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ABSTRACT
The concept of cone b,-metric space is introduced as a generalization of cone 2-metric space and b,-metric space. We
proved Hardy and Roger's type fixed point theorem in cone b,-metric space over banach algebra. Our results
generalize many well known results in fixed point theory.
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1. INTRODUCTION

Czerwik introduced the concept of b-metric space as a generalization of metric spaces [12]. Many fixed point theorems
were proved by several authors using b-metric [13]. The concept of 2-metric space was introduced by Gahler in 1960's
keeping in view the area of triangle as an example [16]. Naidu and Prasad showed that every convergent sequence in a
2-metric space need not be a Cauchy sequence. Different authors proved that there is no relation between 2-metric and
ordinary metric and that the contraction mappings in ordinary metric spaces and 2-metric spaces are unrelated. For
fixed point theorems in 2-metric spaces [1], [14], [15], [16]. In 2007, Huang and Zang introduced the concept of cone
metric space by generalizing ordinary metric space [7]. Several authors proved many fixed and common fixed point
theorems in cone metric spaces. Liu and Xu proved fixed point theorems in cone metric spaces over banach algebra.
For fixed point theorems in cone metric spaces, cone b-metric spaces. See [3], [5], [8], [9], [11], [18], [19]. In 2012,
B.Singh et.al, introduced cone 2-metric space by generalizing 2-metric and cone metric and proved some fixed point
theorems. For some results on cone 2-metric space, see [2], [6], [17]. Recently, Zead Mustafa et. al, generalized the
above 2-metric and b-metric spaces and introduced b,-metric space [10]. They proved some fixed point theorems in
partially ordered b,-metric space.

In this work, we generalized b,-metric space and cone metric space as cone b,-metric space giving example for the
existance of such spaces. We then proved a fixed point theorem using Hardy and Roger’s [4] type contractive condition
over banach algebra. An example is given supporting our main theorem.

2. PRELIMINARY NOTES

Let A always represents a real Banach Algebra. Then we have the following properties: For all x,y,z € X and a € R:
(xy)z = x(yz)

2. x(y+z)=xy+xzand (x +y)z=xy+xz

3. alxy) = (ax)y = x(ay)

4. lxyl < lxllyl

=

Throughout this paper, we shall assume that the Banach Algebra has a unit (multiplicative identity) e such that
ex =xe=x for all x€ A. An element x € A is said to be invertible if there is an element y € A such that
xy = yx = e. The inverse of x is denoted by x~!.

Preposition 2.1 [8]: Let A be a real Banach algebra with a unit e and x € A. If the spectral radius r(x) of x is less than
1 .
1.i.e.,r(x) =lim,.|lx"||* < 1,then e — x is invertible and (e — x)™! = Y72, x'.
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Remark 2.2 [18] For all x € A, we have r(x) < ||x]|.

Definition 2.3 [18] Let A be a Banach algebra and P be a subset of E. P is called a cone if:
1. P isclosed, nonempty and P # {6}.
2. a,beR,a,b=0,x,y€EP =>ax+byceP.
3. xeEPand—x€eP=>x=20

For a cone P c A, define a partial ordering < w.r.t P as follows:
1. x<yiffy—x € P.
2. x <y will stand for x < y and x # y.
3. x Ky meansy — x € intP, where intP denotes interior of P.

If int P # @, then P is called a solid cone.

The cone P is called normal if there is a number k > 0 such that for all x,y € A, we have
<x<y= x|l <klyll

The least positive number satisfying the above is called the normal constant of P. Throughout this paper, we shall
assume that P is a solid cone.

Definition 2.4: Let X be a non-empty set and s > 1. Suppose the mapping d: X X X X X — A satisfies:
1. for every pair of distinct points x, y € X, there exists a point z € X such that d(x,y,z) # 6.
2. 0<d(x,y,z),forallx,y,z € X and d(x,y,z) = 0 if and only if at least two of x, y, z are equal.
3. d(x,y,z) =d(p(x,y,z)) forall x,y,z € X and for all permutations p(x, y, z) of x, y, z.
4. d(x,y,z) <s[d(x,y,w) +d(x,w,z) + d(w,y, z)] for all permutations x,y,z,w € X.

Then d is called a cone b,-metric on X, and (X, d) is called a cone b,-metric space.

