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ABSTRACT 
In this paper, an existence theorem and extremal solution for perturbed abstract measure differential equations with 
maxima is proved via hybrid fixed point theorem of Dhage [B.C.Dhage, On, on some nonlinear alternatives of Leray-
Schauder type and functional integral equations, Arch. Math. (Brno) 42(2006) 11-23] under the mixed generalized 
Lipschitz and Caratheodory condition. 
 
Keywords: Abstract measure differential equation, Abstract measure- integro differential equation, Existence Theorem, 
Extremal Solution. 
 
 
1. INTRODUCTION 
 
The study of abstract measure differential equations is initiated by Sharma [22, 23] and subsequently developed by 
Joshi [17], Shendge and Joshi [24]. Similarly, the study of abstract measure Integro-differential equation is studied by 
Dhage [10], Dhage and Bellale [13] for various aspects of solutions. In such models of differential equations, the 
ordinary derivative is replaced by the derivative of the set functions which there by gives the generalizations of the 
ordinary and measure differential equations. The various aspects of the solution of abstract measure differential 
equations have been studied in the literature using the fixed point techniques under continuous and discontinuous 
nonlinearies. 
 
The perturbed ordinary differential equations have been treated in Krasnoselskli [18] and it is mentioned that the 
inverse of such equations yields the sum of two operators in appropriate function spaces. The Krasnoselskli [18] fixed 
point theorem is useful for proving the existence results for such perturbed differential equations under mixed 
geometrical and topological conditions on the nonlinearities involved in them. 
 
The authors in [14] proved the existence and uniqueness results for abstract measure differential equations by using the 
Leray-schauder alternative [15] under Caratheodory conditions. In this paper by using the similar Leray-schauder 
alternative involving the sum of two operators, we extend the results of [14] to perturbed abstract measure differential 
equations for existence as well as for existence of the extremal solutions via hybrid techniques. Here our approach is 
different from that of Sharma, Joshi and Dhage. 
 
In the present chapter we shall prove the existence result for perturbed abstract measure differential equations with 
maxima under Caratheodory condition. The existence of extremal solutions of the abstract measure integro-differential 
equations with maxima in question is also proved under certain monotonicity conditions of the nonlinearity involved in 
the equation. In the following section we give some preliminaries needed in the sequel  
           
2. PRELIMINARIES 
 
A mapping YXT →:  is called −D Lipschitz if there exists a continuous and nondecreasing function ++ → IRIRg :   
such that 

( )yxgTT yx −≤−  for all Xyx ∈,  where ( ) 00 =g  
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In particular if ( ) 0, >= αα rrg , T is called a Lipschitz  with a Lipschitz constant α . Further if  1<α  then  T  is 
called a contraction on X   with the contraction constantα . 
 
Let X  be a Banach space and XXT →: . T  is called compact if  ( )XT  is a compact subset of X . ( )ST  is a totally 
bounded subset of X . T  is called completely continuous if T   is continuous and totally bounded on X . Every compact 
operator is totally bounded but totally bounded operator may or may not be compact. The details of different types of 
nonlinear contraction, compact and completely continuous operators appears in Granas and Dugundji [15]  
 
Let ( ),, ≤E  denote a partially ordered normed linear space. Two elements x and y in E  are said to be comparable 
if either the relation yx ≤  or xy ≥  holds.  A non empty subset C  of E  is called a chain or totally ordered if all the 
elements of C  are comparable. It is known that E is regular if { }nx  is a nondecreasing (respectively nonincreasing) 
sequence E  in such that as then for all the conditions guaranteeing the regularity of E  may be found in Heikkila and 
Lakshmikantham [16]. 
 
We need the following definitions (see Dhage [6]) and the references there in what follows. 
 
Definition 2.1: A mapping EET →:   is called isotone or monotone nondecreasing if it preserves the order relation ≤ , 
that is, if yx ≤  implies yx TT ≤ for all Eyx ∈, . Similarly, T is called monotone nonincreasing if yx ≤  implies 

yx TT ≥  for all Eyx ∈, . Finally T  is called monotonic or simply monotone if it is either monotone nondecreasing or 
monotone nonincreasing on E . 
 
