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ABSTRACT

The aim of this paper is to introduce and study the class of Regular Mildly Generalized closed (briefly RMG-closed)
sets, which is properly placed between the classes of pre-closed sets due to A.S. Mashhour, M.E. Abd. El-Monsef and
S.N. El-Deeb in 1982 and mildly generalized closed sets due to J.K. Park and J.H. Park in 2004. The relations with
other notations directly or indirectly connected with generalized closed sets are investigated. Also we investigate some
properties of new class of sets.
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1. INTRODUCTION

In 1970, N. Levine [11] introduced the concept of generalized closed sets in the topological space by comparing the
closure of subset with its open supersets. The investigation on generalization of closed set has lead to significant
contribution to the theory of separation axiom, covering properties and generalization of continuity. Kong et. al. [4]
shown some of the properties of generalized closed set have been found to be useful in computer science and digital
topology. A.S. Mashhour et. al [5], M.Sheik John[17], J.K. Park et. al [16], Benchalli and Wali[2] introduced pre-
closed sets, weakly closed sets, mildly-g-closed sets and rw-closed sets in topological spaces respectively. In this paper
we define new generalization of closed set called Regular Mildly Generalized closed (briefly RMG-closed) set which
lies between pre-closed set and mildly-g-closed sets. We also study their some properties.

Throughout this paper X and Y denote the topological spaces (X, 1) and (Y, 6) respectively and on which no separation
axioms are assumed unless otherwise explicitly stated. For any subset A of a space (X, 1), the closure of A, interior of
A, semi-interior of A, semi-closure of A, a-closure of A, a-interior of A and the complement of A are denoted by cl(A)
or 1-cl(A), int(A), sint (A), scl(A), a-int(A), a-cl (A) and A° or X — A respectively. (X, 1) will be replaced by X if there
is no chance of confusion.

Let us recall the following definitions as pre requisites.

2. PRELIMINARIES

Definition 2.1: A subset A of X is called regular open (briefly r-open) [18] set if A = int(cl(A)) and regular closed
(briefly r-closed) [18] set if A = cl(int(A)).

Definition 2.2: A subset A of X is called pre-open set [5] if Acint(cl(A)) and pre-closed [5] set if cl(int(A))<SA.

Definition 2.3: A subset A of X is called semi-open set [8] if A=cl(int(A)) and semi-closed [8] set if int(cl(A)) SA.

Corresponding Author: *R. S. Wali, !Nirani Laxmi, *Department of Mathematics,
Bhandari & Rathi College, Guledagudd-587 203, Karnataka, India.

International Journal of Mathematical Archive- 7(7), July — 2016 108


http://www.ijma.info/�

*R. S. Wali, ‘Nirani Laxmi / On Regular Mildly Generalized (RMG)-Closed Sets in Topological Spaces / IIMA- 7(7), July-2016.
Definition 2.4: A subset A of X is called a-open [11] if ACint(cl(int(A))) and a-closed [11] if cl(int(cl(A))) SA.
Definition 2.5: A subset A of X is called B-open [1] if Accl(int(cl(A))) and B-closed [1] if int(cl(int(A))) CA.
Definition 2.6: A subset A of X is called d-closed [19] if A = cls(A), where cl5(A) = {x eX: int(cl(U)) NA # @, UEA}.

Definition 2.7: Let X be a topological space. The finite union of regular open sets in X is said to be m-open [3]. The
compliment of a m-open set is said to be m-closed [3].

Definition 2.8: A subset of a topological space (X, 1) is called

Generalized closed (briefly g-closed) [9] if cl(A) U whenever ACU and U is open in X.

Generalized a-closed (briefly ga-closed) [6] if a-cl(A) SU whenever ACU and U is a-open in X.

Weakly generalized closed (briefly wg-closed) [10] if cl(int(A)) €U whenever AcU and U is open in X.

Strongly generalized closed (briefly g*-closed) [15] if cl(A) €U whenever AU and U is g-open in X.

Weakly closed (briefly w-closed) [17] if cl(A) €U whenever AcCU and U is semi-open in X.

Mildly generalized closed (briefly mildly g-closed) [16] if cl(int(A)) €U whenever ACU and U is g-open in X.

Regular weakly generalized closed (briefly rwg-closed) [10] if cl(int(A)) €U whenever ACU and U is regular

open in X.

