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ABSTRACT

In this paper we introduce the concept of nano regular generalized star star b-closed sets and investigate some of its
properties in nanotopological spaces. We also define nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-continuity, nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open and some of its
fundamental properties are given.
Keywords: Nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed set, Nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set, Nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open set, Nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-continuity.
INTRODUCTION
In 1970, Levine [8] introduced the concept of generalized closed sets in topological spaces. Ahmed and Mohd [1]
(2009) studied the class of generalized b-closed sets. Sindhu and Indirani [6] (2013) introduced the concept of regular
generalized star b-closed sets in topological spaces. Banupriya and indirani [2] (2014) introduced the concept of regular
generalized star star b-closed sets in topological spaces. The notion of nanotopology was introduced by Lellis Thivagar
which was defined in terms of approximations and boundary regions of a subset of an universe using an equivalence
relation on it and also defined nano closed, nano interior and nano closure. Smitha and Indirani [7] (2015) introduced
the concept of nano regular generalized star b-closed sets in nanotopological spaces. The aim of this paper, we
introduce a new class of nano sets on nanotopological spaces called nano regular generalized star star b-closed sets,
nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-continuity, nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open and obtain their characteristics with counter examples.
2. PRELIMINARIES

Definition 2.1 [9]: Let 𝑈𝑈be a non-emptyfinite set of objects called the universe and 𝑅𝑅 be an equivalence relation on 𝑈𝑈
named as the indiscernibility relation, elements belonging to the same equivalence class are said to be indiscernible
with one another. The pair (𝑈𝑈, 𝑅𝑅) is said to be the approximation space. Let 𝑋𝑋 ⊆ 𝑈𝑈.
i) The lower approximation of 𝑋𝑋 with respect to 𝑅𝑅 is the set of all objects, which can be for certain classified
as 𝑋𝑋 with respect to 𝑅𝑅 and it is denoted by 𝐿𝐿𝑅𝑅 (𝑋𝑋). That is 𝐿𝐿𝑅𝑅 (𝑋𝑋) = ⋃𝑥𝑥 ∈𝑈𝑈 {𝑅𝑅(𝑥𝑥): 𝑅𝑅(𝑥𝑥) ⊆ 𝑋𝑋}, where 𝑅𝑅(𝑥𝑥)
denotes the equivalence class determined by 𝑥𝑥.
ii) The upper approximation of 𝑋𝑋 with respect to 𝑅𝑅 is the set of all objects, which can be possibly classified
as 𝑋𝑋 with respect to 𝑅𝑅 and it is denoted by 𝑈𝑈𝑅𝑅 (𝑋𝑋). That is 𝑈𝑈𝑅𝑅 (𝑋𝑋) = ⋃𝑥𝑥∈𝑈𝑈 {𝑅𝑅(𝑥𝑥): 𝑅𝑅(𝑥𝑥) ∩ 𝑋𝑋 ≠ ∅} where
𝑅𝑅(𝑥𝑥) denotes the equivalence class determined by 𝑥𝑥.
iii) The boundary region of 𝑋𝑋 with respect to 𝑅𝑅 is set of all objects, which can be classified neither as 𝑋𝑋 nor
as not 𝑋𝑋 with respect to 𝑅𝑅 and it is denoted by 𝐵𝐵𝑅𝑅 (𝑋𝑋).That is 𝐵𝐵𝑅𝑅 (𝑋𝑋) = 𝑈𝑈𝑅𝑅 (𝑋𝑋) − 𝐿𝐿𝑅𝑅 (𝑋𝑋).
Definition 2.2[9]: Let 𝑈𝑈 be a non-empty, finite universe of objects and 𝑅𝑅 be an equivalence relation on 𝑈𝑈. Let
𝑋𝑋 ⊆ 𝑈𝑈. 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, 𝐿𝐿𝑅𝑅 (𝑋𝑋), 𝑈𝑈𝑅𝑅 (𝑋𝑋), 𝐵𝐵𝑅𝑅 (𝑋𝑋)}. Then 𝜏𝜏𝑅𝑅 (𝑋𝑋) is a topology on𝑈𝑈, called as the nanotopology with respect
to 𝑋𝑋. Elements of nanotopology are known as the nanoopen sets in 𝑈𝑈 and (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) is called the nanotopological
𝑐𝑐
space. Elements of �𝜏𝜏𝑅𝑅 (𝑋𝑋)� are called as nano closed sets.
Definition 2.3 [9]: If 𝜏𝜏𝑅𝑅 (𝑋𝑋) is the nanotopology on 𝑈𝑈 with respect to 𝑋𝑋, and then the set 𝐵𝐵 = {𝑈𝑈, 𝐿𝐿𝑅𝑅 (𝑋𝑋), 𝐵𝐵𝑅𝑅 (𝑋𝑋)} is
the basis for 𝜏𝜏𝑅𝑅 (𝑋𝑋).
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Definition 2.4 [9]: If (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) is a nanotopological space with respect to 𝑋𝑋 where 𝑋𝑋 ⊆ 𝑈𝑈 and if 𝐴𝐴 ⊆ 𝑈𝑈, then the nano
interior of 𝐴𝐴 is defined as the union of allnano open subsets of 𝐴𝐴 and it is denoted by 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴). That is, 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) is the
largest nano open subset of 𝐴𝐴.Thenano closure of 𝐴𝐴 is defined as the intersection of all nano closed sets containing 𝐴𝐴
and is denoted by 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴). That is 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) is the smallest nano closed set containing 𝐴𝐴.
Definition 2.5 [9]: Let (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) be a nanotopological space and𝐴𝐴 ⊆ 𝑈𝑈. Then 𝐴𝐴 is said to be:
i) Nano semi-open if 𝐴𝐴 ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁(𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴))
ii) Nano pre-open if 𝐴𝐴 ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴))
iii) Nano 𝛼𝛼-open if 𝐴𝐴 ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝑁𝑁𝑁𝑁𝑁𝑁(𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴)))
iv) Nano semi pre-open if 𝐴𝐴 ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁(𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴)))