Definition 2.2: A mapping EET →:  is called partially continuous at a point a E∈   if  0∈ > there exists a 0>δ  such 

that ε<− ax TT  whenever x  is comparable to a  and Tax .δ<−  is called partially continuous  on E  if  it 

is partially continuous at every point of it. It is clear that if T is partially continuous on ,E  then it is continuous on 
every chain C  contained in .E  
 
Definition 2.3:  A non empty subset S of the partially ordered Banach space E is called partially bounded if every 
chain C in S is bounded.  An operator T on a partially normed linear space E into itself is called partially bounded if 
( )ET  is a partially bounded subset of .E T is called uniformly partially bounded if all chains C in ( )ET  are bounded 

by a unique constant. 
 
Definition 2.4:  A non empty subset S of the partially ordered Banach space E is called partially compact if every 
chain C  in S is a relatively compact subset of E . A mapping EET →:  is called partially compact if ( )ET  is a 
partially relatively compact subset of E . T is called partially compact if T is a uniformly partially bounded if for any 
bounded subset of E , ( )ST  is a partially relatively compact subset of E . If T is partially continuous and partially 
totally bounded, then it is called partially completely continuous on E . 
 
Remark 2.1: Suppose that T is a nondecrasing operator on E into itself, then T is a partially bounded or partially 
compact if ( )cT  is a bounded or relatively compact subset of E for each chain c  in E . 
 
Theorem 2.1: Let U  and U  denote respectively the open and closed bounded subset of a Banach algebra X  such that

U∈0 . Let XXA →:  and XUB →: be two operators such that XUB →:  and XXA →:  
(1) B is completely continuous, and 
(2) A is contraction 

               Then either  
(I) The operator equation xBxxA =+  has a solution in U , or 

(II) There is a point Uu ∂∈  such that satisfying uuBuA =+





 λ
λ

λ  for some 10 << λ , where U∂ is                              

a boundary of U in X . 
 
Corollary 2.1: Let ( )0rB  and ( )0rB denote respectively the open and closed balls in a Banach algebra X  centered at 

origin '0'  of  radius ''r  for same real number .or >  Let ( ) XBB r →0:  and XXA →:  be two operators such that 
(1) B  is completely continuous and 
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(2) A  is contraction 

Then either 
(I) The operator equation xxBxA =+  has a solution x  in X  with rx ≤ , or  

(II) There is an Xu ∈  such that ru = satisfying uuBuA =+





 λ
λ

λ  for some 10 << λ  

 
3. STATEMENT OF THE PROBLEM 
 
Let X  be a real Banach algebra with a convenient norm . . Let ., Xyx ∈  then                                           

( ){ }10, ≤≤−+=∈= rxyrxzxzxy                                                                                                            (1) 

is called as line segment xy  in X . 
 
 For any zxx 0∈  where Xx ∈0  be a fixed point and Xz∈ , we define the sets xS and xS  in X  by  

{ }1<<∞−= rxrS x                                                                                                                                       (2) 
 And 

{ }1≤<∞−= rxrS x                                                                                                                                        (3) 
 
Let xyxx ∈21,  be arbitrary. We say 21 xx <  if 21 xx SS ⊂ . 
 
Let M denote the σ - algebra of all subsets of X  such that ( )MX ,  is a measurable space. 
 
Let ( )MXca ,  be the space of all vector measures (real signed measures) and define a norm ⋅  on ( )MXca ,  by 

( ),Xpp =                                                                                                                                                     (4) 
And 

( ) ( )∑
∞

=

⊂=
1

,sup
i

i XEiEpXp                                                                                                            (5) 

Where p  is a total variation measure of p and supremum is taken over all possible partitions { }NiEi ∈:  of .X  it is 

known that ( )MXca ,  is a Banach space with respect to the norm .  given by ( )4  . 
 
Let µ  be a −σ finite positive measure on .X  and µ<<P  denotes the p  is absolutely continuous with respect to the 
measure µ  if ( ) ( ) 00 =⇒= EpEµ  for some ,ME∈ where ( )., MXcap∈  
 
Let Xx ∈0  be fixed and Let 0M  denote the −σ algebra on 0xS . Let Xz∈  be such that 0. xZ >  and let zM  denote 

the −σ algebra of all sets containing 0M  and the sets of the form ., 0 zxxS x ∈  
 
Given that ( )MXcap ,∈  with p  is absolutely continuous with respect to the measure µ  if ( ) ( ) 00 =⇒= EpEµ  
for some .ME∈  

( ) ( ) 







+







=

≤≤≤≤
ξξ

µ ξξ
pxgpxf

d
dp

xx SS 00
max,max,    a.e. [ ]µ  on  ZX 0                                                         (6) 

And  
( ) ( ) 0, MEEqEP ∈=                                                                                                                                      (7) 

Where 
µd

dp  is Radon-Nikodym derivative of p  with respect to µ , IRIRSgf z →×:, , 

( )







≤≤

ξ
ξ

pxf
xS0

max,  and ( ) 







≤≤

ξ
ξ

pxg
xS0

max,  is µ - integrable function for each ( )zz MScap ,∈ , q  is given 

known vector measure. 
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Definition 3.1:  Given an initial real measure q  on 0M , a vector ( ) ( )0, xzMScap zz >∈  is said to be a solution of 
abstract measure differential equation. 