8.  Weakly m-generalized closed (briefly wrg -closed)[13] if cl(int(A)) €U whenever ACU and U is m-open in X.

9. Regular weakly closed (briefly rw-closed) [2] if cl(A)<U whenever ACU and U is regular semiopen in X.

10. Generalized pre closed (briefly gp-closed) [7] if pcl(A) €U whenever ACU and U is open in X.

11. A subset A of a space (X, 1) is called regular generalized closed (briefly rg-closed) [14] if cI(A) €U whenever
AcU and U is regular open set in X.

12. m-generalized closed (briefly tg-closed) [3] if c1(A) < U whenever A < U and U is open in X.

NooaprwhRE

The complements of the above mentioned closed sets are their respective open sets.
Note: The definition of Mildly-g-closed sets in X is used in the investigation of wg*-closed set by O. Ravi et. al [12].
Lemma 2.9:

1. Every wg*-closed set (mildly-g-closed set) is wg-closed set in X (Theorem 3.4 of [12]).

2. Every wg*-closed set (mildly-g-closed set) is wrnig-closed set in X (Theorem 3.6 of [12]).

3. Every wg*-closed set (mildly-g-closed set) is rwg-closed set in X (Theorem 3.8 of [12]).
3. REGULAR MILDLY GENERALIZED CLOSED SETS (BRIEFLY RMG-CLOSED SETS)
Definition 3.1: A subset A of a space (X, 1) is called Regular Mildly Generalized closed (briefly RMG-closed) set, if
cl(int(A)) €U whenever ACU and U is regular generalized open set in X. The family of all RMG-closed sets is denoted
by RMGC(X).

Theorem 3.2: Every pre-closed set is RMG-closed set in X.

Proof: Let A be any pre-closed set in X. Suppose U is rg-open set in X such that ACU. Since A is pre-closed set in X
i.e. cl(int(A)) € A. We have cl(int(A)) € A € Ui.e. cl(int(A)) < U. Hence A is RMG-closed set in X.

The converse of above theorem need not be true as seen from the following example.

Example 3.3: Let X= {a, b, ¢, d} with topology =={X, @, {a}, {b}, {a, b}, {b, c}, {a, b, c}}. Let A={a, b, d} is RMG-
closed set but not pre-closed set in X.

Theorem 3.4: Every RMG-closed set is mildly-g-closed set in X.

Proof: Let A be any RMG-closed set in X. Suppose U is g-open set in X such that AcCU. Since every g-open set is rg-
open set in X i.e. U is rg-open in X. As A is RMG-closed and AcU where U is rg-open. Hence cl(int(A)) c U.
Therefore A is mildly-g-closed set in X.

The converse of above theorem need not be true as seen from the following example.

Example 3.5: Let X= {a, b, ¢, d} with topology 1={X, 0, {a}, {b}, {a, b}, {a, b, c}}. Let A= {a, d} and B= {b, d} are
mildly-g-closed sets but not RMG-closed sets in X.
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Corollary 3.6:

Every ga-closed set is RMG-closed set in X.
Every w-closed set is RMG-closed set in X.
Every closed set is RMG-closed set in X.

Every &-close set is RMG-closed set in X.

Every mti-closed set is RMG-closed set in X.
Every regular closed set is RMG-closed set in X.

ok whE

1. Every ga-closed set is pre-closed from M.Sheik John [17] and follows from Theorem 3.2.

2. Every w-closed set is pre-closed from M.Sheik John [17] and follows from Theorem 3.2.

3. Every closed set is pre-closed from M.Sheik John [17] and follows from Theorem 3.2.

4. Every 6-closed set is pre-closed from N.V. Velicko et. al [20], M.Sheik John [17] and follows from Theorem
3.2.

5. Every m-closed set is pre-closed from Dontchev et. al [3], M.Sheik John [17] and follows from Theorem 3.2.

6. Every regular closed set is pre-closed from Stone [18], M.Sheik John [17] and follows from Theorem 3.2:

The converse of Corollary 3.6 is not true as shown in below examples.

Example 3.7: Let X= {a, b, ¢, d} with topology ©=={X, @, {a}, {b}, {a, b}, {b, c}, {a, b, c}}.
Let A= {a, b, d} is RMG-closed but not ga-closed set in X.

Let A= {a, b, d} is RMG-closed but not w-closed set in X.

Let A= {a, b, d} is RMG-closed but not closed set in X.

Let A={a, b, d} is RMG-closed but not §-closed set in X.

Let A={a, b, d} is RMG-closed but not t-closed set in X.

Let A= {a, b, d} is RMG-closed but not regular closed set in X.

ok wbhE

Corollary 3.8:
1. Every RMG-closed set is wg-closed set in X
2. Every RMG-closed set is wrg-closed set in X.
3. Every RMG-closed set is rwg-closed set in X.

