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ABSTRACT

In this paper, we introduce a new subclass which are analytic and p-valent with alternating coefficients. Some results
like coefficient estimation, radius of convexity, closure theorem, extreme points, convolution and inclusion property of
p-valent functions are investigated.
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1. INTRODUCTION

Let 4(p)denote the class of f normalized univalent functions of the form:

f(z)=2" +> ()" ay., 2", (PeN={1,23,..}) (1.1)
n=1
which are analytic and p-valent in the unit disc E = {z : z € C;|z| <1}.

A function f(z)e 4 (p) is said to in the class of S; () p-valently starlike function of order a (Ga<p) if it satisfies, for z
€E, the condition

f(z)

Furthermore, a function f(z)e 4 (p) is said to in the class¥, (o)) of p-valently convex function of order a (8a<p) if it
satisfies, for z €E, the condition

zf(z

Re 1+.—() >a 1.3)
f @)

H. Ozlem G i ney and S. simmer Eker, [1], Yi-Hui Xu, Qing Yang and Jin-Lin Liu [2], K.S.Padmanabhan and

Ganeshan[3] and S.L.Shukla and Dastrath[4] have studied the certain classes of analytic functions with negative

coefficients. In this paper we introduce a new subclass S*(a,B,i,y) of A(p) defined by (1.1) and also satisfying
condition:

f(2)

Zé{zf(Z)Jra}—{z];((zz))jtp
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1 1
where |z|<1,peN,O£oc<1,0SB<1,§<§£1,§<y£1 .

We obtain the results like coefficient estimation, radius of convexity, closure theorem, extreme points, convolution and
inclusion property of analytic and p-valent functions alternating type.

2. COEFFICIENT ESTIMATION
Theorem 2.1: A function f(z) €4 (p) is in the class S*(oc, B,&,v) if and only if

2p+ D [(p+n+D)+B(p+a+1)—y(n+p+1) < 2EB[P(E—7) +af] (2.1)
n=p

Proof: Assume that inequality (2.1) holds true and let |z|=1. We show that f(z) e s (o, B,&,v) . From (1.4),

f'(2) f'(2)
ZE{Z f2) + }—y{zf(z)+p:|
20+ Y. ()" Hp+n+ Dy,

— n=p

2p[(E—vy)+28a] - Z )" 2e(a+n+1) —y(p+n+Day, 2" P
n=p

2p+ > ()" (p+n+l)a,,
< n=p

2006 —7) + 28]~ 3 (<D™ 2e(0+ 1 +1)—y(p+ 1+ Dan
n=p

2.2)

Above inequality is bounded above by B if,

2p[(&—7)+28a]- ) (-1)" 28 (0 +n+D) —y(p+Nn+D)an. < 2B[E(P+a) —py]
n=p

Hence by maximum modulus theorem, we have f(z) S (o, B,E,7)-

To prove the converse, assume that

f'(2)
2&{2f(z)+a

!

2p+ > ()™ (p+n+l)a,,, 2P

f(z)

n=p

: <P
mp}

n=p
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Note that |Re(z)| <| z|for all z,and so

2p+ > ()™ (p+n+l)a,, 2"
Re O::p <B (2.3)
2p[(E—v) +28a] - Z D)™ 2e(0+n+1) —y(p+n+D)Ja,, 2" P
n=p
Choosing value of z on real axis so that Z f(( ) is real. Upon clearing the denominator in (2.3) and allowing Z —>1
z

through the real values we obviously obtained required assertion (2.1).

Corollary 2.1A function f(z) e S*(oc, B,&,v) then

2¢B [p(&—7) +0f]
D" M(p+n+2) +B (2&(c+n+1) —y(p+n+1))]

a4 < forn € N with equality for f(z) given by,

f(Z) :Zp + 2‘23 [p(i—Y)+0@§] Zp+n’(n ENO) (2.4)
)" [(p+n+D)+P(2&(a+n+1)—y(p+n+1))]

Corollary 2.2: A function f(z)e S (o, B,&,v)and p = 1 then

26BI(E—7) +ag]
(=)™ (N +2) +B(2&(o+n+1) —y(n+2))]

Appy S forn e NO with equality for f(z) given by,

f(Z) —74 2&6[(§_'Y)+a§] Zl+n,(n c NO) (2.5)
(D)™ [(n+2)+B(2&(a+n+1) —y(n+2))]