𝑁𝑁𝑁𝑁𝑁𝑁(𝑈𝑈, 𝑋𝑋), 𝑁𝑁𝑁𝑁𝑁𝑁(𝑈𝑈, 𝑋𝑋), 𝑁𝑁𝑁𝑁𝑁𝑁(𝑈𝑈, 𝑋𝑋), 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝑈𝑈, 𝑋𝑋) respectively denote the families of all nano semi-open, nano preopen and nano semi pre-open subsets of 𝑈𝑈.

Let (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) be a nanotopological space and𝐴𝐴 ⊆ 𝑈𝑈. 𝐴𝐴 is said to be nano semi-closed, nano pre-closed, nano
𝛼𝛼-closed, nano semi pre-closed if its complement is respectively nano semi-open, nano pre-open, nano 𝛼𝛼-open, nano
semi pre-open.

Definition 2.6: A subset 𝐴𝐴 of (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) is called
i) Nano generalized closed set [4] (briefly 𝑁𝑁𝑁𝑁-closed) if 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano open in
�𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�.
ii) Nano generalized star closed set [11] (briefly 𝑁𝑁𝑔𝑔∗ -closed) if 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano
𝑔𝑔-open in �𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�.
iii) Nano generalized 𝛼𝛼-closed set [3] (briefly 𝑁𝑁𝑁𝑁𝑁𝑁-closed) if 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano
𝛼𝛼-open in �𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�.
iv) Nano generalized pre-closed set [5] (briefly 𝑁𝑁𝑁𝑁𝑁𝑁-closed) if 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nanoopen in �𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�.
v) Nano generalized pre-regular closed set (briefly 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁-closed) if 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano
𝑟𝑟-open in �𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�.
vi) Nano regular-generalized closed set (briefly 𝑁𝑁𝑁𝑁𝑁𝑁-closed) if 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano
𝑟𝑟-open in �𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�.
Proposition 2.7 [9]: If(𝑈𝑈, 𝑅𝑅) is an approximation space 𝑋𝑋, 𝑌𝑌 ⊆ 𝑈𝑈, then
1. 𝐿𝐿𝑅𝑅 (𝑋𝑋) ⊆ 𝑋𝑋 ⊆ 𝑈𝑈𝑅𝑅 (𝑋𝑋)
2. 𝐿𝐿𝑅𝑅 (∅) = ∅ = 𝑈𝑈𝑅𝑅 (∅) and 𝐿𝐿𝑅𝑅 (𝑈𝑈) = 𝑈𝑈 = 𝑈𝑈𝑅𝑅 (𝑈𝑈)
3. 𝑈𝑈𝑅𝑅 (𝑋𝑋 ∪ 𝑌𝑌) = 𝑈𝑈𝑅𝑅 (𝑋𝑋) ∪ 𝑈𝑈𝑅𝑅 (𝑌𝑌)
4. 𝑈𝑈𝑅𝑅 (𝑋𝑋 ∩ 𝑌𝑌) ⊆ 𝑈𝑈𝑅𝑅 (𝑋𝑋) ∩ 𝑈𝑈𝑅𝑅 (𝑌𝑌)
5. 𝐿𝐿𝑅𝑅 (𝑋𝑋 ∪ 𝑌𝑌) ⊇ 𝐿𝐿𝑅𝑅 (𝑋𝑋) ∪ 𝐿𝐿𝑅𝑅 (𝑌𝑌)
6. 𝐿𝐿𝑅𝑅 (𝑋𝑋 ∩ 𝑌𝑌) = 𝐿𝐿𝑅𝑅 (𝑋𝑋) ∩ 𝐿𝐿𝑅𝑅 (𝑌𝑌)
7. 𝐿𝐿𝑅𝑅 (𝑋𝑋) ⊆ 𝐿𝐿𝑅𝑅 (𝑌𝑌) and 𝑈𝑈𝑅𝑅 (𝑋𝑋) ⊆ 𝑈𝑈𝑅𝑅 (𝑌𝑌)
8. 𝑈𝑈𝑅𝑅 (𝑋𝑋 𝐶𝐶 ) = [ 𝐿𝐿𝑅𝑅 (𝑋𝑋)]𝐶𝐶 and 𝐿𝐿𝑅𝑅 (𝑋𝑋 𝐶𝐶 ) = [ 𝑈𝑈𝑅𝑅 (𝑋𝑋)]𝐶𝐶

