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ABSTRACT

In this paper, we consider o-¥ contractive mappings in the setting of quasi partial metric spaces and verify the
existence of a fixed point on such spaces. Also, we present some examples of obtained results.
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1. INTRODUCTION

One of the most interesting expansions of distance function was reported by Matthews [1] by introducing the notion of
a partial metric in which self-distance need not be zero. Matthews [1] successfully characterised the distinguished
result, Banach contraction mapping, in the sitting of partial metric spaces.

Many authors have generalised some fixed point theorems on quasi-partial metric spaces. Recently Erdal Karpinar

et al. [11] presented o - (¥,0) contractive mappings on quasi-partial metric space and investigated the existence and
unigqueness of certain operators in the context of quasi-partial metric space.

A fixed point theorem is proved in setting of such spaces and a example is given to verify the effectiveness of the main
results.

2. PRELIMINARIES

Definition 1: A quasi metric on a non-empty set X is a function d: X x X — [0, +0) such that for all x, y, z € X:
1. dix,y)=0ex=y
2. d(x,y)<d(x,2) +d(z,y)

A quasi-metric space is a pair (X, d) such that X is a non-empty set and d is a quasi-metric on X.

Definition 2: A partial metric on a non-empty set X is a function p: X x X — [0, +o0) such that for all x, y, z € X:
1. x=y & p(x x)=p(xYy) =py, y)
2. p(x X)<p(x,y),
3. px,y)=p(y, x),
4. p(x,y)<p(x 2) +p(z;y) - pz 2).

A partial metric space is a pair (X, p) such that X is a non-empty set and p is a partial metric on X.

Definition 3 [5]: A quasi-partial metric space on a non-empty set X is a function g: X x X — [0, +o0) such that for all
X, Y, Z€EX:

1. ifq(x, x) =q(x, y) = q(y, y) then x = y (equality)

2. q(x, X) <q(x, y) (small self-distances)

3. g% x) <q(y, x) (small self-distances)

4. 9(x.2) +q(y. ¥) < q(x. y) +q(y, 2) (triangle inequality)
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A quasi partial metric space is a pair (X, q) such that X is a non-empty set and q is a partial metric on X. If
q(x, y) = q(y; x) for all x, y € X, then (X, q) becomes a partial metric space.

Definition 4 [5]: Let (X, q) be a quasi-partial metric space. Then,
(i) a sequence {x,} < X converges to x € X if and only if

Q(X, X) :limn—>+oo q(x: xn) = lirnn—>+oo q(xn'x);

(ii) a sequence {x,,} < X is called a Cauchy sequence if and only if
limy, ;5400 G (X, X)) and limy, ;540 (X, X,,) €Xist (and are finite);

(iii) the quasi-partial metric space is said to be complete if every Cauchy sequence {x,} < X converges, with respect to
74, to a point x € X such that

q(x,x) = lim q(x,,x,)and lim q(x,,x,)
n,m-+oo n,m--+oo

Definition 5 [5]: Let (X; q) be a quasi-partial metric space. Then
1. asequence {x,} in X is called a left Cauchy sequence if and only if for every € > 0 there exists a positive
integer N = N(e) such that
g(Xn, Xm) <€ foralln>m>N;
2. asequence {x,}in X is called a left Cauchy sequence if and only if for every e > 0 there exists a positive
integer N = N(e ) such that
q(Xn, Xm) < € forallm>n>N;
the quasi-partial metric space is said to be left complete if every left Cauchy sequence {x,,} in X is convergent.
4. the quasi-partial metric space is said to be right complete if every right Cauchy sequence {x,}in X is
convergent.

w

Definition 6 [6]: Let T be self-mapping on X and a: X X X — [0, +0) be a function. We say that T is an o - admissible
mapping if T is
XY EX,a(Xy)>1)=>aTx Ty)>1

Definition 7 [7]: Let T be self-mapping on X and o : X X X — [0, +) be a function. We say that T is a triangular
a - admissible mapping if T is a - admissible and
X, V,Z €X, a(x,z)>1and a(z,y) > 1) = a(X, y) =1

Definition 8 [8]: Let T: X x X be a self-mapping and o : X X X — [0, +) be a function. Then T is said to be a -
orbital admissible if
ax, TX)>1 = (Tx; T?x) >1

Definition 9 [8]: Let T: X x X be a self-mapping and a: X X X — [0, +o0) be a function. Then T is said to be right- a -
orbital-admissible if

a(x, Tx) > 1 = (Tx; T>x) > 1 and be left- o - orbital-admissible if a(Tx, x) > 1 = (Tx; T?x) > I
Note that a mapping T is a-orbital admissible if it is both right-a-orbital admissible and left-a-orbital admissible.