( ) ( ) 







+







=

≤≤≤≤
ξξ

µ ξξ
pxgpxf

d
dp

xx SS 00
max,max,  a.e. [ ]µ  on zx0  

and  
( ) ( )EqEp = , 0ME∈  

P  is absolutely continuous with respect to measure µ  if ( ) ( ) 00 =⇒= EpEµ  for some ME∈ , p  satisfies 

( ) ( )







+








=

≤≤≤≤
ξξ

µ ξξ
pxgpxf

d
dp

xx SS 00
max,max,  a.e. [ ]µ  on zx0 . 

 
Remark 3.1: The abstract measure differential equation (6) - (7) is equivalent to the abstract measure integral equation 
(In short AMIE) 

( ) ( ) ( ) µξµξ
ξξ

dpxgdpxfEP
E

So
E

S xx
∫∫ 








+








=

≤≤≤≤
max,max,

0
                                                                   (8) 

 
If zxEME z 0, ⊂∈  and ( ) ( )EqEP =  if 0ME∈                                                                                                             (9) 
 
A solution p  of the abstract measure differential equation (6) - (7) on zx0  will be denoted by ( )qSp x ,0 . 
 
4. EXISTENCE THEOREM  
 
We need the following definition in what follows. 
 
Definition 4.1: A function IRIRS z →×:β is called Caratheodory if  

(1) ( ),y x yβ→  is continuous almost everywhere [ ]µ  on zx0 . 

(2) ( )yxx ,β→  is −µ measurable for each IRy ∈ ,and further a Caratheodory function  ( )yx ,β  is called 
1
µ

L  Caratheodory if 

(3) For each real number 0>r  there exists a function ( )IRSLh zr ,1
µ∈  such that 

              
( ) ( ) [ ] zxxeaxhyx r 0,.., ∈≤ µβ

 for all IRy∈  with .ry ≤  
We consider the following set of assumptions. 

( )1H  There exists a −µ integrable function +→ IRS z:α  such that  

( ) ( ) ( ) [ ] zxxeayyxyxfyxf 02121 ,..,, ∈−≤− µα  for all IRyy ∈2,1  

( )2H  For any ,0xz >  the −σ algebra zM  is compact with respect to the topology generated by the pseudo-metric d     
           defined on zM by 
           ( ) ( )212,1 EEEEd ∆≥ µ  for all ., 21 zMEE ∈  

( ) { }( ) .003 =xH µ  
( ) qH 4  is continuous on zM  with respect to the pseudo-metric defined in assumptions ( )1H  

( )5H  The function ( )yxg ,  is −1'
µL Caratheodory. 

( )6H   There exists a function ( )zz MSL ,1'
µφ ∈  such that ( ) [ ]µφ ..0 eax >  on zxo  and a continuous                  

          nondecreasing function ( )∞→∞ ,0),0[:ψ  such that  ( ) ( ) ( ) [ ]µψφ .., eayxyxg ≤  on zx0  for all IRy∈ . 
 
Theorem 4.1: suppose that the assumption ( ) ( )61 HH −  hold. Suppose +∈∃ IRr such that 11 <

µ
α L  and  

( )
1

1

1

0

µ

µ

α

ψφ

L

L rqF
r

−

++
>                                                                                                                              (10) 

Where ( ) µdxfF
zx
∫=

0

0,0 , then abstract measure differential equations (6) - (7) has a solution on zx0 . 
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Proof: Consider the open ball ( )0rB  in ( )zz MSca ,  centered at origin '' o  of radius ''r , where r  is a positive real 
number satisfying the inequality (10). 
 
