*GaC(X) = A & Q*GaC(Y).

Proof: Straight forward.

Theorem 3.15: If a function f: X — Y is contra-Q*ga-continuous and U is open in X, then 5 : U — Y is contra- Q*ga-
continuous.

Proof: Let V be closed in Y. Since f: X — Y is contra-Q*ga-continuous, f (V) is Q*ga-open in X.

(5) vy = £4(V) NU is Q*ga-open in X. By lemma 3.14, (5) (V) is Q*go-open in U.

Lemma 3.16: If A« Yc X and if Y is regular open and Q*ga-closed set in X, then A € Q*GaC(Y) = A £ Q*GaC(X).
Proof: Straight forward.

Theorem 3.17: Let f: X — Y be a function and {U;/i¢ 1} be a cover of X such that U; ¢ Q*GaC(X) and regular open
foreachiel. If Ui : Ui = Y is contra- Q*ga-continuous for each i ¢ I, then f is contra- Q*ga-continuous.

i

-1
Proof: Suppose that F is any open set of Y. We have f*(F) = U f }(F) N U; = U, (Ui) (F).
1 1
Since U— is contra- Q*ga-continuous for each i ¢ I, it follows U;¢, (Uf) (F) € Q*GaC(U;). By lemma 3.16, we have

f1(F) € Q*GaC(X) which implies f is contra- Q*ga-continuous.

Lemma 3.18: The following properties are equivalent for a subset A of a space X.
(i) Asclopen.
(if) A is Q*ga-closed and regular open.
(iii) A is Q*ga-closed and Q*-open.

Proof: Straight forward.

Theorem 3.19: For a function f: X — Y the following properties are equivalent.
(i) fis perfectly-continuous.
(ii) fis contra- Q*ga-continuous and RO-continuous.
(iii) f is contra- Q*ga-continuous and Q*-continuous.

Proof: Proof follows from lemma 3.18.

Theorem 3.20: Let Y be a regular space. If f: X — Y is contra-Q*ga-continuous then f is Q*ga-continuous.

Proof: Let x be an arbitrary point of X and V is an open set of Y containing f(x). Since Y is regular by lemma 3.31[11]
there exist W in Y containing f(x) such that cIl(W) — V. Since f is contra- Q*ga-continuous by theorem 3.13, there exist
U £ Q*GaO(X, x) such that f(U) c cl(W) c V. Hence fis Q*ga-continuous.

4. Q*Ga -COMPACTNESS AND Q*Ga-CONNECTEDNESS

Definition 4.1: A space X is said to Q*Gua -compact if every Q*ga-open cover of X has a finite sub cover.
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Definition 4.2: A space X is said to be strongly-S-closed if every closed cover of X has a finite sub cover. [3]

Definition 4.3: A subset A of a space X is said to be Q*Ga —compact relative to X if every cover of A by Q*ga-open
sets of X has a finite sub cover.

Definition 4.4: A subset A of a space X is said to be strongly-S-closed if the subspace A is strongly-S-closed. [3]

Theorem 4.5: If f: X — Y is contra-Q*go-continuous and K is Q*ga-compact relative to X, then f(K) is strongly-S-
closed in'Y.

Proof: Let {Ha | a € A} be any cover of f(K) by closed sets of the subspace f(K). For each o ¢ A, there exists a closed
set Ka of Y such that Ho = Ka N f(K). For each x € K, there exists a(x) € A such that f(x) € Ko (x) and by theorem 3.13,
there exists Ux € Q*GaO(X, X) such that f(Uy) < Ka(x). Since the family {Uyx / x € K}is a cover of K by Q*ga-open
sets of X, there exist a finite subset K, of K such that Kc U{Ux / x ¢ K,}. Therefore, we obtain f(K) < U {f(Ux) /
x e Ko} < U {Ka(x) / x € Ky }. Thus f(K) = U{Ha(x) / x € K, } and hence f(K) is strongly-S-closed.

Corollary 4.6: If f: X — Y is contra-Q*ga-continuous surjection and X is Q*ga-compact, then Y is strongly-S-closed.

Theorem 4.7: If f: X — Y is contra-Q*ga-continuous, Q*-continuous surjection and X is mildly compact, then Y is
compact.