Definition 10 [8]: Let T: X x X be a self-mapping and a: X X X — [0, o) be a function. Then T is said to be triangular
a-orbital admissible if T is a-orbital admissible and
a(x, y) > 1 and afy, Ty) > 1= a(x, Ty) >1

Definition 11 [8]: Let T: X x X be a self-mapping and a: X X X — [0,00) be a function. Then T is said to be triangular
a-orbital admissible if T is right-a-orbital admissible and

a(x, y) > 1 and a(y, Ty) > 1= a(x, Ty) =1
and be triangular left-a-orbital admissible if T is a a-orbital admissible and

a(Tx, x) > 1 and a(x, y) > 1= ATX, y) =1

Definition 12 [8]: Let (X, d) be a a-metric space, X is said a- regular if for every sequence {x,}in X such
that a(x,,x,41) =1 for all n and x, - x € Xas n — o there exists a subsequence {xn(k)} of {x,,} such that
a(xn(k),x) >1 for all k.

Lemma 1 [5]: Let (X, q) be a quasi-partial metric space. Let (X, pg) be the corresponding partial metric space and let
(X,d q) be the corresponding metric space. The following statements are equivalent.

1. The sequence{x,} is Cauchy in (X, q).

2. The sequence{x, } is Cauchy in (X, pg).

3. The sequence {x,} is Cauchy in (X, dp,)-
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Lemma 2 [5]: Let (X, q) be a quasi-partial metric space. Let (X, py) be the corresponding partial metric space and let
(X, dpq) be the corresponding metric space. The following statements are equivalent:

1. (X, q) is complete.

2. (X, pg) is complete.

3. (X, dpq ) is complete.

Moreover,
lim,, dpq (x,%,) =0 © py(x,x) = lim, e, pg (%, X,) = limy, 1,00 Dg (s X)) Q)
< qx,x) = lmy, poe g x,) = limy, o GG, Xp) (2)

= lim,, 0 q(x,, x) = lim, e (X, X,) 3)
In this paper, we shall handle definition 5 in the following way.

Lemma 3 [8]: Let T: X x X be a triangular a-orbital admissible mapping. Assume that there exists X, € X such that
a(Xo, TXo) >1. Define a sequence {x,,} by x,,.; = Tx, for each n € No. Then we have a(x,,x,) =1forallm,ne N
withn<m.

Lemma 4 [11]: Let T: X x X be a triangular a- orbital admissible mapping. Assume that there exists x, € X such that
a(TXg,Xo). Define a sequence {x,,} by x,,; = Tx,, for each n € Ny. Then we have a(x,, x,,) =1 forall m, n € N with
n<m.

Definition 13 [11]: Let ~ be set of functions. @: [0, +o0) = [0; +1) such that ®~1(0) = 0; ¥ = {¥ € 4s continuous,
non- decreasing } and @ = {¢ €: ¢ is lower semi-continuous}. Let (X, q) be a quasi-partial metric space. We consider
the following expressions:

M(x; y) = max {qa(x, y), a(x, Tx), a(y, Ty)} 4
N(x; y) = min{ a (x, Tx), a] (v, Ty), a), (x, Ty), ] (v, Tx)} forall x,y € X. (5)

Definition 14 [11]: Let (X; q) be a quasi-partial metric space. Where X is a non-empty set. we say that X is said to be
a-left-regular if for every sequence {x,} in X such that a(x,1,x,) =1 for all n and x, - x € X as n - oo, there
exists a subsequence {xn(k)} of {x, } such that a(x, x,,)) = 1 for all k. Analogously, a quasi-partial metric space X is
said to be an a-right-regular if for every sequence {x, } in X such that a(x,,x,4+;) =1 forallnand x, » x € X as
n — oo, there exists a subsequence{xn(k)} of {x,} such that a(x,),x) =1 for all k. We say that X is regular if it is
both a-left-regular and a-right-regular.

Theorem 1 [11]: Let (X, q) be a complete quasi partial metric space.

Let T: X — X be a self-mapping. Assuming that there exists ¥ € ¥, ¢ € @, L> 0 and a function a: X X X = [0, o0)
such that for all x, y € X,

a(X, y) w((Tx; Ty)) < w(M(x, y)) - 9(M(X, y)) + LN(x, y). (6)

Also suppose that the following assertions hold:
(i) T is triangular a-orbitable admissible.
(i) there exists Xy € X such that a(Xg, TXg) > 1 and a(TXo, Xo ) > 1.
(iii) T is continuous or X is a-regular.
Then T has a fixed point u € X and q(u, u)=0.