Example 2.5: Let X = R,A = R? and ||(x, y)|| = |x| + |y| for all (x,y) € A. Let P = {(x,y):x,y = 0} be a normal
cone. Define dy: X% - Aas dy(a,B) = (lla — BII”,l|la — B||P) forall a, 3 € Awhere Il > 0and p > 1 are constants.

Now define d: X3 —» A as d(x,y,z) = d;(a, ) where a, 8 € X are such that [la — || = min{|lx — y||, ly — zI|, |z — x||}.
Then it follows from [12] that (X, d) is a cone b,-metric space with s = 37~! but not a cone 2-metric space.

Definition 2.6 Let {x, } be a sequence in cone b,-metric space over banach algebra (X, d). Then
1. {x,}issaid to be b,-convergent to x € X if lim,_,,, d(x,,x,a) = 0 forall a € X.
2. {x,}issaid to be b,-Cauchy sequence in X if lim,_,,, d(x,,x,,,a) =0 forall x € X.
3. (X, d)issaid to be b,-complete if every b,-Cauchy sequence is a b,-convergent in X.

Definition 2.7 [18] Let P be a solid cone in a Banach algebra A. A sequence {u, } € P is a ¢ —sequence if for each ¢
with 6 « c there exist m € N such that u,, « ¢ forall n = m.

Let (X,d) be a cone metric space over banach algebra. The following properties are often used (particularly when

dealing with non-normal cone).

(p) fx<yandy <z, thenx < z.

(p,) 1f6 < x K cforeach c € int P, thenx = 6.

(p3) fx<y+cforeachc €int P,thenx < y.

(py) fO<x<yand 6 <uthend < ux < uy.

(ps) 1f6 < x, <y, foreachn € Nand lim,,_,, x, = x and lim,,_., y,, =y, then 6 < x < y.

(ps) 16 < d(x,,x) < b, and b, - 0, then x,, - x.

(p7;) fu<Au,whereue Pand0 <A< 1,thenu=26.

(pg) IfceintP, 6 <u, and |lu,|| — 0 then there exist an m € N such that u,, < ¢ foralln = m.

(pg) If {x,,} and {y,} are c —sequences and a, b > 0, then {ax,, + by, } is also a ¢ —sequence.

(p1o) If {u,}isac —sequence in P and k € P is an arbitrarily given vector, then {ku, } is also a ¢ —sequence.

(p11) If {x,}and {y, } are sequences in A with x,, - x and y,, - yasn — oo,
where x,y € A, then we have x,y, - xy asn — oo,

(p12) If {x,, } is a c —sequence in X converging to x € X, then {d(x,,x)} and {d(x,, x,.+,,)} for any p € N are also
¢ —Sequences.

(p13) Ifr(k) < 1then ||[k™]| > 0 asn — oo.

(p14) If 2 € P withr(k) < 1,then (e —x)"1 € P.
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(p1s) If x, ¥y € A and x, y commute, then the following holds:
(@) r(xy) =r()r(y)
D) rx+y)<rkx)+r()and
©) Ir(x) —rI < r(x—.

(p16) If k € Asuchthat 0 < r(k) < 1, then we have
r(e—x)™H) <@ -1l

3. MAIN RESULTS

Lemma 3.1 Let (X,d) be a complete cone b,-metric space over banach algebra A with coefficients > 1 and P be a
solid cone. If {x,,} is any sequence in X, then we have

d(xn+1rxn:a) < kd(xn'xn—lra) = d(xn+1rxn'xm) =0 (31)
for all a € X and m € NU{0} where k € P with (k) € [0,2).

Proof: Since d(x,, .1, Xp, @) < kd(x,,x,_1,a), repeated application of this to d(x, 41, x,, @) gives
d(xp 41, %0, @) < k™d(xq, %0, @). (3.2)

If m < n,thend(x,4q1, %, %) < kd(x,, X1, %)
< kzd(xn—ltxn—Zﬁxm)

< kn_md(xm+1'xmrxm)
=0

& d(Xp 41, %5, x.) = 6 forall m withm < n. 3.3)
If m > n, then
d(xn+1rxnrxm) < S[d(xn+1'xnrxm—1) + d(xn+1'xm—1'xm) + d(xm—llxn'xm)]
= sd (X 11, X)) Xm—1) Using (3.3)
< SZ [d(xn+1ﬁxn'xm—2) + d(xn+1'xm—2ﬁxm—1) + d(xm—Z'xn'xm—l)]
= 52d (X411, Xn, Xm—2) Using (3.3)
< s3d(xn+1'xnﬁxm—3)

Sn_md(xn+1rxn' xn)
0.

