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ABSTRACT

In this paper, we introduce d-B-y-contractive mappings in the context of dislocated metric spaces. Further, we give some
fixed point results using this property and also discuss these results for the setting of cyclic contractions. In the end we
discuss some examples to illustrate our results.

1. INTRODUCTION

Fixed point theory is one of the most dynamic research subject in non-linear analysis. The roots of fixed point theory lies
in work of Brouwer and Banach. In 1912 Brouwer [1] proved a result that a unit closed ball in R™ has a fixed point. The
most remarkable result in fixed point theory was given by Banach [2] in 1922. He proved that each contraction in a
complete metric space has a unique fixed point. Later on, many authors generalized the Banach fixed point theorem in
various ways [3-8]. Recently, Samet et al. [9] introduced the notion of a-i contractive mappings and proved the related
fixed point theorems.

The generalization of well known Banach Contraction Principle of metric space to the dislocated metric space proved by P.
Hitzler and A. K. Seda, played a key role in the development of logic programming semantics [10]. This concept of
dislocated metric space was further generalized into dislocated quasi, right dislocated, left dislocated metric spaces by M.A.
Ahmed et.al ([11], [12]).

In this paper we generalize the concept of a-i-contractive mappings in the setting of dislocated metric space, as d-B--
contractive mappings.

2. PRELIMINARIES

Definition 2.1 Let W be a family of functions : [0, ) — [0, o) satisfying the following conditions:
(i) v is nondecreasing;
(ii) There exist k, € N and a € (0, 1) and a convergent series of nonnegative terms Y3, v, such that

PR < aph () + v,
Fork = kyand any t € R*

Lemma 2.2: ([13]) If € W, then the following hold:

(i) (¥"(@®) , convergesto0asn — oo forallt € R

(i) Y(t) < tforanyt € (0,0)

(iii) v is continuous at 0;

(iv) the series Yo_, ¥*(t) converges for any t € R*
Recently, Samet et al. [9] introduced the following concepts.

Definition 2.3: let T: X - X and a : X X X — [0, o). we say that T is a-admissible if for allx, y € X, we have
atx,y) =1 = a(Tx,Ty)=1
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Definition 2.4: let (X, d) be a metric space and let T : X — X be a given mapping. We say that T is an a — y-contractive
mapping if there exist two functions @ : X X X — [0, o) and iy € ¥ such that

a(x,y)d(Tx,Ty) < ¥(d(x,y))
Forall x,ye X

Clearly, any contractive mapping, that is, a mapping satisfying Banach contraction, is an a — y-contractive mapping with
a(x,y) =1forall x,y € X and )(t) = kt, forall t > 0 and some k € [0,1).

Various examples of such mappings are presented in [9]. The main results in [9] are the following fixed point theorems:

Theorem 2.5: Let (X, d) be a complete metric space and T : X — X be an a-i-contractive mapping. Suppose that
(i) T is a-admissible;

(if) There exist x € X such that a(xy, Txg) = 1;

(iif) T is continuous.

Then there exist u € X such that Tu = u.

Theorem 2.6: Let (X, d) be a complete metric space and T : X — X be an a-y-contractive mapping. Suppose that

(i) T is a-admissible;

(if) There exist x € X such that a(x, Txg) = 1;

(iii) if {x,}isasequence in X such that a(x,, x,41) = 1 forall nand x, - x € X asn — oo, then a(x,,x) = 1 for all n.
Then there exist u € X such that Tu = u.

Theorem 2.7: Adding the condition (iv) to the hypothesis of the Theorem 1.5 and Theorem 1.6 we obtain the uniqueness of
a fixed point of T.

(iv) Forallx,y € X, there exists z € X such that a(x,z) = 1and a(y,z) = 1

Hitzler and Seda [10] introduced the concept of dislocated metric space (d-metric space) as follows:

Definition 2.8: Let X be a non empty set and let d: X x X — [0, o) be a function satisfying the following conditions:
(1) d(x,y) =d(y,x)

(2) d(x,y) =d(y,x) =0impliesx =y

(3) d(x,y) <d(x,z) +d(z,y)forall x,y,z€X

Then d is called dislocated metric (or simply d-metric) on X and the pair (X, d) is called dislocated metric space.

Example 2.9: Let (X, d) be a metric space. The function f: X x X - R*, defined as
d(x,v) = max(x,y); forall x,y € X is a d-metric on X.

Definition 2.10: A sequence {x,} in a d-metric space (X, d) is said to be d-convergent if for every given €> 0 there exist
ann € N and x € X such that d(x,,x) <€ foralln > N and it is denoted by lim,,_,,, x, = xorx, > xasn - ©

Definition 2.11: A sequence {x,} in a d-metric space (X, d) is said to be d-Cauchy sequence if for every €> 0 there exist
ng € N such that d(x,,, x,,) <€ forallm,n e N

Definition 2.12: A d-metric space (X, d) is called complete if every Cauchy sequence is convergent.