3 MAIN RESULTS

Theorem 2: Let (X, q) be a complete quasi partial metric space. Let T: X =X be a self-mapping .Assuming that there
exists 1 € W and a function a: X X X — [0,00) such that for all x, y € X,
a(x, Y)A(Tx; Ty)< w(M(X; y)) O
Also suppose that the following assertions hold:
(i) T istriangular a-orbitable admissible.
(ii) there exists xo € X such that a(xq, TXo) > 1 and a(Txq, Xg) > 1.
(iif) T is continuous or X is a-regular.
Then T has a fixed point u € X and q(u, u)=0.

Proof: We construct a sequence f in X in the following way:
Xn = TX,., foralln € N.
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If q (g, Xpg41) = O for some ng> 0, then we have x,,, = X,,41 = Ty, (i€) Xy, is the fixed point of T. Consequently,
we suppose that q(x,,,, X,,+1) >0 foralln € No.

By (ii), we have a(Xo, TXg) > 1 and a(Xq, TXg) > 1 on account of (i), we derive that
a(Xo , X1) = oXo, TXo) = 1 = axy, X2) = a(Txq, TX1) > 1,
(X1, Xo) = a(Txo, Xo) > 1 = a(xz, X1) = a(Txy, TX) > 1,

Recursively, we obtain that
a(Xn Xne1) =1 and axpsg, Xn) =1 for all n € Ny @)

Regarding (6) and (7), we find that

a( Xn, Xn+1) = d( TXnp1, Xn)
<o (Xna, Xn ) A( TXn, TXn)

<yM (Xn-l, Xn)) (8)

where M (Xn.1, Xn) = max {q (Xn-l, Xn), 0 (Xn—l, TXn1), q (Xn, Txn)}
= max{q (Xn-1, Xn), 0 (Xn-1, Xn), G (Xn, Xn+2)}
= max{q (X1, Xn), d (Xn, Xn+1)}- ©)

Thus we conclude from (8) that
g (Xn, Xn+1) <y (Max {q (Xn-1, Xn), A (Xn, Xn+1)}) (10)

By taking (9) into account

If for some n we have max {q (Xn.1, Xn), g (Xn, Xn+1) = g (Xn, Xn+1), then (10) yields that
q (X, Xn+1) < W (Q (Xn, Xn+1))

Hence, equation (8) turns into g (X, Xn+1) < v (q (Xn-1, Xn)) forall n € N.

Due to the property of the auxiliary function, we have
g (Xn, Xn+1) < q (Xp-1, Xn) for all n € N. (12)

Eventually, we observe that the sequence {q(X, Xm«1)} is non-increasing. So there exists & >0 such that
lim,, e q(x,, X,41) = 6. 1f 6 > 0, taking lim sup n = +co in inequality (10), by keeping (9) in the mind, we obtain that
lim sup q(xp, Xp41) < 1im sup Y(q(xn-1, %))
By continuity of v, we obtain 6 < vy (§), which is a contradiction. So,
liInn—wo q(xnrxn+1) =0 (12)

Analogously, we derive that
limn—>oo q(xn+1'xn) =4 (13)

Now, we shall show that {x,,} is a Cauchy sequence in the quasi-partial metric space (X, q), that is, the sequence {x, }
is left-Cauchy and right Cauchy.

Suppose that x,, is not a left-Cauchy sequence in (X, q). Then there is £ > 0 such that for each integer k there exists
integers n(k) > m(k) > k such that
qC ey Xm@) = € (14)

Further, corresponding to m(k), we can choose n(k) so that it is the smallest integer with n(k) > m(k) satisfying (14),
consequently, we have

q(Xn -1 Xma) < € (15)

Due to the triangle inequality, we have
€< q(Xn@) Xm))
< q(%n 00y Xnao-1) + 4(Xn0-1 Xm)) = QG -1 *n(i)-1)
< q(%nqy Xn—1) + € (16)

Letting k— oo and taking (12) into account, we get that
limy e q(xn(k),xm(k)) =¢ (7)
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On the other hand, again by the triangle inequality, we find that
q(xn(k)'xm(k)) < q(xn(k)'xn(k)—l) + Q(xn(k)—ltxm(k)—l) - Q(xm(k)—lﬁxm(k))
_q(xn(k)—ltxn(k)—l) - q(xm(k)—lrxm(k)—l)

< q(xn(k)'xn(k)—l) + q(xn(k)—l'xm(k)—l) - q(xm(k)—lrxm(k))
And

q(xn(k)—lrxm(k)—l) < q(xn(k)—l'xn(k)) + q(xn(k)rxm(k))
+ (Xm0 Xmi0-1) = Aty X)) = 4(Xm iy Xm@e))
< q(%n00-1 %) * A(Xn ) Xm) + 4 (m e Xmi)-1)

