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ABSTRACT

The purpose of this paper is to introduce the concept of fuzzy biclosure space as a natural generalization of fuzzy
closure space defined in [5] and also introduce and study the separation axioms viz. FP T, and FP T; in it. The notion
of subspace of fuzzy biclosure space, sum of family of pairwise disjoint fuzzy biclosure spaces and product of a family
of a fuzzy biclosure space are also introduced and studied the concept of T, -fuzzy biclosure space and T; -fuzzy
biclosure space. We obtain some important results which establish the appropriateness of definition. In particular, we
find that T, and T; satisfy the hereditary, productive and projective properties. Both T, and T; fuzzy biclosure space
are ““good extensions” of the corresponding concepts in a biclosure spaces.
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1. INTRODUCTION

The concepts of closure spaces were introduced by Birkhoff and Cech independently. Later on Boonpok [2] introduced
the notion of biclosure spaces. Such spaces are equipped with two arbitrary closure operator .Further the concept of
fuzzy closure spaces has been introduced by Mahhour and Ghanim [5] and Srivastava et al [7]. Mahhour and Ghanim
generalizes the concept of Cech closure spaces while Srivastava et al generalizes the concept of Birkhoff closure
spaces. Later on Tapi and Navalakhe [8] introduced and studied the concept of fuzzy biclosure spaces.

In this paper we have introduced the concept of fuzzy biclosure space as generalization of Srivastava et al [6, 7]. We
have introduced T, and T; fuzzy biclosure spaces. We have studied T, and T; separation axioms in fuzzy biclosure
spaces, in detail. Several important results have been obtain e.g. it has been observed that T, axioms and T; axioms in a
fuzzy biclosure space satisfy the hereditary, productive and projective properties. Also both are “good extensions” of
the corresponding concepts in closure spaces.

2. PRELIMINARIES

Here | and I, will denote the intervals [0, 1] and (0, 1] respectively. For a set X, I*denotes the set of all functions from
X to I. A constant fuzzy set taking value o € [0, 1] will be denoted by a. If A < X, 1,denotes the characteristic function
of A, by A itself. Any fuzzy set uin A < X will be identified with the fuzzy set in X, which takes the same value as u
for x e A'and 0 for x € X - A. Now, we recall the definition of closure operations on a set X.

Definition 2.1 [3]: A function C: 2* — 2% is called a closure operation on X if it satisfies the following condition:
(C1) Clo)=9
(C2) AcCA) VAe?2

(C3) C(AUB)=C(A)UC(B) VA, Be 2*

The pair (X, C) is called a closure space.
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Definition 2.2[1]: A map C: 2* — 2 is said to be a closure operation on X if the following conditions hold for any A,
Be2

(1) Clo)=¢

(c2) AcC(A)

(c3) AcB=C(A)cC(B)

(c4) C(C(A)=C(A)

Definition 2.3 [7]: A function c: I* — I"is called a fuzzy closure operation on X if it satisfies the following conditions:
(cl) c(@=0. ac [0,1]

(c2) Acc(A) VAel”

(c3) AcB = c(A)cc(B) VA Bel

(c4) c(c (A)) =c(A)

The pair (X, c) is called a fuzzy closure space. It is called fuzzy closure operation on X. This definition is obviously an
analogue of Birkhoff closure operator.

Definition 2.4 [3]: A map C: P(X)— P(X) defined on the power set P(X) of a set X is called a closure operator on X
and the pair (X, C) is called a closure space if the following axioms are satisfied:

(C1) Clo)=¢

(C2) AcC(A) vV AcX

(C3) AcB=C(A)cC(B) V A BcX

Now we define fuzzy biclosure space which is parrallel line as in [7]

X

Definition 2.5: A function ¢;: I — I%, i=1, 2 is called a fuzzy biclosure operation on X if the following axioms are

satisfied:

(cl) ci(w)=0a, a€c[0,1],i=0,1

(c2) Acci(A), VAel®

(c3) AcB = ¢(A)cc(B), VA Be I
(c4) cci(A) =ci(A), VA Be I*

Definition 2.6: A subset A of a fuzzy biclosure space (X, ¢y, C,) is said to be fuzzy closed if: ¢, (¢, (A)) =A

The complement of fuzzy closed set is known as fuzzy open set.