Lemma 2.13: let (X,d) be a d-metric space, (x,) be a sequence in X and x € X. Then x,, - x(n - o) if and only if
d(xy,x) = 0(n - )

Lemma 2.14: let (X, d) be a d-metric space and let (x,,) be a sequence in X. If the sequence (x,,) is convergent then the
limit point is unique.

Theorem 2.15: Let (X,d) be a complete d-metric space and let T : X — X be a mapping satisfying the following condition
forall x,y € X:

d(Tx,Ty) < kd(x,y), ()
where k € [0,1). then T has a unique fixed point.
3. MAIN RESULTS

We introduced the concept of d-S-1-contractive mapping as follows:
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Definition 3.1: Let (X, d) be a d-metric space and let T : X — X be a given mapping. We say that T is a d-S-y-contractive
mapping if there exist two functions 8 : X X X — [0, 0) and ¢ € ¥ such that for all x, y € X, we have

B(x,y)d(Tx,Ty) < p(d(x,y)). @

Definition3.2: Let T: X - X and : X X X = [0, ). We say that T is a S-admissible if for all x,y € X, we have
Blx,y) =21 = PB{Tx,Ty)=1

Theorem 3.3: Let (X, d) be a d-metric space and let T : X — X is a d-S-y-contractive mapping and satisfies the following
conditions:

(i) T isa B-admissible

(ii) there exist x, € X such that B (x,, Txy) = 1;

(iii) T is d-continuous.

Then there exists u € X such that Tu = u.

Proof: Let x, € X such that 8(x,, Txy) = 1 (such points exist from the condition (ii)). Define the sequence {x,} in X by
Xp41 = Tx, for all n > 0. If x,,0 = x,,, 41 fOr some n,, then u = x,,, is a fixed point of T. So, we can assume that
Xp F X,y forall n. Since T is B-admissible, we have

B(xp,%x1) = B(x0, Txg) =21 = P(Txp,Txy) = B(x1,%5) = 1.

Inductively, we have
By, xp) =1foralln=10,1,2........ ?3)

From (2) and (6), it follows that for all n > 1, we have
d(xnt xn+1) = d(Txn—l' Txn)

< .B(xn—lt Txn—l)d(Txn—lt Txn)
< P(d(xn-1,%0))

d(x,, Xpp1) S Y (d(xg,x1)) foralln>1 4

Using (5), we have
d(xn,xm) < d(xn'_xn+1) + d(xn+1'xn+2) + d(xn+2:xn+3) + -+ d(xm—lixm)

< Zmd(xk,xm)
MR ACICED

Since y € Wand d(xg,x;) > 0, by lemma 1.2, we get Y5, ¥*d(xg, x;) < o0
Thus, we have lim,, ,,_,o d(x,, x,,) = 0.

This implies that {x,} is a Cauchy sequence in the d-metric space (X, d). since (X, d) is complete, there exist u € X such
that {x,,} is d-convergent to u. since T is d-continuous, it follows that {T'x, } is d-convergent to Tu. by the uniqueness of the
limit, we get u = T, that is, u is a fixed point of T.

The next theorem does not require continuity.

Theorem 3.5: Let (X,d) be a complete d-metric space. Suppose that T: X — X is a d-f-y-contractive mapping and the

following conditions satisfies :

(i) T is B-admissible;

(ii) there exists x, € X such that B (x,, Tx,) = 1;

(iii) If {x, } is a sequence in X such that S (x,, x,41) = 1 for all n and {x, } is a d-convergent to x € X, then 8(x,,x) =1
for all n.

Then there exist u € U such that Tu = u.

Proof: Following the proof of theorem 2.4, we know that the sequence {x,,} defined by x,,_; =Tx, for alln>0is a
Cauchy sequence in the complete metric space (X, d) that is d-convergent to u € X, From (6) and (iii), we have
B(x,,u)=1 foralln = 0. (5)
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Using the basic properties of d-metric together with (2) and (5), we have
d(xy 41, Tu) < d(Tx,, Tu)
< B(x,,uw)d(Tx,, Tu)
< Yd(x,,u)

Letting n — oo, and since i is continuous at t = 0, it follows that
dlu,Tu) =0

By definition, we obtain u = Tu

With the help of following example, we show that the hypotheses in theorems 2.4 and 2.5 do not guarantee uniqueness of
fixed point.

Example 3.6: Let X = [0, ) be the d-metric space, where d(x,y) = maxifi,y} for all x,y € X. Consider the self-
mapping T : X —» X given by

7
2x — — if x>1,

Tx = x 4
7 ifo<x<1.

Notice that 1.16, a characterization of the Bananch fixed point theorem, cannot be applied in this case because
9
d(T1,T2) = 2>2= d(1,2).

Define B: X X X — [0, x0), as

_(1 ifxyelo1],
B(x,y) {0 otherwise.

Lety(t) = %for t = 0. Then we conclude that T is a d-B-y-contractive mapping. In fact, for all x, y € X, we have

1
ﬁ(x! Y)d(Tx' TY) < Z_d(x' J’)

On the other hand, there exists x, € X such that 8(xg, Txy) = 1. Indeed, for x, = 1, we have 8(1,T1) = 8 (1, %) =1

Notice also that T is continuous. To show that T satisfies all the hypotheses of Theorem 2.4, it is sufficient to observe that T
is B-admissible. For this purpose, let x, y € X such that B(x,y) = 1, which is equivalent to saying that x, y € [0,1]. due to
the definitions of 8 and T, we have

Tx = % €f01], Ty= % € [0,1].