Proof:
1. From Theorem 3.4 and follows from lemma 2.9 1.
2. From Theorem 3.4 and follows from 2.9 2.
3. From Theorem 3.4 and follows from 2.9 3.

The converse of Remark 3.8 is not true as shown in below examples.

Example 3.9: Let X= {a, b, ¢, d} with topology 1={X, @, {a}, {b}, {a, b}, {a, b, c}}.
1. Let A={a, b, d} is wg-closed but not RMG-closed set in X.
2. Let A={a, c} is wmrg-closed but not RMG-closed set in X.
3. Let A={a, b, c}is rwg-closed but not RMG-closed set in X.

Remark 3.10: The following examples show that RMG-closed sets are independent of semi-closed sets, semi pre-
closed sets, g-closed sets, g*-closed sets, rg-closed sets, rw-closed sets and mg-closed sets.

Example 3.11: Let X= {a, b, c, d} with topology =={X, @, {a}, {b}, {a, b}, {b, c}, {a, b, c}}. Then

1. Closed setsin (X, t) are X, @, {d}, {a, d}, {c, d}, {a, c, d}, {b, c, d}.

2. RMG- closed sets in (X, T) are X, @, {c}.{d}, {a, d}.{c, d}{ a b, d} {a, c, d}, {b, c, d}.

3. Semi-closed sets in (X, t) are X, 9, {a},{c}.{d}{a, c}.{a d}.{b, c}.{c, d}, {a, c, d}, {b, c, d}.

4. Semi pre- closed sets in (X, 1) are X, @, {a}, {c}, {d}, {a, c}, {a, d}, {b, c}, {c, d}, {a, c, d}, {b, c, d}.

5. g-closed setin (X, T) are X, @, {d}, {a, d}, {b, d}, {c, d}, {a, b, d}, {a, c, d}, {b, c, d}.

6. g*-closed setin (X, T) are X, @, {d}, {a, d}, {b, d}, {c, d}.{a, b, d}, {a, c, d}, {b, c, d}.

7. rg-closed sets in (X, 1) are X, @, {d}, {a, b}, {a, c}.{a, d}, {b, d}, {c, d}, {a, b, c}, {a. b. d}, {a, c, d},
{b, c, d}.

8. rw-closed sets in (X, 1) are X, @, {d}{a, b}, {a c}, {a d}, {b, d}, {c, d}, {a, b, c}, {a, b, d}, {a, c, d},
{b, c, d}.

9. mg-closed sets in (X, 1) are X, @, {d}, {a, d}, {b, d}, {c, d}, {a, b, d}, {a, ¢, d}, {b, c, d}.

Remark 3.12: The following examples shows that RMG-closed sets are dependent on regular closed, n-closed, bw-
closed, ga- closed, wg-closed, rwg-closed sets.
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Examples 3.13: Let X= {a, b, c, d} with topology ={X, @, {a},{b}, {a, b}, {b, c}, {a, b, c}}. Then
1. Closed sets in (X, t) are X, 9, {d}, {a, d}, {c, d}, {a, c, d}, {b, c, d}.
RMG- closed sets in (X, T) are X, @, {c}, {d}, {a, d}, {c, d}, {a, b,d} {a, c, d}, {b, c, d}.
Regular closed sets in (X, 1) are X, @, {a, d}, {b, c, d}.
mi-closed sets in (X, t) are X, @, {d}, {a, d},{b, c, d}.
w-closed sets in (X, T) are X, @, {d}, {a, d}, {c, d}.{a, c, d}, {b, c, d}.
ga- closed sets in (X, 1)) are X, @, {c}, {d}, {a, d}, {c, d}, {a, c, d}, {b, c, d}.
wg-closed sets in (X, T) are X, @, {c}, {d}, {a, d}, {b, d}, {c, d}, {a, b, d} {a, c, d}, {b, c, d}.
rwg-closed sets in (X, t) are X, @, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, d}, {c, d}, {a, b, c}, {a b, d} {a c, d},
{b, c, d}.

NGO~ ®WDN

Remark 3.14: From the above discussions and known results we have the following implications in the following
diagram, by

A ——> B mean A implies B but not conversely and

A é\% B means A and B are independent of each other.

Closed set » Mildly-g-closed set

—» g*-closed set \
g-closed set

w-closed set ~17

RMG-Closed Set

wg-closed set

v
ga-closed set
wrrg-closed set

rw-closed set ———5 rg-closed set __yrwg-closed set

y
Pre-closec] set
Remark 3.15 The intersection of two RMG-closed sets in X is need not be RMG-closed set in X.