Corollary 2.3 A function f(z) e s (o, B,1,1) then
2B
D" H(p+n+0)+B (20 +n+1)—y(p+n+1))]

aAppg S forn e NO with equality for f(z) given by,

2Ba

f(2) =2+ :
D" (p+n+D)+B(2(a+n+1D)—y(p+n+1))]

" (neNy) (2.6)

3. RADIUS OF CONVEXITY AND STARLIKENESS

Theorem 3.1: If f(z) .4 (p) is in the class S* (o, B, &, v) then f(z)p-valently convex in
1

p2 [2p+ (—1)n+l(p+ n +1) + Zé(p—i— n +l) —y(p+ n _|_1)J n+l-p

0<|z| <Ry =inf 5 (3.1)
n 2B[E(p+ ) —py](n+1)
The estimate is sharp for

D" (p+n+1)+B (25(a+n+1) —y(p+n+1)]
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Proof: It is sufficient to show that,

1+zf.ﬂ+p
f.,(z) <1 for0<|z|<R
1+zf.ﬂ—p
f(2)
f'(2) 2 p, N gyt n
1+z—"Z+p| 207"+ ) ()" (1+n+p)a,,,z
fz) | n-1
1+zf.ﬂ—p zp‘1+Z(—1)”+1(1+n—p)an+1z”
f(2) n=1
2p% + > ()" L+ n+plag, |z|n_'°+1
S n=1
> )" Ha+n—p)ag, 7"
n=1

The last expression is bounded by 1 provided,

0

1 2

n=1
Also from theorem 1, we have

20+ 3 ()™ H(p+n+1)+ B2E(o+ 1 +1)—y(p+n + D)Jan
n=p <1

2B[E(p+a) —py]

Thus (3.3) is satisfied if,

20+ 3 (L) H(p+n+1)+ e+ n+1)—y(p+n+D)an.q

al P 2B[E(p+a)—py]

Solving for |z| we get,

|z| =inf 5
n 2B [E(p+a)—py]l(n+1)

Substituting |Z| < Ry in (3.5) we obtained required assertion (3.1).

Corollary 3.1: A function f(z) e S*((x, B, &,1) then f(z)is convex in the disc

p? [Zp +(-)" (p+n+1)+25(p+n+1)—y(p+n +1)] n+l-p

p? [2p+ )" (p+n+1)+2&(p+n+)—(p+n +1)} n+l-p

0<|z|<R, =inf 5
n 2B[E(p+ ) —p](n+1)

The estimate is sharp for the function

f(Z) — Zp + Zéﬁ[p(&_l) + Oté] Zp+n (n c NO)

)" (p+n+1) +B(2E(a+n+1)—(p+n+1)]
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(3.5)

(3.6)

3.7)
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Corollary 3.2: A function f(z) e S*(oc, B,1,1) then f(z)is convex in the disc
1

p? [2p+ )" p+n+1)+2(p+n+1)—(p+n +1)} n+l—p
2B[(p+0) ~pI(n+1)*

0<|z| <Rz =inf (3.8)
n

The estimate is sharp for the function

f(2)=2°+ : 2pa zPHh (3.9)
D" [(p+n+D)+B(2Aa+n+D)—(p+n+1)]

Corollary 3.3: A function f(z) e s (o, B,1,1) then f(z)is convex in the disc
1

p2 [2p+ (_1)n+1(p +n+D)+2(p+n+1)—(p+n +1)} n+l-p
2B[(p+c)—pl(n+1)°

0<|z| <Ry =inf (3.10)
n

The estimate is sharp for the function

f(2)=2"+ : 2pa zP*h (3.11)
)" [(p+n+D)+B(2Aa+n+1)—(p+n+1)]

Theorem 3.2: If f(z) .4 (p) is in the class s (at, B, &, v) then f(z)p-valently convex in
1

p [2p+ ()" (p+n+1)+25(P+n+1)—y(p+n +1)} n+l-p
2B[E(p+a) —py)(n+1)°

0<|z| <Ry =inf (3.12)
n

Proof: It is sufficient to show that ,

@ | for 0<|z|<Rs

The rest of the details fairly straight forward and are thus omitted.