3. Nano regular generalized star star b-closed sets (𝑵𝑵𝑵𝑵𝒈𝒈∗∗ 𝒃𝒃-closed)

Definition 3.1: A subset 𝐴𝐴 of a nanotopological space (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) is called nano regular generalized star star b-closed
set (briefly 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏-closed) if 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano open in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)).
Theorem 3.2: Every nano closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: If 𝐴𝐴 is nano closed in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and 𝐺𝐺 is nano open in 𝑈𝑈 such that 𝐴𝐴 ⊆ 𝐺𝐺. Since 𝐴𝐴 is nano closed, 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) =
𝐴𝐴 ⊆ 𝐺𝐺. By theorem 3.7[7] " every nano closed set is nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed", 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) = 𝐴𝐴. Therefore
𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Converse of the above theorem need not be true as seen from the following example.

Example 3.3: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎} and {𝑐𝑐} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but not nano closed.
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Theorem 3.4: Every nano semi closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: Let𝐴𝐴 benano semi closed in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and 𝐺𝐺 is nano open in 𝑈𝑈 such that 𝐴𝐴 ⊆ 𝐺𝐺. Since 𝐴𝐴 is nano semi
closed, 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) = 𝐴𝐴 ⊆ 𝐺𝐺. By theorem 3.7[7] " every nano semi closed set is nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed", 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆
𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) = 𝐴𝐴. Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Converse of the above theorem need not be true as seen from the following example.

Example 3.5: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology 𝜏𝜏𝑅𝑅 (𝑋𝑋) =
�𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎, 𝑏𝑏, 𝑐𝑐} and {𝑎𝑎, 𝑏𝑏, 𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnanosemi closed.
Theorem 3.6: Let (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) be nanotopological space and 𝐴𝐴 ⊆ 𝑈𝑈. Then
i) Every nano pre closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
ii) Every nano 𝛼𝛼-closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
iii) Every nano regular closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Reverse implications of the theorem need not be true as seen from the following examples.

Example 3.7: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the set {𝑎𝑎}is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but not nano pre closed.

Example 3.8: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the set {𝑎𝑎} and {𝑎𝑎} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnano𝛼𝛼- closed. Also the
sets {𝑎𝑎}, {𝑏𝑏} and {𝑎𝑎, 𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but not nano regular closed.
Theorem 3.9: Every nano𝑔𝑔-closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: Let 𝐴𝐴 be nano𝑔𝑔-closed in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and 𝐺𝐺 is nano open in 𝑈𝑈 such that 𝐴𝐴 ⊆ 𝐺𝐺. Since 𝐴𝐴 is nano
𝑔𝑔-closed, 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺. By theorem 3.7[7] " every nano closed set is nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed", 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) = 𝐴𝐴.
Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
Converse of the above theorem need not be true as seen from the following example.

Example 3.10: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑐𝑐} and {𝑐𝑐, 𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnano𝑔𝑔-closed.
Theorem 3.11: Every nano𝑔𝑔∗ -closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: Let 𝐴𝐴 be nano𝑔𝑔∗ -closed in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)). Therefore 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano 𝑔𝑔-open. As every
nano open set is nano 𝑔𝑔-open, we get𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺 whenever 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano open. But it is true that “Every nano
closed set is nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed set. Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
Converse of the above theorem need not be true as seen from the following example.

Example 3.12: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎} and {𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnano𝑔𝑔∗ -closed.
Theorem 3.13: Every nano𝑔𝑔𝑔𝑔-closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: Let𝐴𝐴 benano𝑔𝑔𝑔𝑔-closed in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and 𝐺𝐺 is nano open in 𝑈𝑈 such that 𝐴𝐴 ⊆ 𝐺𝐺. Since 𝐴𝐴 is nano 𝑔𝑔𝑔𝑔closed, 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺. By theorem 3.7[7] " every nano 𝛼𝛼-closed set is nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed", 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) = 𝐴𝐴.
Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑙𝑙(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Converse of the above theorem need not be true as seen from the following example.
Example 3.14: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎} and {𝑐𝑐, 𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnano𝑔𝑔𝑔𝑔-closed.
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Theorem 3.15: Every nano𝑔𝑔𝑔𝑔-closed set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: Let𝐴𝐴 benano𝑔𝑔𝑔𝑔-closed in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and 𝐺𝐺 is nano open in 𝑈𝑈 such that 𝐴𝐴 ⊆ 𝐺𝐺. Since 𝐴𝐴 is nano 𝑔𝑔𝑔𝑔closed, 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) ⊆ 𝐺𝐺. By theorem 3.7[7] " every nano pre-closed set is nano 𝑟𝑟𝑔𝑔∗ 𝑏𝑏-closed", 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁(𝐴𝐴) =
𝐴𝐴. Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
Converse of the above theorem need not be true as seen from the following example.