Example 3.16: Let X= {a, b, c, d} with topology =={X, @, {a}, {b}, {a, b}, {b, c}, {a, b, c}}. Now A= {a, b, d} and B=
{b, c, d} are RMG-closed sets in X, then A n B={a, b, d}n{b, c, d}={b, d} which is not RMG-closed set in X.

Remark 3.17: The union of two RMG-closed subsets of X is need not be RMG-closed set in X.

Example 3.18: Let X= {a, b, ¢, d} with topology 1={X, @, {a}, {b, c}, {a, b, c}}. Now A= {b} and B= {c} are RMG-
closed sets in X, then A U B= {b}u{c}={b, c} which is not RMG-closed set in X.

Remark 3.19: Complement of a RMG-closed set need not be RMG-closed set in X.

Example 3.20: Let X = {a,b,c,d} with topology T = {X, @, {a}, {b}, {a, b}, {b, c},{a,b,c}}. Then A ={d} is RMG-
closed set but X — {d} = {a, b, c} is not RMG-closed set in X.

Theorem 3.21: If a subset A of X is RMG-closed if and only if cl(int(A)) — A does not contain any non-empty regular
generalized closed set in X.

Proof: Let F be a rg-closed set in X such that F  (cl(int(A)) — A). Since X — F is rg-open and A < X — F. From the
definition of 3.1 it follows that cl(int(A)) € X — . i.e. F < (X = (cl(int(4))) ). This implies that F < (cl(ine(4))) n
X - (cl(int(A)))) = @.Thus F = @.Therefore cl(int(A)) — A does not contain any non-empty rg-closed set.

Corollary 3.22: If a subset A of X is RMG-closed set then cl(int(A)) — A doesnot contain any non-empty regular open
setin X.

Proof: Follows from Theorem 3.21 and the fact that every closed set is rg-closed in X.

Theorem 3.23: For an element x € X, then X — {x} is RMG-closed set or rg-open set in X.
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Proof: Let x € X. Suppose X — {x} is not a rg-open, then X is the only rg-open set containing X — {x} i.e. we have only
choice of rg-open set containing X — {x} in X i.e. X — {x} c X. Also we know X — {x} is not RMG-closed. To prove
X — {x} is not rg-open. As X — {x} is a subset X and X — {x} RMG-closed only. Thus we have only choice of rg-open
set in X. Also cl(int(X — {x})) c X. Therefore by definition X — {x} is RMG-closed, which is a contradiction.
Hence X — {x} is rg-open set in X.

Theorem 3.24: If A is an RMG-closed set in X such that A ¢ B c cl(int(A)), then B is an RMG-closed set in X.

Proof: Let A be an RMG-closed set in X such that A c B c cl(int(A)). Let U be rg-open set such that B < U then
AcU. Since A is RMG-closed set we have cl(int(A))cU. Now as Bccl(int(A)) so
cl(int(B)) c cl(int(cl(int(A))) c cl(int(A)) < U. Thus cl(int(B)) < U whenever B c U and U is rg-open in X. Hence
B is RMG-closed set in X.

The converse of the above theorem 3.24 need not be true in general.

Example 3.25: Let X={a, b, ¢, d} with topology =={X, @, {a}, {b}, {a, b}, {a, b, c}}. Let A={d} and B={c, d}. Now A
and B both are RMG-closed. But A c B ¢ cl(int(A)).

Lemma 3.26: If A c B c X, where A is rg-open relative to B and B is open relative to X then A is rg-open relative to X
[14].

Theorem 3.27: Let Ac Y c X and A is RMG-closed set in X. Then A is RMG-closed in Y provided Y is open set in
X.

Proof: Let A be an RMG-closed set in X .Now Y is an open subset in X. Let U be any rg-open set in Y such that
AcU.Now A cUcY cX by the lemma 3.27, U is rg-open in X. Since A is RMG-closed in X. So cl(int(A)) c U.
As Y is open subspace of X then cly(inty(A)) < cl(int(A)) < U i.e. cly(inty(A)) < U. Hence A is RMG-closed set in
Y.

Theorem 3.28: If A is both rg-open and RMG-closed in X then A is pre-closed set in X.

Proof: Suppose A is both rg-open and RMG-closed set in X. To prove that A is pre-closed in X. Suppose U is a
rg-open set in X such that A = U. As A is RMG-closed, cl(int(A) S U then cl(int(A) € A. Thus is pre-closed set in X.

Corollary 3.29: If A is regular open and RMG-closed set in X then it is pre-closed set in X.
Theorem 3.30: If A is g-open and mildly-g-closed in X then A is RMG-closed set in X.