4. EXTREME POINTS

Theorem 4.1: 1f f,_, (2) = zP and

— 2EB[P(E—7) +a&] 2P (ne Nj)
D) (p+n+D)+B(2E(a+Nn+1) —y(p+n+1)]

Then f(z)e s (o, B,&,v) if and only if it can be expressed in the form

f(z)= Z kp+n fr(2) and Z }‘p+n =1
n=-1

n=-1

fon (@)= 2’ +

(4.1)

Proof: Assume

D)= 3 Apin @

n=-1
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Using equation (1.1),

3 26B[p(E—7) + 0E] o
f(z)=2" |
(Z) z +nzz;)7\'1+n (—1)n+l[(p+n+1)+B(2(i(a+n+1)—y(p+n+1)]Z (n S No) (4 2)

Notice that,

D A =1-k, <1
n=-1

Which implies that then f(z) € S (at, B, &, 7).

Conversely, let f(z) € s (o, 3,&,7) . Then by corollary (2.1)

2EB[p(E—7) +a&]
n+l , (N Np)
)" [(p+n+D)+B(25(a+n+1) —y(p+n+1)]

an+1 <

Setting,

S (ED™(p+n+D+B(2E(a+n+D)—y(p+n+D)]

Apar <
e 26BP(E—y) + aE]

A14n> (ne NO)

and

Apq=1- z Men Frin (2).We obtained f(z) = z Mpin Fraa(2)
n=p n=-1

We complete the proof of theorem.
5. CLOSURE THEOREM

Theorem 5.1: If

f(@)=2"+Y (-)"a,,,;2"" (27,1 20,j=123,..) (5.1)
n=p

be in the class f(z) s (at,3,&,7) . Then the function 9(z) = Z o fj(z) also belongs to the class f(z) S*(oc, B,E,7)
n=p

0
if chzl.
n=p

Proof: Let
[o0] [o0]
0(2) =Y ;2" + > (-)"ay, 2"
n=p n=p
o |
=ZP+ 3" > Ci(-D)"ap,y ;2"
n=p j=p
o0
_sP Z( 1)n+1Cn+1‘jZn+l
n=p

Where Cn+1,j = ZCJ an+1lj
=1
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Notice that f eS*(OL,B,&,y) since
$ D™ +n+D) +B(2e(o 0 +1) (0 +1)]
= 26BIP(E—1)+ 0]

E & ED" P+ +B 28 (0 +n+1) —y(p+n+1))]
=2.Cj An41,j
,Z ’E 26B[P(E—7) +0iE] -

SZCJ- =1 since fj(s) ef eS*(OL,B@aY)
=1

0
Theorem 5.2: Let fJ-=Zp+Zanﬂ,jZ””,am2O,j=1,2,3,... be in the class S (a,B,E,y) Then the
n=p

1 *
function h(z) = - Z f;(z) also belongs to the class S (o, 3, &, 7) -
n=p

Proof: We have,

1 o0
h(z) =Eij(z)
n=p
0 1 o0
h@)=2"+> —>ay, 2"
n=p m =1

o0 o0
1
=Zp+2dkzk where dkz—Zaij
n=p m =1

Since fj IS S*(oc, B,&,7v) from theorem 1, we have

i D" (p+n+D) +B(2E(o+n+1) —y(p+n +1))]an+1 <1 (52)
n=p 2E_>B [p(i_Y) +O('E.>] Y

Nowh(z) € s (o, B,&,7) since

$° ED" M0+ +B(2E(a+n+D) —y(p+n + D)y
= 26B[P(E—7) +0iE] “

_ i )" (p+n+1)+B2&a+n+D)—y(p+n+1)] 1 &
n=p

2EB[p(E—7) + 0] m o n+Lj
RS S ONC e CELES RS [ CR E R CILR)
M jin=p 2EB[P(E—7) + 0kl n+l,j

=1 by theorem (5.1)
Therefore f(z) € S (o, B,E,7)

6. CONVOLUTION AND INCLUSION PROPERTY
For

f(2)=2"+3 (D" a,.42"™ 2y, 20
n=p

9(2)=2"+ Y ()" b,z by 20
n=p
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*
inf(z) €S (a,B,&,y) the convolution of f(z)*g(z) is defined by,

f(2)*9(2)=2"+ Y (<D™ ap,ubpaz"™, ap,yby.g 20
n=p

Theorem 6.1: Let f(z) and g(z) belongs to S*(oc, B,&,v) the convolution of f(z)*g(z) € S*(oc, B,&,v) for
2EB[P(E—7) +al]l(p+n+1)

>
1 )™ (o rn+D) + B 2&(+n+D)—y(p+n+ D) — 26B[p(E —7) + wl(26(c + n +1)—y(p+n +1)
(6.1)