Example 3.16: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎} is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnano𝑔𝑔𝑔𝑔-closed.

Remark 3.17: The nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set is an independent of the nano 𝑔𝑔𝑔𝑔𝑔𝑔-closed and nano 𝑟𝑟𝑟𝑟-closed as shown by the
following example.

The set {𝑎𝑎} is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but not nano𝑔𝑔𝑔𝑔𝑔𝑔-closed. The set {𝑎𝑎, 𝑐𝑐, 𝑑𝑑} is nano 𝑔𝑔𝑔𝑔𝑔𝑔-closed but notnano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏closed. Also the set {𝑑𝑑} is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed but notnano𝑟𝑟𝑟𝑟-closed. The set {𝑎𝑎, 𝑐𝑐, 𝑑𝑑} is nano 𝑟𝑟𝑟𝑟-closed but
notnano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
Remark 3.18: The union of two nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed sets need not be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set can be seen from the
following example.

Example 3.19: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎} and {𝑐𝑐} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed sets but {𝑎𝑎} ∪ {𝑐𝑐} = {𝑎𝑎, 𝑐𝑐} is
notnano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Remark 3.20: The intersection of two nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed sets need not be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set can be seen from the
following example.

Example 3.21: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑎𝑎, 𝑏𝑏, 𝑐𝑐} and {𝑎𝑎, 𝑏𝑏, 𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed sets but {𝑎𝑎, 𝑏𝑏, 𝑐𝑐} ∩
{𝑎𝑎, 𝑏𝑏, 𝑑𝑑} = {𝑎𝑎, 𝑏𝑏} is notnano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
Theorem 3.22: A set 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed if and only if 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴 contains no non-empty nano closed set.

Proof: Necessity: Let 𝐹𝐹 be a nano closed set in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) such that 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴. Then 𝐴𝐴 ⊆ 𝑋𝑋 − 𝐹𝐹. Since 𝐴𝐴
is nano regular generalized star star b-closed set and 𝑋𝑋 − 𝐹𝐹 is nano open then 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑋𝑋 − 𝐹𝐹.That is 𝐹𝐹 ⊆ 𝑋𝑋 −
𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴). So 𝐹𝐹 ⊆ 𝑋𝑋 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ∩ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴. Therefore 𝐹𝐹 = ∅.

Sufficiency: Let us assume that 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴 contains no non-empty nano closed set. Let 𝐴𝐴 ⊆ 𝐺𝐺 and 𝐺𝐺 is nano
open. Suppose that 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) is not contained in 𝐺𝐺, 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ∩ 𝐺𝐺 𝐶𝐶 is non-empty nano closed set of
𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴 which is a contradiction. Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺. Hence 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Theorem 3.23: If 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed and 𝐴𝐴 ⊆ 𝐵𝐵 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) then 𝐵𝐵 is alsonano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Proof: Let B ⊆ G where 𝐺𝐺 is nano open in �𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)�. Then 𝐴𝐴 ⊆ 𝐵𝐵 implies 𝐴𝐴 ⊆ 𝐺𝐺. Since 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed,
𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐺𝐺. Also B ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) implies 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐵𝐵) ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴). Thus 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐵𝐵) ⊆ 𝐺𝐺 and 𝐵𝐵 is
nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.
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Remark 3.24: The above discussions are summarized in the following diagram

4. Nano regular generalized star star b-open sets(𝑵𝑵𝑵𝑵𝒈𝒈∗∗ 𝒃𝒃 − 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐 𝒔𝒔𝒔𝒔𝒔𝒔)

Definition 4.1: A subset 𝐴𝐴 of a nanotopological space (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) is called nano regular generalized star star b-open set
(briefly 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏-open) if 𝐴𝐴𝐶𝐶 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.

Theorem 4.2: Every nano open set is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open.
Proof follows from the Theorem 3.2.

Remark 4.3: For subsets 𝐴𝐴, 𝐵𝐵 of a nanotopological space(𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋))
i) 𝑈𝑈 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) = 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝑈𝑈 − 𝐴𝐴)
ii) 𝑈𝑈 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) = 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑈𝑈 − 𝐴𝐴)

Theorem 4.4: A subset 𝐴𝐴 ⊆ 𝑈𝑈 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open if and only if 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) whenever F is nano closed set and
𝐹𝐹 ⊆ 𝐴𝐴.