Definition 2.7: We say that the property “FP” in a fuzzy biclosure space is a good extension of the corresponding
property ‘P’ in a biclosure space if (X, C,, C,) satisfies ‘P” iff (X, wC,, wC,) satisfies “FP”.

Proposition 2.1: Let (X, Cy, C,) be a fuzzy biclosure space. Then for allA € X. A is C;- closed iff 1, is wC-closed.

Definition 2.8: A biclosure spaces (X, Cy, C,) is Tyif it satisfied the following condition:
Ci({x) =G {y}) = x=y

Proposition 2.2: Let (X, C;, C;) be a closure space. Then the following two statements are equivalent.
i V X, yeX, x#y,3 Ci-closed setUs.txe U,y¢ Uorxg U,yeU.
ii. (X, Ci, Cz) is To-

Proof (i) =(ii): Letx,ye X, X#Yy, Thendue to (i), 3 Ci-closedsetUs.txe U,ygUorx¢ U,ye U.

Let us suppose that x ¢ U, y & U. Then {x}< U any hence C; ({x})< C; (U) =U, but y¢ U so, y¢ C; ({x}).
Showing that C; ({x}) # Ci ({y}).

(if) =(i): Let x, y € X, x 2y, from (ii) we have C; ({x}) # C; ({y}) which implies that either x C; ({y}) ory € C; ({x}).

[Since otherwise {x}< C; {y}) and {y}c Ci ({x}), which gives C; {x}) = Ci ({y}) and C; {yPE Ci ({x}), thus
Ci ({x}) =Ci ({y}), a contradiction].
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Let us assume that x ¢ C; ({y}). Then we have got a C;- closed set viz C; ({y}) such that x & C; ({y}) buty €C; {y}).

Definition 2.9: A biclosure space (X, C,, C,) is called T; if {x} is Ci- closed V x € X.

1. Relative, sum and product fuzzy closure operations

Here we define relative fuzzy closure operation on a subset A of an fbcs X, sum fuzzy closure operation on X =UX;
for a family{( X, ,ci,C2): t € |} of pairwise disjoint fuzzy biclosure space and product fuzzy biclosure operation for a
family of fuzzy biclosure space.

The definition of relative fuzzy biclosure operation and the sum fuzzy biclosure operation are defined as.

Proposition 3.1: Let (X, ¢y, ¢,) be an fuzzy biclosure space and A € X. Then the function cix: I* > 1* given by
Cia (B)=A r8;(B) is a fuzzy closure operation on A.

Proof: Conditions (1)-(3) can be easily verified

For condition (c4) we proceed as follows:
cia (cia(B)) = cia (AN ¢(B))
=ANnc(Anc(B))
C Anc(A) nc(c(B))
=Anc(A) nc(B)
=Anc(B) (since Anc(A) =A)
= Cia (B)

Definition 3.1: Let (X, ¢4, C,) be a fuzzy biclosure space and A € X .Then the fuzzy closure operation c;, defined above
is called the relative fuzzy closure operation on A and the fuzzy biclosure space (A, Cia, Coa) is called a fuzzy closure
subspace of (X, ¢y, Cy).

Proposition 3.2: If u is a ¢;-closed fuzzy set in an fuzzy biclosure space (X, ¢y, ;) then u/A is cja -closed in (A,C1a, Coa)-
Proof: Let u is a ¢;-closed fuzzy set in X. Now consider u/A.
Then ¢ (u/A) = An ci(unA) € An ci(u) = AN ci(u) = ANu.Thus cyu (u/A) € u/A.

Further, using (2), we have u/A < c; (u/A) and hence u/A is c;, -closed

Proposition 3.3: Let § = {(X;, ¢yt Cx)): te &} be a family of pair wise disjoint fuzzy biclosure spaces and X=UX;.
Then the function @c;: I* >1* defined by @ ci{A)= Ucc(X:N A) is a fuzzy closure operation on X.