Letting k — oo and taking (12), (13), (17), (18), (19) into account, we derive that
limk—wo q(xn(k)—l'xm(k)—l) =€
A(%n -1 Xmwy) < A(nw-1%00) + (0w Xma) — A (nwy Xn )
< q(xn -1, %00) + A0 Xm o))

Letting k — oo and taking (12), (16), (18), (21) into account, we derive that
limy o, ¢ (%0 (0)-1 ¥m o)) = €

Since T is triangular, a- orbital admissible, from lemma 3 and lemma 4, we derive that
a(Xn, Xn+1) = 1 and a(xm, X) =1 for alln>m € Ny

Regarding (6) and (23), we find that
Q(Xn(k), xm(k)) = q(xn(k)—l' xm(k)—l)
< a(Xn ()1 Xm@0)-1) 4 (T%n @0)-1> TXm (t)—1)

<YM (% 10)-15 Xm(h)-1))
Where

M (%, ()1, Xm)-1) = MaxX {q (%n )1, Xma-1)r A% -1 %)) 4 (Xm iy Xmi)-1) }

We get,  lim q(%n(0)-1 ¥mo-1) = €

(18)

(19)

(20)

(21)

(22)

(23)

(24)
(25)

(26)

From the above observation, letting k — oo in (26), we obtain & < 1(¢) which is the contradiction. Thus {x,,} is a left-
Cauchy sequence in the metric space (X, q). Analogously, we derive that {x, } is a right-Cauchy sequence in the metric
space (X, q). Since (X, q) is complete, then from lemma 2, (X, dpq) is a complete metric space. Therefore the

sequence {x, } converges to a point u € X in (X, dp,)-
(i.e), lim, o dpq (xn_u) =0.
lim,, dpq (xn,u) =0.

Again from lemma 2
Dq (wu) = T{l_r};lo Dq (xn,u) = 711_{?0 Dq (%, %)

On the other hand, by (12) and the condition (QPM2) from definition 3, lim,,_,., q(x,, x,,)

So, it follows that
1
q(u: u) = 711_1;{)10 E [q(xn' u) + (u: xn)]
= lim, 4 %q(xn,xn) =0

Now for proving fixed point of T, first we suppose that T is continuous, then we have
Tu=limTx, = limTx,,; =u
n—oo

n-—-oo

So u is a fixed point of T. As the last step, suppose that X is a-regular.

(27)

(28)

Hence it is o - right regular, then there exists a subsequence {xn(k)} of {x,,} such that a(x,,,u) = 1 for all k. Now, we

show that q(u, Tu) = 0. Assume that this is not true, from (1), we obtain
V(g (xno+1, Tw) = Y(Tx, 0, Tu)
< a(% iy, WP (Txn iy, Tw)
<Y M (X009, 1))
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Where
M (%, 0y u) = max{ q (%, ey, 1), 4(Xn iy T i )> 9 (, Tw)} (29)
= max{ q (%, @y, w), ¢(% 1) Xn(iy+1), 9w, Tu)} (30)

It is obvious that
lim q(x,q, Tw) = q(u, Tw).

k—+oo

Therefore by using (12) and (28), we deduce that
klirJP M(xn(k),u) < max{0,0,q(u, Tu)}.

=q(u,Tu)

Because (12), (13) and (27) give
kl_l)rllwdgn (xn(k)rTxn(k)) =0.

Now by using the property of ¢ and taking the upper limit as limn — oo
We obtain 1 ((u, Tu)) <(q(u, Tu)), thatis q(u, Tu) =0 and so Tu = u.
Now we conclude that T has a fixed point u € X and q(u, u) = 0.

Example: Let X = [0, o) and q(x, y) =|x-y| + x for all x, y € X. Then (X, q) is a complete quasi-partial metric space.
Consider T: X »X defined by

i
=3

Take v (t) =% for all t> 0. Note that 1 € 1 . Take x <y, then
- (x| x
a(x, Y)a(Tx, Ty) = ;x(x, Y (TxTyl+Tx) = (|2 =2 +2)

=y since M(x.) = )
<y (M(x,y))

Now let y < x then
a(x, Y)A(Tx, Ty) = a(x, y) (| Tx-Ty +Tx) =2 (- 2| +2)

_2x—y
2

We have two possibilities for M(x, y)

Case (i): If M(x, y) =2, then
2x—y _

ax, Y)a(Tx, Ty) = 22 = ((E2) <y (M(x, )

Case (ii): If M(x, y) = g, then
2

a(x, Y)A(Tx Ty) =3x =2y =2 (3x = 2) < 9 (M(x,y))
Moreover, T is triangular a-orbital, a(0, T0) >1 and a(T0, 0)> 1. Thus by applying theorem 2, n has a fixed point,
which is u = 0.
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