Proof: Since f(z) and g(z) belongs to s (o, 3,&,v) and so
$ D" M n D+ B sn D —yprn ), g
n=p 2E.>B [p(i_Y) +(XE.>]

and

5 D" +n+) +P2eorn+) —y(prn+ Dy g
= 26BIp(E—7)+ak] i

We need to find small number n such that

i D" (p+n+1)+B &0+ n+1) —y(p+n+1))]
= 2eBIP(E—7) + 0]

an+1bn+1 <1

Using Cauchy Schwartz inequality; we have

¢ (D™ (P+n+D+B (a4 N+ —y(p+n+1)] —r—
2 26B[P(E- 1)+ ouc] netPnet =

(6.2)

Thus it is enough to show that,
5 D" Mo n D +B@E( s+ —yprn D),
= 26B[P(E—7) +uf] e

< (D™ (P+n+D) 4o+ n+])—y(p+n+1)]
<2 26BIp(E- 1)+ auc] ittt

That is

n+1
2 b, < NED " {(p+n+D)+p(@8(a+n+1)—y(p+n+1)]
m B(_l)n+1[(p +n+D)+B(25(a+n+1)—y(p+n+1))]

28BIp(E—y) +af]
—_ .
Van oy < (D™ (p+n+1)+B(2E(a+n+1) —y(p+n+1)] o

In view of (6.3) and (6.4) it is enough to show that,

2¢B[p(E—7y) + 0kl
D" [(p+n+D)+B(2&(c+n+1) —y(p+n+1))]

NED™(P+n+D) +BRE(a+n+1) —y(p+n +1))]

B(-D)"(p+n+1)+B(2&(e + N +1) —y(p+n +1))]

(6.3)

On simplifying, we get

2EB[p(E—y) +ag]l(p+n+1)

>
D)™ [(p+n+D)+B(2&(a+n+1) —y(p+n+1)I* - 2EB[P(E —7) + o] (2&(c + N +1) —y(p+ N +1))
We complete the proof of theorem.

n
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*
Next we state that another inclusion theorem for the classS (a.,3,&,7) .

Theorem 6.2: Letf(2),9(z) € S*(oc, B,&,v) then

h(2)=2°+ 3" (af,1 +b7,1) 2" inS"(aB.E,7)
n=p
where

AEBIP(E—v) +acl(p+n+1)

>
D" (p+n+D)+B&(a+n+D) —y(p+n+1)]* —4EB[p(E—7) +al(2E(a+n+1) —y(p+n+1))
(6.5)

Proof:T(2),9(z) € S*(Ot, B,&,v) and hence

i{(—1)”+1[(p+n+1)+B(2§(0t+n+1)—Y(p+n+1))]Taz
= 2eB[p(E—7) +a] m

Si{(—D””[(pm+1)+B(2&(a+n+1)—v(p+n+1))]a Tgl
26Blp(& 1) +ut] i

(6.6)
n=p

Similarly,

$[ 0"+ n+D + e +0+D —1(prn D) "o
2¢BIp(&—1) +at] i

. i {(—1)”*1[00 +n+1)+B (28(a+n+1)—y(p+n+1)] me <1

>

=p

(6.7)

2EB[p(E—7) +ag]

n=p

We have to sh_ow that, .
i D" (p+n+1) +8(25(a+n+1) —y(p+n+1))]
n=p 2§8[p(§_’Y) +0“E.:]

@2, +b3,)<1 (6.8)

Adding (6.5) and (6.6), we get

i (D)™ (p+n+1)+ 8 (28(0+n+1)—y(p+n+1)] |
n=p 2&8 [p(ﬁ - Y) + (X&]

(hs1 +bi) <1 (6.9)

it is enough to show that,

{(-1)”*1[(p+ N+1)+5(2&(+n+1)—y(p+n +1))}
283[p(E-7) +ag]

<£|:(—1)n+1[(p+ n+1)+8(2&(c+n+1)—y(p+n +1))}2

2 283[p(E-v) +af]

This implies that

ACBLp(E—v) +all(p+n+1)

>
(D™ (p+n+1) +B(2&(a+n+1)—y(p+n+D)F - 4EB [p(E—7) +a](2E(a+n+1) —y(p+n+1))

We complete the proof of theorem.

*
In this paper, we derived interesting properties of subclass S (o, 3,&,y) which are analytic and p-valent. The results
like coefficient estimation, radius of convexity, closure theorem, extreme points, convolution and inclusion property of

*
subclass S (o, B, &, v) are obtained.
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