Hence, B(Tx,Ty) = 1. As a result, all the conditions of theorem 2.4 are satisfied. Note that theorem 2.4 guarantees the
existence of a fixed point but not the uniqueness. In this example 0 and % are two fixed points of T.

In the following example T is not continuous.

Example 3.7: Let X, G and S be defined as in example 31. LetT: X —» X
7

2x —— if x>1,

Tx = 4

X
3 ifosxst

Lety(t) = %for t = 0. then we conclude that T is a d-B-y-contractive mapping. In fact, for all x,y € X, we have

1
Bl y)d(Tx, Ty) < Zd(x,y)

Furthermore, there exist x, € X such that 8(xg, Txy) = 1. For x, = 1, we have B(1,T1) = 8 (1%) =1
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Let {x,,} be a sequence such that 8(x,,x,,1) = 1 for alln € Nand as x,, - x asn — oo. by the definition of 5, we have
B (xn, x,41) = 1 for all n € N. then we see that x,, € [0,1]. Thus, B(x,,x) = 1.

To show that T satisfies all the hypotheses of Theorem 2.5, it is sufficient to observe that T is § —admissible. For this
purpose letx, y € X such that 8(x,y) = 1. It is equivalent to saying that x, y € [0,1]. Due to the definition of 8 and T, we
have

X y
Tx =—-€10,1], Ty ==]0,1].
x=3€[01] y =301]
Hence B(Tx,Ty) = 1.
As a result, all the conditions of the theorem 2.5 are satisfied. In this example, 0 and % are two fixed points of T.

Theorem 3.8: Adding the following condition to the hypotheses of theorem 2.4 and 2.5 we obtain the uniqueness of a fixed
point of T.

(i) Forall x,y € X, there exist z € X such that 8(x,z) = 1and B(y,2) = 1
Blu,z)=1 Blu,z)=1

Since T is B-admissible, we get by induction that
Bu,T"z) = 1 B, T"z) > 1 foralln=1,2,3,.. (6)

From (9) and (5), we have
d(u,T"z) = d(Tu,T(T" 12))
< B, T 'z)d(Tu,T(T" 12))
<Y(du, T 12))

Thus, we get by induction that
du,T"z) < lp"(d(u, Z)) foralln =1,2,3, ...

Letting n — oo, and since y € ¥, we have
d(u,T"z) - 0.

This implies that {T"z} is d-convergent to u. Similarly, we get {T"z} is d-convergent to u*. By the uniqueness of the limit,
we get u = u*, that is, the fixed point of T is unique.

4. CYCLIC CONTRACTION
Now, we prove our results for cyclic contractive mappings in a d-metric space.
Theorem 4.1: Let A,B be a non-empty d-closed subset of a complete d-metric (X,d) space, letY = AU B, and let
T:Y — Y be a given self-mapping satisfying
T(A) c Band T(B) c A. 7)

If there exists a function i € W such that
d(Tx,Ty) <y(d(x,y)) forallx € A,x € B (8)

Then T has a unique fixed pointu € A n B, that is,Tu = u.
Proof: Notice that (Y, d) is a complete d-metric space because A, B are closed subsets of a complete d-metric space (X, d).
We define B:X X X — [0, ) in the following way:

M if (x,y) E(AXB)U (B xA)
Blxy) = {0 otherwise

Due to the definition of B and (9), we have
B(x,y)d(Tx, Ty) < l/J(d(x, y)) forall x,y € X 9)
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Hence, T is a d-B-i-contractive mapping.
Let(x,y) € (Y x Y) such that B(x,y) = 1.
If (x,y) € Ax B, then by (8), (Tx,Ty) € B x A which yields that 8(Tx, Ty) = 1.
If (x,y) € B x A we getagain 8(Tx,Ty) = 1 by analogy.

Thus, in any case we have B(Tx,Ty) = 1, that is, T is S-admissible. Notice also that for any z € A we have (z, Tz), which
yields thatB(z,Tz) = 1.

Take a sequence {x,} in X such that 8(x,, x,,1) = 1 for all n and x,, = z € X asn — 0. Regarding the definition of 8, we
derive that
(X, Xp41) € (AX B) U (B x A) for all n. (10)

By the assumption, 4, B and(A4 x B) X (B x A) are closed sets. Hence we get that(z,z) € (A X B) U (B x A), which
implies thatz € A n B. We conclude, by the definition of B, that 8 (x,,, z) = 1 for all n.

Now all the hypotheses of Theorem 2.5 are satisfied, and we conclude that T has a fixed point. Next, we show the
uniqueness of a fixed point z of T. Suppose that w = Tw, where w € A N B. Since(z,w) € (A X B) U (B x A), we have
B(y,z) = 1and B(z,y) = 1. Thus the condition (iv) of Theorem 2.8 is satisfied.
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