We will define two operators such that 

( ) ( )zzzz MScaMScaA ,,: → ( ) ( )zzr MScaBB ,0: → by ( ) ( )
zxEMEif

ME

dpxf
EAp zE

S x 0

0

0 ,,
,0

max,
⊂∈









∈









= ∫ ≤≤

µξ
ξ

  

                                                                                                                                                                                         

(11) 
And 

( ) ( )

( )







∈

⊂∈







= ∫ ≤≤

0

0
0

,

,,max,

MEifEq

zxEMEifdpxg
EBp Z

E
S x

µξ
ξ                                                                                (12) 

 
We shall show that the operators A and B satisfy all the condition of corollary (2.1) on ( )0rB . 
 
Step-I:  A is contraction on ( )zz MSca ,  
Let ( )zz MScapp ,2,1 ∈  be arbitrary then by assumption ( )1H . 

( ) ( ) ( ) ( ) µξµξ
ξξ

dpxgdpxfEApEAp
E E

SS xx
∫ ∫ 








−








=−

≤≤≤≤ 00
1 max,max,

2
 

  
( ) ( ) ( ) µα dEpEpx

E
21 −≤ ∫  

  
( )EppIL 21 −≤

µ
α  

 
For all zME ∈ , Hence by definition of the norm in ( )zz MSca ,  one has 

2121 ppApAp IL −≤−
µ

α  

 
For all ( )zz MScapp ,, 21 ∈ . Hence A  is a contraction on ( )zz MSca ,  with the contraction constant IL µ

α . 

 
Step-II: B is continuous on ( )0rB . 

Let { }nP  be a sequence of vector measures in ( )0rB  converging to a vector measure P , then by Dominated 
convergence theorem, 

( ) ( ) µξ
ξ

dpxfEBP
E Snnn

x
∫ 










=

≤≤∞→∞→ 0
max,limlim  

                    
( ) µξ

ξ
dpxf

E
S x

∫ 







=

≤≤0
max,  

 
For all zxEME Z 0, ⊂∈ , Similarly, if ,ZME∈ then 

( ) ( ) ( )EBpEqEpB nn
==

∞→
lim  

And so B is a continuous operator on ( )0rB . 
 
Step-III: { }NnBPn ∈:  is uniformly bounded in ( )zz MSca , . 
 
Let { }np be a sequence in ( )0rB , then we have rpn ≤ for all Nn∈ . 
 
Suppose zME∈ then there exists two subsets 0MF∈  and zxGMG Z 0, ⊂∈  such that GFE ∪=  and φ=∩GF . 
 
Hence by definition of B . 
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( ) ( ) ( ) µξ
ξ

dpxgFqEBp
G

S
n

x
∫ 








+≤

≤≤0
max,

 
From equation (5)  

                               
( ) µdxhq

G
r∫+≤ . 

                               
( ) µdxhq

E
r∫+≤  

                               
ILrhq
µ

+=  

 
From equation (5) 

( )





=

≤≤
ξ

ξ
pBpBP

xS
nn

0
max  

            
( )∑

∞

=

=
1

sup
i

in EBp
σ

 

            
ILrhq
µ

+=  

 
For all Nn∈ . Hence the sequence { }nBp is uniformly bounded in ( )( )0rBB . 
 
Step-IV: { }NnBPn ∈:  is an equicontinuous sequence in ( )., zz MSca .  
 
Let zMEE ∈21 , , then there exist subsets 021, MFF ∈  and 021, MGG ∈ , zxG 01 ⊂  and zxG 02 ⊂  such that 

111 GFE ∪=  with φ=∩ 11 GF  
And                

222 GFE ∪=  with φ=∩ 22 GF , 
 
We know that, 

( ) ( ),12211 GGGGG ∩∪−=                                                                                                                            (13) 
 

( ) ( )21122 GGGGG ∩∪−=                                                                                                                             (14) 
 
Hence, 

( ) ( ) ( ) ( ) ( ) ( ) µξµξ
ξξ

dpxgdPxgFqFqEBpEBp
GG

n
xS

GG
n

S
nn

x
∫∫
−

≤≤
−

≤≤ 







+








+−≤−

1221
00

2121 max,max,  

 
Since ( )yxg ,  is 1

µL - Caratheodory, we have 

( ) ( ) ( ) ( ) ( )( )
1 2

1 2 1 2 0
, max .

x
n n S

G G

Bp E Bp E q F q F g x p d
ξ

ξ µ
≤ ≤

∆

− ≤ − + ∫  

                                         

( ) ( ) ( ) µdxhFqFq
GG

r∫
∆

+−≤
21

21  

 
Assume that, 

( ) ( ) 0, 2121 →∆= EEEEd µ  
 
Then we have that 21 EE → . As a result 21 FF →  and ( ) .021 →∆GGµ As q is continuous on compact zM . It is 
uniformly continuous and so  

( ) ( ) ( ) ( ) ( ) 0
21

2121 →+−≤− ∫
∆

µdxhFqFqEBpEBp
GG

rnn a s 21 EE →  

 
This shows that { }NnBpn ∈:  is an equicontinuous set in ( )zz MSca , . 
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By application of the Arzela-Ascoli theorem yields that B is a totally bounded operator on ( )0rB . Hence, B is 

continuous and totally bounded operator on ( )oBr . So that the operator B is completely continuous operator on ( )0rB . 
 