Proof: Let A is g-open and mildly-g-closed set in X. Suppose U is any rg-open set in X such that A € U. As A is
mildly-g-closed and A is g-open, cl(int(A)) € A € U. Hence A is RMG-closed set in X.

Theorem 3.31: If A is both open and RMG-closed in X then A is closed set in X.

Proof: Let A is both open and RMG-closed in X. To prove A is closed in X. Now A 2 cl(int(A)) 2 cl(A) since A is
openin X i.e. cl(A) € A. Also A € cl(A). Hence A = cl(A). Therefore A is closed set in X.

Theorem 3.32: Let A be a RMG-closed set in X. Then A is regular closed if and only if cl(int(A)) — A is rg-closed in X.

Proof: Let A is regular closed in X, cl(int(A)) = A. Therefore cl(int(A)) — A = @ which is rg-closed in every
topological space X. Conversely, Suppose that cl(int(A)) — A is rg-closed. Since A is RMG-closed, then by Theorem
3.21, cl(int(A)) — A = @ that is cl(int(A)) = A, Hence A is regular closed set in X.

Theorem 3.33: Suppose that B c A c X, B is RMG-closed relative to A and A is both regular generalized open and
RMG-closed subset of X, then B is RMG-closed set relative to X.

Proof: Let B c G and G be rg-open in X. Given BcAcX. This implies B € A n G. Since B is RMG-closed relative to
A, cl(inty(B)) € AN G. Since cl(inty(B)) = AN (cl(int(B)), we have A N cl(int(B)) € An G, from which we
obtain A € G U (cl(int(B))¢. Now G U (cl(int(B))¢ is rg-open in X. As A is RMG-closed, cl(int(A) € GU
(cl(int(B))¢. Since cl(int(B)) < cl(int(A)), cl(int(B)) € G U (cl(int(B))¢. Therefore B is RMG-closed set relative to
X.
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Theorem 3.34: In a topological space X, if regular generalized open sets of X are {X, @}, then every subset of X is
RMG-closed set.

Proof: Let X be any topological space and RGO(X) ={X, @}. Suppose A be any arbitrary subset of X, if A= @ then X
is the only rg-open set containing A and so cl(int(A)) < X. Hence by definition 3.1 A is RMG-closed set in X.

Remark 3.35: The converse of the Theorem 3.34 need not be true in general.

Example 3.36: Let X={a, b, ¢, d} with the topology =={X, @, {a, b}, {c, d}}, then every subset of X is a RMG-closed
set in X, but RGO(X)= P(X).

Definition 3.37: The intersection of all rg-open subsets of space X containing A is called regular generalized kernel of
A and is denoted as rgker(A).

Lemma 3.38: Let X be a topological space and A is an rg-open subset of X then rgker(A)=A, but not conversely.
Proof: Follows from definition 3.37.

Lemma 3.39: For any subset A of Space X, then A c rgker(A).

Proof: Follows from definition 3.37.

Theorem 3.40: A subset A is RMG-closed set in X if and only if cl(int(A)) c rgker(A).

Proof: Let A be an RMG-closed, cl(int(A)) c U, whenever A c U and U is rg-open in X. Let x € cl(int(A)) and
suppose x does not belong to rgker(X), then a rg-open set U containing A such that x is not in U. Since A is RMG-
closed we have x is not in cl(int(A)), which is contradiction. Hence x € rgker(A) and so cl(int(A)) < rgker(A).

Conversely, let cl(int(A)) c rgker(A).If U is any rg-open set containing A, then rgker(A) c U
i.e. cl(int(A)) c rgker(A) c U. Hence A is RMG-closed set in X.

Theorem 3.41: If a subset A of a topological space X is nowhere dense then it is RMG-closed.

Proof: Let a subset A of X is nowhere dense then cl(int(A)) = @, which is A c cl(A) and also A c int(cl(A)). As A is
nowhere dense, we have int(A) = @ implies that cl(int(A)) = @, therefore A is RMG-closed in X.

The converse of above Theorem 3.41 need not be true as shown from the example 3.42.

Example 3.42: Let X={a, b, ¢, d} with the topology =={X, @, {a}, {b}, {a, b}, {b, c}, {a, b, c}} then subset
A = {b, c,d} is RMG-closed set in X but not nowhere dense i.e. int(A) = {b,c} # 9.

4. CONCLUSION

In this article we have focused on regular mildly generalized closed sets in topological space which is lies between pre-
closed set and mildly-g-closed set. We got some important conclusions; this new class has very similar properties as
mildly-g-closed sets. In future it is useful to extend some more research works in different topological spaces.
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