Proof: Here also, conditions (c1) — (c2) can be easily verified

We check now the condition (c4) as follows:
@ cie (Dcic (A)) =@ Cir (Ucir (XN A))
= Uct (XN (Ucie (XN A))
= Uc (cir (XN A)) (Since X;’sare pair wise disjoint)
= Ucr (XN A))
= @cic (A)

Definition 3.2: Let & = {(X;, Cy, Co): t € &} be a family of pair wise disjoint fuzzy biclosure spaces. Then the fuzzy

closure operation €c;; defined above is called the sum fuzzy biclosure operation on UX; and the corresponding pair
X, @ c1s@D 2o is called the sum fuzzy biclosure space of the family & .

Now, we define the product fuzzy closure operation for a family of fuzzy biclosure operation.

Let {(Xj, cij, C): je J} be a family of fuzzy biclosure spaces and let X=]];¢; Xj and p;: X-> X; be the mapping. Let
ci: I >1" be the mapping given by

c(u)=inf {vel’: vau, and v=A; p,—'l(uj) where each u;is c;—closed}.
Then c is a fuzzy closure operation on X.

© 2016, IJMA. All Rights Reserved 11



Manijari Srivastava*, Richa Tripathi / On Fuzzy Pairwise-T ; and Fuzzy Pairwise-T biclosure spaces / IJMA- 7(11), Nov.-2016.

Definition 3.3: Let {(X;, ¢y, C): j € J} be a family of fuzzy biclosure spaces then the fuzzy biclosure operation defined
above is called the product fuzzy biclosure operation on X=[] x; and the fuzzy biclosure space (X, ¢, ¢;) is called the

product fuzzy biclosure space of the family {(X;, cij ,c2): je J}.

Definition 3.4 [1]: Let ¢, and ¢, be two fuzzy closure operations on X.The fuzzy biclosure space (X, ¢y, C,) is said to be
coarser than (X, ¢;’, ¢,") (or that (X, ¢,’, ¢,") is finer than (X,c1,c,)) if Ci(A) € ¢ (A) for all Acl”.

This definition is a natural generalization of [1]

2.Toand T, -FUZZY BICLOSURE SPACES

Definition 4.1: An fuzzy biclosure space (X, ¢y, C,) is said to be fuzzy pairwise T, (in short FPTy) if for all X, ye X,
x#Y, 3 ac- closed fuzzy set usuch that u(x) £u(y).

Definition 4.2: A fuzzy biclosure space (X, c;, C,) is said to be fuzzy pairwise T; (in short FPT;) {x} is c;- closed
Vx€eX

Theorem 4.1: T-ness in a fuzzy biclosure space, satisfies the hereditary property.
Proof: Let (X, ¢y, C,) be T, space and let (Y, ¢;’, ¢,") be a subspace of (X, ¢, Cy).
To show that- (Y, ¢1, ¢, ) isTy.

Let v, Yy, be two distinct points of Y. Since YcX. vy, Y are also two distinct points of X. Since (X, ¢y, ;) is a T, space,
3 a ¢;- closed fuzzy set u such that u (y;) # u (y,). Then

Uy (Y1) =uNY(y1) =inf (u (y), Y (y1)) = u (y1)
Uy (¥2) =UNY(y2) =inf (U (y2), Y (y2)) = u (y2)
u(y) #u (y2)
Uy (Y1) # uy (Y2)
(Y, ¢, cy)isalso Ty.
Theorem 4.2: T;-ness in a fuzzy biclosure space, satisfies the hereditary property.
Proof: Let (X, ¢y, C,) be T; space and let (Y, ¢;’, ¢,’) be a subspace of (X, ¢1, C,).
To show that- (Y, ¢;’, ¢, ) isTy.
Since (X, ¢4, C,) be T; space. Therefore {x} is ¢c;-closed V x € X,
=> X-{x} is ¢;-open
= YN (X-{x}) is ¢;-open
=>Min {Y, (X-{x})} is c; -open
=>X-{x} is c; -open

=>{x} is ¢; -closed

=(Y, ¢,", ¢,) is alsoTy.

Theorem 4.3: Let {(X, c1s €20): t€ J} be a family of pair wise disjoint FPT,, fuzzy biclosure space. Then their sum
fuzzy biclosure space (X, @ c1o@ czo) is also FPT,,.

