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ABSTRACT

Ascending graphoidal tree cover of a graph G is a partition of edges of G into trees G;,G,,...,G, such that
|E(G))I<|E(Gj+1)| for all i=1 to n-1 and every vertex of G is an internal vertex of at most one tree. In this paper, we
investigate the ascending graphoidal tree cover for some standard graphs.
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1. PRELIMINARIES

In this paper we consider only simple graphs G. In [6], we introduce the concept of Ascending cover which is
decomposition of G into edge disjoint sub graphs G, G,,...,G, such that |E(G))|<|E(G;.1)| for all i=1 to n-1. It is

n n+1
observed that if y = {Gy, G,,...,G,} is an ascending cover of G then q= Z| E(G)R1+2+...+n= (2 ) and if

i=1
n+1 . . . . . .
g= 5 then |[E(G;)|=i, 1<i<n. Further if each G; is connected, it is known as Continuous Monotonic Decomposition

of G [6]. If each G; is isomorphic to a sub graph of G;.; then it is known as Ascending Sub graph Decomposition. The
concept of graphoidal cover was introduced by E. Sampath kumar and B. D. Acharya [1]. In [6]; we study Ascending
graphoidal cover, which is ascending cover of G into internally disjoint paths, for some standard graphs. In [8], we
defined and studied graphoidal tree cover which is partition of E(G) into internally vertex disjoint trees. Definitions
which are not seen here can be found in [3] and [4]. In this paper, we propose to study Ascending graphoidal tree cover.

2. MAIN RESULTS
Throughout this paper we consider only connected graphs.

Definition 2.1: Ascending Graphoidal Tree Cover (AGTC) of G is defined as ascending cover of G satisfying the
following conditions:

(i) each sub graph is isomorphic to a tree

(if) every vertex is an internal vertex of at most one tree.

In other words, Ascending Graphoidal Tree Cover is a decomposition of G into edge-disjoint sub graphs G;, G,,...,G,
such that

(i) |E(G)I<|E(Gis+p)| for all i=1 to n-1

(if) each sub graph is isomorphic to a tree

(iii) every vertex is an internal vertex of at most one tree.
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Lemma 2.2: If a (p, q) graph G admits AGTC then p=>n+1.

Proof: As N <|E(G, ) |<p—1, we have p>n+1.

+1
Theorem 2.3: Any path P,(n>2) admits AGTC into q parts if and only if | E(P,) |= % for some positive
integer q.

) . _g(g+1) .
Proof: Label the vertices of P, by (0, 1, 2,..., n-1) and suppose | E(P,)|= — for some g. Then the Ascending
graphoidal tree cover is as follows:

i—Di (i-Di i—1)i i(i+1 .
L oL G B U LB S G PSP TR
2 2 2 2

Thus F’n admits AGTC into q parts for some positive integer g. The converse is straight forward.

Theorem 2.4: Any cycle C_ (n>3) admits AGTC into q parts if and only if |E(C,)|=n :w for some
positive integer g.
: i _a@+) -
Proof: Label the vertices of C,, by (0, 1, 2,..., n-1) and suppose |E(C,)|= 5 for some . Then consider
T = (i-D)i , (i-D)i +1, (i-D)i +2,...,M for 1<i<qg-1and
2 2 2 2
Tq =((q —21)q , (9 —21)q +1,..., q(q2+1) -1, Oj is clearly AGTC of C,,.

Thus C, admits AGTC.

Theorem 2.5: The complete graph K, admits AGTC into n parts if and only if p=n+1.

Proof: Let p=n+1. Let E(G))=(V,,V,) and E(G) = {(vi+1,y):1<j<i2<i<n-1}and E(G))={(v,.,,V,):
1< j<n}. Clearly {Gi, Gy,...,G, } isa AGTC with |[E(Gy)|=i, 1<i<n. Hence it is the required AGTC of G.

(n+1)
2

. . . n
Conversely if K, admits AGTC into n parts, then | E(K ) |= and so p=n+1.

Theorem 2.6: The wheel W, = K, +C_; admits AGTC into n trees if and only if n=3 and 4.