Proof: Let 𝐴𝐴 benano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open and suppose 𝐹𝐹 ⊆ 𝐴𝐴 where 𝐹𝐹 is nano closed. Then 𝑈𝑈 − 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set
containing in the nano open set 𝑈𝑈 − 𝐹𝐹. Hence 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝑈𝑈 − 𝐴𝐴) ⊆ 𝑈𝑈 − 𝐹𝐹 and 𝑈𝑈 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑈𝑈 − 𝐹𝐹. Thus
𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴).Conversely, if 𝐹𝐹 is a nano closed set with 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) and 𝐹𝐹 ⊆ 𝐴𝐴, then 𝑈𝑈 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆
𝑈𝑈 − 𝐹𝐹. Thus 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝑈𝑈 − 𝐴𝐴) ⊆ 𝑈𝑈 − 𝐹𝐹. Hence 𝑈𝑈 − 𝐴𝐴 is nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set and 𝐴𝐴 benano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open.

Remark 4.5: The union of two nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open sets need not be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open can be seen from the following
example.
Example 4.6: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑏𝑏}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎, 𝑏𝑏}, {𝑎𝑎, 𝑏𝑏}, ∅}. Then the sets {𝑐𝑐} and {𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open sets but {𝑐𝑐} ∪ {𝑑𝑑} = {𝑐𝑐, 𝑑𝑑} is
notnano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open.
Remark 4.7: The intersection of two nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open sets need not be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open set can be seen from the
following example.

Example 4.8: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}. Then the nanotopology
𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Then the sets {𝑏𝑏, 𝑐𝑐, 𝑑𝑑} and {𝑎𝑎, 𝑏𝑏, 𝑑𝑑} are nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open sets but
{𝑏𝑏, 𝑐𝑐, 𝑑𝑑} ∩ {𝑎𝑎, 𝑏𝑏, 𝑑𝑑} = {𝑏𝑏, 𝑑𝑑} is notnano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open

Theorem 4.9: 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐵𝐵 ⊆ 𝐴𝐴 and if 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open then 𝐵𝐵 is also nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open.

Proof: Let 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝐵𝐵 ⊆ 𝐴𝐴. Now𝐴𝐴𝐶𝐶 ⊆ 𝐵𝐵𝐶𝐶 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) where 𝐴𝐴𝐶𝐶 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set and hence 𝐵𝐵𝐶𝐶 is
also nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed by theorem (3.23) 𝐵𝐵 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open.
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Theorem 4.10: If 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed then 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open.

Proof: Let 𝐴𝐴 be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed.Let 𝐹𝐹 be a nano closed set in (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) such that 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴. Then
𝐹𝐹 = ∅. Since 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) − 𝐴𝐴 cannot have any non-empty nano closed set. Therefore 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) −
𝐴𝐴. Hence 𝑁𝑁𝑟𝑟𝑔𝑔∗𝑏𝑏𝑐𝑐𝑙𝑙𝐴𝐴−𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗𝑏𝑏-open.
Theorem 4.11: If 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open, 𝐺𝐺 is nano open and 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ∪ 𝐴𝐴𝐶𝐶 ⊆ 𝐺𝐺, then 𝐺𝐺 = 𝑈𝑈.

Proof: Let 𝐴𝐴 be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open and 𝐺𝐺 is nano open such that 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ∪ 𝐴𝐴𝐶𝐶 ⊆ 𝐺𝐺. Then
𝐺𝐺 𝐶𝐶 ⊆ 𝐴𝐴 ∩ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴𝐶𝐶 ) ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴𝐶𝐶 ) − 𝐴𝐴𝐶𝐶 . Since 𝐴𝐴𝐶𝐶 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴𝐶𝐶 ) − 𝐴𝐴𝐶𝐶 cannot contain any
non-empty nano closed set but 𝐺𝐺 𝐶𝐶 is nano closed subset of 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴𝐶𝐶 ) − 𝐴𝐴𝐶𝐶 . Therefore 𝐺𝐺 𝐶𝐶 = ∅. That is 𝐺𝐺 = 𝑈𝑈.
Theorem 4.12: A subset 𝐴𝐴 ⊆ 𝑈𝑈 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open if and only if 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) whenever 𝐹𝐹 is nano closed set
and 𝐹𝐹 ⊆ 𝐴𝐴.

Proof: Let 𝐴𝐴 be nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open and suppose 𝐹𝐹 ⊆ 𝐴𝐴 where 𝐹𝐹 is nano closed. Then 𝑈𝑈 − 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed
contained in the nano open set 𝑈𝑈 − 𝐹𝐹. Hence 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏(𝑈𝑈 − 𝐴𝐴) ⊆ 𝑈𝑈 − 𝐹𝐹 and 𝑈𝑈 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆ 𝑈𝑈 − 𝐹𝐹. Thus
𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴).Conversely, if 𝐹𝐹 is nano closed set with 𝐹𝐹 ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) and 𝐹𝐹 ⊆ 𝐴𝐴. Then 𝑈𝑈 − 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝐴𝐴) ⊆
𝑈𝑈 − 𝐹𝐹. Thus 𝑁𝑁𝑁𝑁𝑔𝑔∗ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑈𝑈 − 𝐴𝐴) ⊆ 𝑈𝑈 − 𝐹𝐹. Hence 𝑈𝑈 − 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed set and 𝐴𝐴 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-open set.