A

& d(Xp 41, X%, x.) = 6 for all m withm > n. 3.9

Since the case is obvious with m = n, from (3.3) and (3.4) we have,
d(xy41, %, x,) = 0 forall t € NU{0}.

Lemma 3.2 If the hypothesis of Lemma 3.1 hold, then for any m > n, we have
d(x, X, @) < sk™(e — sk)"1d(xq, xg, @). (3.5)

Proof For any m > n,
d(xn' Xm» a) < S[d(xn' Xm» xn+1) + d(xn' Xn+1, a) + d(xn+1' Xm» a)]
= sk™d(xq,x9, @) + sd(Xy 41, X, @) Using (3.1) and (3.2)
< Sknd(xl' X0, a) + SZ [d(xn+1' Xm» xn+2) + d(xn+1' Xn+2» a) + d(xn+2' Xm» a)]
< sk™d(xq, xg, @) + s2k™ 1 d(xy, xp, @) + s2d (X 42, X, @)

< sk™d(xy, xg, @) + s2k™d(xq, xg, @) + s3k"2d(xq, X0, Q) .. ...
+sm T 2k™m3d (%, X, @) + ST 2d (X —) X, @)

< (Sk™ + s2kL 4 S3k™T2 4 e 4 s 2 M3 (xq, X, @)
+sm ™20 (1, %, @) + ST A (X — 1) X, @)

< (Skn + Szkn+1 +53kn+2 + ___+Sm—n—2km—3

+sm ™2 d (x, X, @) + ST N (xq, X, @)

< (k™ + s2k™t oo g em =2 o gmn =1 (xy, x, @)
= sk™(1 + sk + s?k? + -+ s Lm 1Y d (xq, %, @)

< sk® (Z(sk)‘) d(x1, %, @)
i=1

< sk™(e — sk)71d(xy, x,, a).
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Theorem 3.3 Let (X, d) be a compelte cone b,-metric space over banach algebra A with coefficient s = 1 and P be a
solid cone. Let T: X — X be a mapping satisfying

d(Tx,Ty,a) < kid(x,y,a) + k,d(x,Tx,a) + k3d(y,Ty,a) + k,d(x,Ty,a) + ksd(y,Tx,a) (3.6)
for all x,y,a € X where
2sr(ky) + (s + Dr(ky + k3)(s? + s)r(ky + ks) < 2. (3.7)

Then T has a unique fixed point in X.
Proof Let x, € X be arbitrary. Define a sequence {x,,} by x,,.; = Tx, for all n € NU{0}.

If x, = x,,,, for some n, then it can be proved that x,, is a fixed point of T. Assume x,, # x, ., foralln = 0.
d(xn+1' Xn, a) = d(Txn' Txn—lr a)
< kld(xn' Xn—1, a) + kzd(xnﬁxn+1' a) + k3d(xn—1' Xn» a)
+k4d(xn' Xn» a) + de(xn—lt Xn+1» a)
< kld(xnﬁxn—lﬁ a) + kzd(xn' Xn+1, a) + k3d(xn—1' Xn» a)
+k55[d(xn—1' Xn+1» xn) + d(xn—l' Xn» a) + d(xn' Xn+1» a)]

i.e, (e —ky—sks)d(x,1,%,,a) < (kg + k3 + sks)d(x,, x,_1, Q)
i.e, d(Xpi1,%n,a) < ad(Xy, X1, Q) (3.8)
where a = (e - kz - Sks)_l(kl + k3 + Sks) € P.
Because of symmetry of the cone b,-metric d, we have
d(xn+1ﬁxnﬁa) = d(xnﬁxn+1'a)
=d(Tx,_1,Tx,,a)
< kld(xn—l'xnra) + kZd(xn—lrxn'a) + k3d(xn'xn+1ra)
+k4d(xn—1'xn+1' a) + de(xn'xnr a)
< kyd (X1, Xp, @) + kod (1, X, @) + k3d (X, X011, @)
Fhea[d (i _1, Xn 41, %) + d(Xn_1, X5, @) + d(Xn, X 41, @)]
i.e, (e — ks —sky)d(x, 1, %, a) < (kg + ky + sky)d(x,, %1, Q)
Or d(xn+1'xnﬁa) < Bd(xn'xn—lﬁa) (39)
Whereﬁ = (e - k3 - Sk4_)_1(k1 + kz + Sk4) € P