Proof: Letx,y € X,x # y. There are two possibilities:

Case (i): Bothx,y € X,forsomet € Jand
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Case (ll) X € th,y € th for ty, tE (7, ty # ta.
We consider these two cases separately.

Case (i): Since (X, Cy, Cat) iSFPTy, 3 cit-closed fuzzy set say u, such that ug(x) # ug(y). Treating u, as a fuzzy set in X, it
can be checked that u, is @ ci—closed and obviously satisfies our requirement.

Case (ii): Here Treating X as a fuzzy set in X, it can be checked that Xz is @i —closed and is such that
th(X) * th(y)

Hence the sum fuzzy biclosure space (X, @ c1,® cz) is also FPT,.

Theorem 4.4: Let {(X, Ci, Cx): t€ J} be a family of pair wise disjoint FPT; fuzzy biclosure space. Then their sum
fuzzy biclosure space (X, ® c1o@® ¢z is also FPT;.

Proof: Letx € X =U X; then x € X, for some t1€ (J. Now, since (X, ci;c2) is ca —closed and then treating {x} is
as a fuzzy set in X, we get {x} is @ cir—closed. Hence (X, ® c1,® cz) is also FPT;.

Theorem 4.5: Let {(X;, ¢y, C): j € J} be a family of FP T, -fuzzy biclosure spaces then there product (X, ¢y, C;) is a
FPT, space iff each co-ordinate fuzzy biclosure spaces (X;,C1;Cy) is Ty.

Proof: First let us suppose that {(X;, c1j,cz;) is Ty Vj €]

To show that- (X, ¢y, C,) is a FPT,.

Now take X,y € X, Xx#y, Let x=II xjand y=II y;then since £y, 3 j; € J s.t Xj#yjs, now since (X, ¢js, Cjp) is To 3Cji-
closed fuzzy set ujs.t Ujy(Xj1) # ujs(yj1). Consider, P ;™ (u;) then Py (ujy) is c-closed and s.t P ;™ (ujp) (X) # P jo™ (Uj)
(y), showing that (X, ¢y, ;) isa T.

Conversely- Let (X, ¢y, C;) beTy.

To show that- {(X;j, Cij C) is Ty

Let x;, yj €Xj s.t x;# yj, now consider two points x=II xjand y=II y; in X such that x;=y; for i# j and x= xj, yj=y;
then x#y and hence since (X, ci, ¢2) is a Ty 3 ci- closed fuzzy set u such that u (x)# u (y) now, since u is c;-
closed. ci(u)=u=inf {ve€ I¥*/v = u and v=A P! (u;) where ujis ci- closed } and u (x) # u (y) 3 veI*suchthatv>uy,
v=A Py (u;) where u; is c- closed such thatv (x)# v (y) i.e APt (u)(x) # APyt (u)(y) or inf ui(x;) #inf ui(yy),
which implies that uj(x;) # uj(y;) since ui(xi) = ui(y;) fori # j {as xi=y; for i# j }. Hence {(X, cij, cz;) is Ty.

Theorem 4.6- Let {(X;, ¢y, C): j € J} be a family of FP T; -fuzzy biclosure spaces then there product (X, ¢y, ¢,) is a
FPT; space iff each co-ordinate fuzzy biclosure spaces (X;, yj, C5) is Ty.

Proof: First let us suppose that (X;, c1j,¢c2;) is T; Vj €]

To show that- (X, ¢, C,) isa Tj.

Now take x €X. Let x =[] x;, then we can write {x} =A; p,—'l(xj). Now since (X, €y, Cz) is Ty Vje J, {x} is cjj- closed and
hence p;*(x;) is ¢;- closed Vj e ]

And now using Proposition 2.1, A; p,-'l(x,-) is ¢;- closed. Thus {x} is ¢;- closed, showing that (X, ¢y, ¢;) isT;.
Conversely- let (X, ¢4, C,) is Ty .