5. On 𝑵𝑵𝒓𝒓𝒈𝒈∗∗ 𝒃𝒃- Continuity

Definition 5.1: Let (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) be nanotopological spaces 𝑓𝑓: (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) → (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) is said to be
i) nano continuous[10] if 𝑓𝑓 −1 (𝐵𝐵) is nano closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
ii) nano𝛼𝛼- continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano 𝛼𝛼- closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
iii) nano semi continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano semi closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
iv) nano pre continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano pre closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
v) nanoregular continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano regular closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
vi) nano𝑔𝑔- continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano𝑔𝑔- closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
vii) nano𝑔𝑔∗ - continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano 𝑔𝑔∗ -closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
viii) nano𝑔𝑔𝑔𝑔- continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano𝑔𝑔𝑔𝑔- closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.
ix) nano𝑔𝑔𝑔𝑔- continuous if 𝑓𝑓 −1 (𝐵𝐵) is nano𝑔𝑔𝑔𝑔- closed in 𝑈𝑈 for every nano closed set 𝐵𝐵 in 𝑉𝑉.

Definition 5.2: Let (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) be nanotopological spaces. Then a mapping 𝑓𝑓: (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) →
(𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) is said to be nano regular generalized star star𝑏𝑏-closed continuous (𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous) if the inverse
images of every nano closed set in 𝑉𝑉 is nano 𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏-closed in 𝑈𝑈.

Theorem 5.3: Let (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) be nanotopological spaces and a mapping 𝑓𝑓: (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) → (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)).
Then every nano continuous, nano 𝛼𝛼- continuous, nano semi continuous, nano pre continuous, nano regular continuous,
nano𝑔𝑔- continuous, nano 𝑔𝑔∗ - continuous, nano𝑔𝑔𝑔𝑔- continuous, nano𝑔𝑔𝑔𝑔- continuous functions are𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous.
Remark 5.4: The converse of the above theorem need not be true whichcan be seen from the following example.

Example 5.5: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = {{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}} and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}}. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = {{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}} and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = {𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}}. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑑𝑑, 𝑓𝑓(𝑏𝑏) = 𝑐𝑐, 𝑓𝑓(𝑐𝑐) =
𝑏𝑏, 𝑓𝑓(𝑑𝑑) = 𝑎𝑎. Then 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔 ∗∗ 𝑏𝑏- continuous, but 𝑓𝑓 is not nano continuous and nano semi continuous since
𝑓𝑓 −1 {𝑏𝑏, 𝑐𝑐, 𝑑𝑑} = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐} and 𝑓𝑓 −1 {𝑏𝑏} = {𝑐𝑐} which not nano closed are and nano semi closed in 𝑈𝑈 where as {𝑏𝑏, 𝑐𝑐, 𝑑𝑑}, {𝑏𝑏}
are nano closed in 𝑉𝑉. Thus a𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous function is not nano continuous and nano semi continuous.

Example 5.6: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = {{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}} and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}}. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = {{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}} and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = {𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}}. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑐𝑐, 𝑓𝑓(𝑏𝑏) = 𝑎𝑎, 𝑓𝑓(𝑐𝑐) =
𝑑𝑑, 𝑓𝑓(𝑑𝑑) = 𝑏𝑏. Then 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous but 𝑓𝑓 is not nano 𝛼𝛼- continuous since 𝑓𝑓 −1 {𝑎𝑎, 𝑏𝑏} = {𝑏𝑏, 𝑑𝑑}which is not
nano 𝛼𝛼- closed in 𝑈𝑈 where as {𝑎𝑎, 𝑏𝑏} are nano closed in 𝑉𝑉. Thus a 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous is not nano𝛼𝛼- continuous.

Example 5.7: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = �{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}� and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = �𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}�. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = �{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}� and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = �𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}�. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑐𝑐, 𝑓𝑓(𝑏𝑏) = 𝑑𝑑, 𝑓𝑓(𝑐𝑐) =
𝑎𝑎, 𝑓𝑓(𝑑𝑑) = 𝑏𝑏. Then 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous but 𝑓𝑓 is not nano pre- continuous since 𝑓𝑓 −1 {𝑎𝑎, 𝑏𝑏} = {𝑐𝑐, 𝑑𝑑} which is not
nano pre-closed in 𝑈𝑈 where as{𝑎𝑎, 𝑏𝑏} are nano closed in 𝑉𝑉. Thus a 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 function is not nano precontinuous.
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Example 5.8: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = {{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}} and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}}. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = {{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}} and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = {𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}}. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑑𝑑, 𝑓𝑓(𝑏𝑏) = 𝑐𝑐, 𝑓𝑓(𝑐𝑐) =
𝑎𝑎, 𝑓𝑓(𝑑𝑑) = 𝑏𝑏. Then 𝑓𝑓 𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏- continuous is but 𝑓𝑓 is not nano 𝑔𝑔- continuous and nano 𝑔𝑔∗ -continuous since
𝑓𝑓 −1 {𝑎𝑎, 𝑏𝑏} = {𝑐𝑐, 𝑑𝑑}and 𝑓𝑓 −1 {𝑏𝑏} = {𝑑𝑑} which are not nano 𝑔𝑔- closed and nano𝑔𝑔∗ -closed in 𝑈𝑈 where as {𝑎𝑎, 𝑏𝑏} and {𝑏𝑏}nano
closed in 𝑉𝑉. Thus a 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 function is not nano 𝑔𝑔- continuous and nano 𝑔𝑔∗ -continuous.