Proof: Let VW, ) ={V,,V,,..., V., ,} where V, is the central vertex of W__. Since V, is of maximum degree and by
the condition (ii) in the definition of Ascending graphoidal tree cover, we consider Gn as a star with V, as a central
vertex. Let G, ={(V,,V,) :1<i<n}. Then G, ; should be defined as a path of length n-1, say {(V;,V,,...,V,)}.

Since V, is the internal vertex of G, , at most one of the edges vov;(n + 1 < i <m — 1) say, V,V,, liesin G, , and

the remaining n-3 edges are from Cm—l starting from v, v, 1 Vy42 - V2n—3. If (vyv,42) = G; then one of the edges
VoVUn42, VoUn4a, -, VoUn—z 00 not belong to any subgraphs G;(2 < i < n — 3). Hence there should be at most 2

n(n+1)’ . n(n+1):2(m_1)l

internal vertices in G, _, sothat | E(G, ,)|<4 orn<6.As |E(G,) |= we hav

That is, n(n+1)=4(m-1) and n<6. Then we get n=3, 4.

Converse is straight forward.
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Theorem 2.7: The complete bipartite graph Km,n admits AGTC if and only if n=2m-1 or n=2m+1.

Proof: Let (V;,V,) be the bipartition of K = where V, ={U,,U,,...,U, } and V, ={v;,V,,...,V, }.

1 Vp

Case (i): If n=2m-1.

Consider T, = (v, U;)
T, ={(v, ,,u)/1<i<2}
T, ={(v,,.u)/1<i<3}

To ={(V,_pgs ) /1< <m}

T ={(Vp U [1<i<m}o(u,,v,)

T ={(V s U) 11T <mPO{(U,,v;) /n-1< j<n}
T ={Vomo W) /1<i<mpo{(u,,v;)/n-2< j<n}

T, ={(v,,u))/1<i<m}o{(u,,v;)/n-m+2< j<n}

Thus {T;, T,,..., T, } isan AGTC for K,  into n parts if n=2m-1.

Case (ii): If n=2m+1.

Consider T, = (V. ,,U,)
T, ={(v,_,,u)/1<i<2}
Ty ={(V, 5, U;) /1< <3}

T, ={(V, u)/1<i<m}
T ={(Vy o Uy) /1T <MPO(U,,V,)

T =AVom2 W) /1T <mPO(U,,v) /n-1< j<n}
s ={Vopa U) /1S T<mMPO{(Uy,v) /n-2< j<n}

T ={(v,u)/1<i <mpof(u,,v,)/n-m+1< j<n}.

Thus {T,,T,,...,T.,} is an AGTC for Ky into n-1 parts if n=2m+1. The converse of the above two cases are
straight forward.

The following examples illustrate the above theorem 2.7 for n=2m+1 and n=2m-1.

Example 2.8:
(i) Consider K,
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Theorem 2.9: The Helm Hm admits AGTC into n parts if and only if n=5, 6 and 8 or m=5, 7, 12.

Proof: Let V(H ) ={c,u,,u,,...,u.,V,,V,,...,V, } having c as the central vertex of H . The Helm H_ is

1 ¥ma
shown as in Fig. 3. Since c is of maximum degree and by the definition of AGTC, we consider Gn as a star with ¢ as
its central vertex.

LetG, ={(c,u;):1<i<n}. Then G, should be defined as a tree having n-1 edges with atmost one of the edges

from {(c,u;):n+1<i<m} saycu,,,; by the definition of AGTC. Now suppose CU,,, liesin G, , and the

n+1 ; n+2

remaining edges of G, _, are from C_, and the pendant edges incident toC,. If U,,,,U, .5 and U,,, are internal

vertices of Gn_2 then by (ii) of AGTC definition any one of the edges CU_,,,CU.,4,CU ., do not belong to any of

n+21? n+3?

the sub graphs G;,1<1 < n—3. So there should be at most 2 internal vertices in G, _, such that | E(G, ,)|<6 or
n(n+1)

N<8.As|E(H,) ==

We have

3m = n(n+1)l
é6m=n(n+1),m>3 and N<8.

Then we get n=5, 6 and 8.
Converse is straight forward.
Vi
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