To show that- (Xjc1jcz) is Ty, we have to show that {x;} is cjj— closed V x;€ X;. Now take any x;€X; and consider any
x€ X with jt co-ordinate equal to x;. Letx = [];_; x;. Since (X, c1, c2) isT}, {x} is ¢i- closed. Hence

{x}= inf{vel®: vau, and v=A, p;*(u;) where each u; is ¢;—closed} 1)
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Let us denote the family {ve #: v=>u, and v=A; pi'1(u;) where each ujis ¢;—closed} by F. Take any yj€ x;. Such that
X # y; and consider y = [[y:i such that x; = yi. for i#j and y;=y; Then x#y and hence inview of (1), inf
v(y)=0.Now, choose any £>0 then 3 v%n F such that v{y)e. But vfs of the form A; pr1(u;) where ufis ¢;—closed.

So we have
Aipit(u)(y) <e or infui(y 7) <e (2)

Here uf(yi) =1 for i#j since v&{x}, i.e. A; piit(uf)(x)=1 or that inf(u)(x;)=1 which implies that (u})(x)=1Vie]
and hence u;(yi)= (u)(x)=1 for i#j. Therefore (2) gives: (u;)(y;) <¢ , and now consider A;u = u; (say). Then
u; is C;—losed and such that u;(x;)=1 since (uf)(xj)zl V €0 and further uj(y;)=0 since for any € >0, we can find a
ci—closed fuzzy set such that{ x; }<Su;.

Therefore, ¢;({x}) € (u;) but u;(y;)=0 hence ¢;({x})( y;)=0. Thus, ¢;({x;}) = (X;) and hence (X;,C1jCy) is T;.

Theorem 4.7: Let (X, Cy, C,) be a biclosure space then (X, C,, C,) is PT, iff the fuzzy biclosure space (X, wCy, wC,)
iSFPT,.

Proof: Let (X, Cy, C,) be T,. Then (using proposition 2.2) 3C;- closed set U s.t, x€ U, ygU or x¢U, ygU. Let as assume

that xe U, ygU. now consider the characteristics function Iy Then in view of (proposition 2.1), Iy is ®C;- closed and is
s.tly (X) #1y (y). Hence (X, wCq, wCy) is Ty.

Conversely- Let (X, wCi, wCz)be T, then for x, yeX, x# y, 3wCi- closed fuzzy set U, such that
u(x) £ u(y) or oC; u(x) # oC; u(y), where, i=1,2

where
wCi (u) = inf {ve /:v=uand v-![1-a,1] is Ci- closed for each ae /y} 1)

Let us denote the family {ve/ v>u and v [1-a, 1] is C;- closed for each a€ I} by &. Then wC; u(x) # ©C; u(y) means

Nvw = [\vo

veF veF

So 3 v € F such that v(x) # v(y). Let us assume that v(x) € v(y). Then choose’s’ such that v(x) & s& v(y). Then 0¢
s¢1 and hence 3 s € lysuch that s=1- s . Now, consider v-1[1- s ;1] then in view of (1) is Ci- closed and since
v(x) < (1-s ) <v(y), we have # v -1[1- s ;1] and ye v-1[1- s 71], proving that (X, C1, Cz) is Tj.(using proposition
2.2)

Theorem 4.8: Let (X, Cy, C,) be a biclosure space then (X, Cy, C,) is PT; iff the fuzzy biclosure space (X, wCy, wC))
iSFPT;.

Proof: Let us suppose that (X, Cy, C,) isPTy, then {x} is C;- closed. (Using proposition 2.1) {x} is wC; —closed i.e. (X,
(.L)Cl, (.L)Cz) |SFPT1

Conversely: Let us suppose that (X, wCy, wC,) isFPTy, then {x} is wC; —closed, (Again using proposition 2.1) {x} is
C;—closed i.e. (X, Cy, C,) is PT;.

CONCLUSION

Here we define fuzzy biclosure space as a simple formulation on the parallel lines to its counterparts as given in [7].
We introduced and studied relative fuzzy biclosure space, sum fuzzy biclosure space and product fuzzy biclosure space.
We also see that fuzzy closure space satisfy good extension property also. We also introduced the notion of T, and T},
fuzzy biclosure space .We see that T, and T; fuzzy biclosure space satisfy hereditary, productive and projective
properties.
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