Example 5.9: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = {{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}} and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}}. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = {{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}} and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = {𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}}. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑑𝑑, 𝑓𝑓(𝑏𝑏) = 𝑐𝑐, 𝑓𝑓(𝑐𝑐) =
𝑎𝑎, 𝑓𝑓(𝑑𝑑) = 𝑏𝑏. Then 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 but 𝑓𝑓 is not nano 𝑔𝑔𝑔𝑔- continuous and nano 𝑔𝑔𝑔𝑔-continuous since
𝑓𝑓 −1 {𝑎𝑎, 𝑏𝑏} = {𝑐𝑐, 𝑑𝑑} is not nano 𝑔𝑔𝑔𝑔- closed and nano 𝑔𝑔𝑔𝑔-closed in 𝑈𝑈 where as {𝑎𝑎, 𝑏𝑏} is nano closed in 𝑉𝑉. Thus a nano
𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − continuous function is not nano 𝑔𝑔𝑔𝑔- continuous and nano 𝑔𝑔𝑔𝑔-continuous.
Theorem 5.10: If (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) and (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) be nanotopological spaces with respect to 𝑋𝑋 ⊆ 𝑈𝑈 and 𝑌𝑌 ⊆ 𝑉𝑉 respectively,
then any function 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉, the following conditions are equivalent:
i) 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − continuous.
ii) The inverse of each nano open set in 𝑌𝑌 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −open in 𝑋𝑋.
iii) For each subset 𝐴𝐴 of 𝑋𝑋, 𝑓𝑓(𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴)) ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)�.

Proof:
(𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊): Let 𝐵𝐵 be an nano open subset of 𝑌𝑌. Then 𝑌𝑌 − 𝐵𝐵 is nano closed in 𝑌𝑌. Since 𝑓𝑓 is
𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − continuous, 𝑓𝑓 −1 (𝑌𝑌 − 𝐵𝐵) is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − closed in 𝑋𝑋. That is, 𝑋𝑋 − 𝑓𝑓 −1 (𝐵𝐵) is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −closed in 𝑋𝑋. Hence
𝑓𝑓 −1 (𝐵𝐵) is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − open in 𝑋𝑋.
(𝒊𝒊𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊𝒊𝒊): Let 𝐴𝐴 be a subset of 𝑋𝑋. Since 𝐴𝐴 ⊂ 𝑓𝑓 −1 �𝑓𝑓(𝐴𝐴)�, 𝐴𝐴 ⊂ 𝑓𝑓 −1 �𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)��. Now 𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)� is a nano closed

set in 𝑌𝑌. Then by (𝑖𝑖𝑖𝑖), 𝑓𝑓 −1 �𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)�� is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − closed in 𝑋𝑋 containing 𝐴𝐴. But 𝑁𝑁𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴) is smallest

𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − closed set in 𝑋𝑋 containing 𝐴𝐴. Therefore 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴) ⊆ 𝑓𝑓 −1 �𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)��. Hence 𝑓𝑓�𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴)� ⊆
𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)�.

(𝒊𝒊𝒊𝒊𝒊𝒊) ⇒ (𝒊𝒊𝒊𝒊): Let 𝐵𝐵 be a nano closed subset of 𝑌𝑌. Then 𝑓𝑓 −1 (𝐵𝐵) is a subset of 𝑋𝑋. By (𝑖𝑖𝑖𝑖𝑖𝑖)𝑓𝑓 �𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)�� ⊆

𝑁𝑁𝑁𝑁𝑁𝑁 �𝑓𝑓 �𝑓𝑓 −1 (𝐵𝐵)�� ⊆ 𝑁𝑁𝑁𝑁𝑁𝑁(𝐵𝐵) = 𝐵𝐵. This implies 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)� ⊆ 𝑓𝑓 −1 (𝐵𝐵). But 𝑓𝑓 −1 (𝐵𝐵) ⊆ 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)�.

Hence 𝑓𝑓 −1 (𝐵𝐵) = 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)�
𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −continuous.

and

𝑓𝑓 −1 (𝐵𝐵)

is

𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − closed

in 𝑋𝑋.