By application of Corollary (2.1) yields that either the operator xxBxA =+  has a solution, or there is a 

( )zz MScau ,∈  with ru =  such that uBuuA =+





 λ
λ

λ for some .10 <<λ  we show that this assertion does not 

hold. Assume the contrary, then we have, 

( ) ( )

( )
( ) zxEMEifduxgd

MEifEq

uxf
Eu z

E xS
o

E xS 0
0

0 ,,max,
,

max,
⊂∈








+









∈









= ∫∫

≤≤
≤≤ µξλµ

λ

ξλ
ξ

ξ  

 
For some 10 << λ . 
 
If zME ∈ , then there exist sets 0MF ∈  and zMG∈ , zxG 0⊂  such that GFE ∪=  and φ=∩GF . Hence, 

( ) ( ) ( )EBuEuAEu λ
λ

λ +





=  

         

( ) ( ) ( ) µξλµξλλ
ξ

λ
ξ

duxgduxfFq
G

S
G

S xx
∫∫ 








+
















+=

≤≤≤≤ 00
max,max,  

Hence, 

( ) ( ) ( ) ( ) ( ) ( ) µξλµξλ
ξ

λ
ξ

duxgdxfxfuxfFqEu
G

S
G S x

x
∫∫ 








+



















+−


















+≤
≤≤≤≤ 00

max,0,0,max,  

             
( ) ( ) ( ) ( ) µξψφλµξαλ

ξξ
duxFduxq

G
SS

G
xx

∫∫ 







+++≤

≤≤≤≤ 0
0

0
maxmax  

             
( ) ( ) ( ) µξψφα

ξµ
duxFEuq

xS
G

L 







+++≤

≤≤∫ 0
0 max1  

             
( ) ( )uFEuq LL max11 0 ψφα

µµ
+++≤  

Hence, 
( )uFuqu LL max10 ψφα

µµ
+++≤  

( )
1

1

1

max0

µ

µ

α

ψφ

L

L uFq
u

−

++
≤  

 
Substituting uru max==  in the above inequality holds. 

( )
1

1

1

0

µ

µ

α

ψφ

L

L rFq
r

−

++
≤ .  

Which is contraction to the equation no (10), the operator equation ( ) ( ) ( )EBpEApEp +=  has a solution ( )qSu x ,0  in 

( )zz MSca ,  with .ru ≤  so that abstract measure differential equation no (6) and (7) has a solution on zx0 . Hence 
the proof. 
 
5. EXITENCE OF EXTREMAL SOLUTIONS 
 
Here we will prove the existence of the extremal solutions for the abstract measure differential equation (6) - (7) on  

zx0   under certain monotonicity conditions. We will define an order relation  ≤  in ( )zz MSca ,  with the help of the 

cone K  in ( )zz MSca ,  
( ) ( ){ }zzz MEallforEpMScapK ∈≥∈= 0,                                                                                         (15) 
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Thus for any ( )zz MScaPP ,, 21 ∈  , one has 

 KPPPP ∈−⇔≤ 1221                                                                                                                                   (16) 
 
Or equivalenty 

( ) ( )EPEPPP 2121 ≤⇔≤  
 
For all zME∈ . A cone K  in ( )zz MSca ,  is called normal if the norm is semi-monotone on .K  
 
The detail of different properties of cones in Banach space appears in Heikkila and Lakshmikantham [16] 
 
The bellow lemma gives the definition of the cone in ( )., zz MSca  
 
Lemma 5.1: The cone K  defined by (15) is normal in ( )., zz MSca  
 
Proof: The proof of the lemma appears in Dhage et al. [14] and hence we omit the details 
 
Theorem 5.1: Let K be a cone in real Banach space X and Let XXBA →:,  be two nondecreasing operators such that 

(a) A  is contraction 
(b) B  is completely continuous, and 
(c) There exist elements Xvu ∈,  such that vu ≤  satisfying BuAuu +≤  and vBvAv ≤+ . 