Proof: Let {V,Ja € A}be an open cover of Y. Since f is contra-Q*ga-continuous, Q*-continuous by theorem 3.19
{f*(V,) | a € A} is a clopen cover of X and there exist a finite subset V, of V such that X = U {f *(V,) | a & V, }and
hence Y is compact.

Definition 4.8: A topological space (X, 1) is said to be Q*-connected provided that X is disjoint union of two
nonempty Q*ga-open sets.

Theorem 4.9: Let (X, 1) be Q*ga-connected and (Y, o) be Ty. If f: X — Y is contra-Q*ga-continuous, then f is
constant.

Proof: Assume Y is non-empty. Since Y is T1 -space and f is contra-Q*ga-continuous, Q = {f(y) / y € Y} is a disjoint
Q*ga-open partition of X. If [Q|>2, then X can be written as the disjoint union of Q*ga-open sets, which is a
contradiction. Therefore |Q2| = 1 and hence f is constant.

Theorem 4.10: If f: X — Y is contra-Q*ga-continuous, Q*-continuous surjection and X is connected. Then Y has an
indiscrete topology.

Proof: Suppose that there exists a proper open set V of Y. Since f is contra-Q*ga- continuous, Q*-continuous, f (V) is
Q*ga-closed and Q*-open in X. By Lemma 3.18, f (V) is a proper clopen set in X which is a contradiction to the fact
that X is connected. Therefore Y has an indiscrete topology.

Theorem 4.11: If f: X Y is contra -Q*ga-continuous, Q*-continuous surjection and X is connected, then Y is
connected.

Proof: Suppose Y is not connected. There exist non empty disjoint open sets V; and V, such that Y = V;UV,.
Therefore, V; and V, are clopen in Y. Since f is contra-Q*ga-continuous and Q*-continuous, f *(V;) and f *(V,) are
Q*go-closed and Q*-open in X and hence clopen by Lemma 3.18. Also, f*(V;) and f (V,) are non empty disjoint sets
in X such that X = f(V;) U f™(V,) which shows that X is not connected. Hence Y is connected.

Theorem 4.12: If f: X — Y is contra-Q*go-continuous, surjection and X is Q*Ga-connected, then Y is connected.
Proof: Suppose Y is not connected. There exists non empty disjoint open set V; and V, are clopen in Y. Since f is
contra-Q*ga-continuous, f*(V;) and f(V,) are Q*go-closed and Q*-open in X such that X = f(V;) U f*(V,) which
shows that X is not Q*Ga-connected. Hence Y is connected.

Theorem 4.13: If f: X —Y is contra-Q*ga-continuous, Q*ga-continuous surjection and X is Q*ga-connected, then Y
has an indiscrete topology.

Proof: Similar as theorem 4.10.

© 2016, IIMA. All Rights Reserved 82



J. Jacob & V. K Padma Priya and J. Mercy* /
On Contra-Q*ga-Continuous Functions in Topological Spaces / IIMA- 7(11), Nov.-2016.

5. CONTRA-Q*Ga -CLOSED GRAPHS AND APPLICATIONS

In this section we define contra-Q*ga -closed graph and investigate the relationship between contra -Q*go —continuous
function and contra-Q*ga -closed graph.

Definition 5.1: The graph G(f) of a function f: X — Y is said to be contra -Q*ga -closed if for (x , y) € X c Y- G(f),
there exist U € Q*GaO(X , x) and Ve C(Y, y) such that (U UV) N G(f) = ©.

Theorem 5.2: If f: X — Y is contra-Q*go—continuous and Y is Urysohn, then G(f) is contra-Q*go —closed in X x Y.
Proof: Let (X, y)eXCY- G(f), then y# f(x) and there exist open sets V, W such that f(x)eV, yeW and cl(V) Ncl(W) =
@. Since fis contra -Q*ga-continuous, there exist U € Q*GaO(X, x), such that f(U) c cl(V). Therefore f(U) N cl(W) =
®. This shows that G(f) is contra -Q*ga-closed.

Theorem 5.2: If f: X — Y is Q*ga —continuous and Y is T, then G(f) is contra -Q*ga-closed in X X Y.

Proof: Let (X, y) € X x Y-G(f), then f(x)# y. Since Y is T ; and f(X)# y there exist an open set V of Y such that
f(x) ¢ V, y c V. Therefore f(U) N (Y-V)=® and Y-V € C(Y, y). This implies G(f) is contra-Q*ga-closed in X x Y.
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