This

implies

that

𝑓𝑓

is

Remark 5.11: If 𝑓𝑓: (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) → (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) is nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏- continuous then 𝑓𝑓(𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴)) is not necessarily equal
to𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)�.

Example 5.12: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = {{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}} and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}}. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = {{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}} and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = {𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}}. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑑𝑑, 𝑓𝑓(𝑏𝑏) = 𝑐𝑐, 𝑓𝑓(𝑐𝑐) =
𝑏𝑏, 𝑓𝑓(𝑑𝑑) = 𝑎𝑎. Then 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −continuous.
i) Let 𝐴𝐴 = {𝑎𝑎} ⊆ 𝑉𝑉. Then 𝑓𝑓(𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴)) = 𝑓𝑓({𝑎𝑎}) = 𝑑𝑑. But 𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)� = 𝑁𝑁𝑁𝑁𝑁𝑁({𝑑𝑑}) = {𝑏𝑏, 𝑐𝑐, 𝑑𝑑}.
𝑓𝑓(𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐(𝐴𝐴)) ≠ 𝑁𝑁𝑁𝑁𝑁𝑁�𝑓𝑓(𝐴𝐴)�, even though 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −continuous.

Thus

Remark 5.13: If 𝑓𝑓: (𝑈𝑈, 𝜏𝜏𝑅𝑅 (𝑋𝑋)) → (𝑉𝑉, 𝜏𝜏𝑅𝑅 (𝑌𝑌)) is nano𝑟𝑟𝑔𝑔∗∗ 𝑏𝑏- continuous then is not 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)� is not
necessarily equal to𝑓𝑓 −1 (𝑁𝑁𝑁𝑁𝑁𝑁(𝐵𝐵).

Example 5.14: Let 𝑈𝑈 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑈𝑈⁄𝑅𝑅 = {{𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}} and 𝑋𝑋 = {𝑎𝑎, 𝑐𝑐}.Then the nano topology is defined
as 𝜏𝜏𝑅𝑅 (𝑋𝑋) = {𝑈𝑈, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑐𝑐, 𝑑𝑑}, {𝑐𝑐, 𝑑𝑑}}. Let 𝑉𝑉 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑} with 𝑉𝑉 ⁄𝑅𝑅′ = {{𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}, {𝑑𝑑}} and 𝑌𝑌 = {𝑎𝑎, 𝑏𝑏}.Then the
nanotopology is defined as 𝜏𝜏𝑅𝑅 (𝑌𝑌) = {𝑉𝑉, 𝜙𝜙, {𝑎𝑎}, {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}, {𝑏𝑏, 𝑐𝑐}}. Define 𝑓𝑓: 𝑈𝑈 → 𝑉𝑉 as 𝑓𝑓(𝑎𝑎) = 𝑑𝑑, 𝑓𝑓(𝑏𝑏) = 𝑐𝑐, 𝑓𝑓(𝑐𝑐) =
𝑎𝑎, 𝑓𝑓(𝑑𝑑) = 𝑏𝑏. Then 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −continuous.
i) Let 𝐵𝐵 = {𝑐𝑐} ⊆ 𝑉𝑉. Then 𝑓𝑓 −1 (𝑁𝑁𝑁𝑁𝑁𝑁(𝐵𝐵)) = 𝑓𝑓 −1 (𝑁𝑁𝑐𝑐𝑐𝑐{𝑐𝑐}) = 𝑓𝑓 −1 (𝑏𝑏, 𝑐𝑐, 𝑑𝑑) = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐}. But 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)� = {𝑑𝑑}.
Thus 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 𝑐𝑐𝑐𝑐 �𝑓𝑓 −1 (𝐵𝐵)� ≠ 𝑓𝑓 −1 (𝑁𝑁𝑁𝑁𝑁𝑁(𝐵𝐵), even though 𝑓𝑓 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −continuous.
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Theorem 5.15: If 𝑓𝑓 ∶ 𝑋𝑋 → 𝑌𝑌 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − continuous and 𝑔𝑔 ∶ 𝑌𝑌 → 𝑍𝑍 is nano continuous then their composition
𝑓𝑓 ∘ 𝑔𝑔: 𝑋𝑋 → 𝑍𝑍 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − continuous.
Proof: Let 𝑓𝑓 ∶ 𝑋𝑋 → 𝑌𝑌 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − continuous and 𝑔𝑔 ∶ 𝑌𝑌 → 𝑍𝑍 is nano continuous. Let 𝑈𝑈 be a nano closed set in
𝑍𝑍.Therefore 𝑔𝑔−1 (𝑈𝑈) is nano closed in Y and 𝑓𝑓 −1 (𝑔𝑔−1 (𝑈𝑈)) is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 − closed in 𝑋𝑋. Therefore 𝑓𝑓 ∘ 𝑔𝑔 is 𝑁𝑁𝑁𝑁𝑔𝑔∗∗ 𝑏𝑏 −
continuous.
Remark 5.16: The above discussions are summarized in the following diagram
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