 
Further if the cone K  is normal then the operator equation xBxAx =+  has a minimal and a maximal solution in 
[ ]vu ,  
 
Definition 5.1: A vector measure ( )zz MScau ,∈ is called a lower solution of abstract measure differential equation  
(6) – (7) if  

( ) ( ) [ ] zxoneauxguxf
d

ud
xx SS

0
00

..max,max, µξξ
µ ξξ









+










≤

≤≤≤≤
 

And  
( ) ( ) ., 0MEEqEu ≤≤  

 
Similarly, a vector measure ( )zz MScav ,∈  is called an upper solution to abstract measure differential equation        
(6) - (7) if  

( ) ( ) [ ]µξξ
µ ξξ

..max,max,
00

eavxgvxf
d

vd
xx SS 








+







≥

≤≤≤≤
 on zx0 . 

And 
( ) ( ) 0, MEEqEu ≥≥ . 

 
A vector measure ( )zz MScap ,∈  is a solution to abstract measure differential equation (6)-(7) if is upper as well as 

lower solution to abstract measure differential equation On zx0 . 
 
Definition 5.2: A solution MP is called a maximal solution for the abstract measure differential equation (6) – (7) if for 

any other solution ( )qSp x ,0  we have that  
( ) ( ) ,, zM MEEpEP ∈∀≤  

 
Similarly, a minimal solution  ( )qSP xm ,0  for the abstract measure differential equation (6) - (7) is defined on zx0 . 
 
We consider the following assumptions. 
 
( )7H  The functions ( )yxf ,  and ( )yxg ,  are nondecreasing in y  a.e. [ ]µ  for zxx 0∈ . 
( )8H  The abstract measure differential equation (6) - (7) has a lower solution u  and an upper solution v  such that   
           vu ≤  on zM . 
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Theorem 5.2: Suppose that assumptions ( ) ( ) ( ) ( )8761 , HHHH −−  hold. Further suppose that 11 <

µ
α L , then abstract 

measure differential equation (6) - (7) has a minimal and a maximal solution on zx0 . 
 
Proof: Abstract measure differetial equation (6) - (7) is equivalent to the Abstract integral Equation  
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And   
( ) ( ) 0, MEEqEP ∈=                                                                                                                               (18) 

 
Define the operators [ ] ( )zz MScavuBA ,,:, →  by  
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Then the abstract measure integral equation (6) – (7) is equivalent to the operator equation  

( ) ( ) ( ) zMEEBpEApEp ∈+= ,                                                                                                               (21) 
 
To show that A and B satisfy all the condition of theorem (5.1) on ( )zz MSca , , since µ is a positive measure from 
assumptions ( )7H , The operator A and B are nondecreasing on ( )zz MSca , . 
 
Let ( )zz MScapp ,, 21 ∈  be such that 21 pp ≤ on zM . Hence from assumptions ( )8H  it follow that  
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For all 0,zE M E x z∈ ⊂ , again if ,0ME∈ then  

( ) ( ) ( )EBpEqEBp 21 == . 
 
Hence the operator B is nondecreasing on ( )zz MSca , . And already we have proved that in theorem (4.1) the operator 

A is a contraction with the contraction constant 1
µ

α L and the operator B is completely continuous on X . Hence u

is a lower solution of abstract measure differential equation (6) - (7) 
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And                 
( ) ( ) .0, MEEqEu ∈≤  

 
From equation no. (19)  and (20) it follows that, 

( ) ( ) ( ) zMEifEBuEAuEu ∈+≤ ,  
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So that, 

BuAuu +≤  
 
Similarly, since ( )zz MScav ,∈  is an upper solution of abstract measure differential equation, 
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and  
( ) ( ) 0, MEEqEv ∈≥ . 

 
From equation no (19) and (20) it follow that  

( ) ( ) ( )EBvEAvEv +≥  for all zME∈  
And consequently  

( ) ( ) ( )EBvEAvEv +≥  on zM . 
 
Thus hypothesis (a) - (c) of theorem (5.1) are satisfied . 
 
Thus the operators A  and B satisfy all the condition of theorem (5.1) and so an application of it yields that the 
operators equation pBpAp =+ has a maximal and minimal solution in [ ]vu,  which implies that abstract measure 

differential equation (6) - (7) has a maximal and minimal solution on zx0 . Hence the proof. 
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