Using (p14) and (p;5) we have
r(kq)+r(k3)+sr(ks)
(@) < s tes)

r(kq)+r(k3)+sr(ks)
1-7(k3)—sr(kq)

and r(f) <

Ifr(a) > % and r(B) > %then we get
sr(ky) +r(ky) + sr(ks) + (s? + s)r(ks) > 1 and
sr(ky) +r(ky) + sr(ks) + (s% + s)r(k,) > 1.

Upon adding the above two inequalities we get
2sr(ky) + (s + Dr(ky + k3)(s? + s)r(ky + ks) > 2

which is a contradiction to the hypothesis (3.7). Thus we have either r(a) < % or r(B) < % or both. Take
a if r(a)< %
k=1 8 if <
aorf if  bothare trsue.

Then d(x, 41, %,,, @) < kd(x,, x,_1,a) for all n > 0 where k € P with (k) € [ol)

Keeping in view Lemma (3.1) and (3.2), for m > n we have,
d(x,, Xy, a) < sk™(e — sk) ™ d(x, xy, a).

Using (pg) and (py3), it can be seen that {x,} is a b,-Cauchy sequence in X. Since X is b,-complete, there is an x € X
satisfying x,, » x asn — oo,
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Now we see that this x is a fixed point of T. For that considering d(Tx, x, a) with triangle inequality and (3.6), we have
d(Tx,x,a) < s[d(Tx,x,Tx,) + d(Tx,Tx,,a) + d(Tx,, x,a)]
< sd(x, 41, %, Tx) + s[kid(x, x,, @) + k,d(x, Tx,a) + k3d (x,, X 41, @)
+kaod(x, %, 41, a) + ksd(x,, Tx,a)] + sd(x,11,%, )
< sd(x, 41, %, Tx) + skyd(x, x,, @) + sk,d(x,Tx,a) + sk3d(x,, X, 41,a)
+skyd (X, Xy 11, @) + $%ks[d(x,, Tx, x) + d(x,, x,a) + +d(x,Tx, a) +5d (X, 41, %, @)
Letting n — oo, we get d(Tx, x, a) < (sk, + s%ks)d(Tx, x, @).
Because of Symmetry, we also get d(Tx, x,a) < (sks + s%ky)d(Tx, x, ).
Upon adding the above two inequalities, we get
2
d(Tx,x,a) < [% (ky + k3) + % (k4 + k5)]d(Tx, x, a) (3.10)
2
Using (3.7) we have 7 [ (i, + ks) + 5 (ky + ks)| < 1
i.e., d(Tx,x,a) =0 foralla € X.
i.e., Tx = x forall a € X.
-~ xis a fixed point of T.

The Uniqueness can be proved easily by taking Tx = x and Ty = y in (3.6).

Example 3.4: Let A = R, P = {(x,y):x,y = 0} with ||(x, y)|| = |x| + |y| forall (x,y) € Aand X = {(a,0): a =
03U{(0,2)}. Define the 2-metric d: XxXxX — A as follows:

d(p(A, B, C)) p denotes permutation
d(4,B,C) = 1,1 if twoof A,B,C are (0,0),(0,2) and
A, B, C are distinct
(a,40) otherwise.

where A= square of the area of triangle 4, B, C.

Consider the following:

d((a,0),(,0),(0,2)) < d((a,0), (8,0, (¥,0)) + d((a, 0), (v, 0),(0,2)) +d((,0), (8,0),(0,2))

e, (@a=pP<(@-y*+-5)°
which shows that d is not a cone 2-metric, but a cone b,-metric with s = 2. Define T: X - X as

T(x,0) = {(20) Fxz10 4 700.2) = (0,0).
(0,0) if x < 10

Take k; = G,o),k2 =ky = (io) andk, =5 = (ﬁo)

Clearly, each k; (i = 1,2,3,4,5) and s = 2 satisfies (3.7) and T satisfies the condition (3.6). Hence, by our main result,
T has unique fixed point which is (0,0).
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