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ABSTRACT 
In this paper we study weak concircular symmetries of (𝑘𝑘, 𝜇𝜇)-contact metric manifold. Here we consider weakly 
concircular symmetric, weakly concircular Ricci-symmetric and special weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)-
contact metric manifold and obtained some interesting results. 
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1. INTRODUCTION 
 
The notion of weakly symmetric manifolds was introduced by Tamassy and Binh [13]. A non-flat Riemannian 
Manifold (𝑀𝑀 , 𝑔𝑔) (𝑛𝑛 > 2) is called weakly symmetric if its curvature tensor 𝑅𝑅 of type (0, 4) satisfies the condition 

(∇𝑋𝑋𝑅𝑅)(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) = 𝐴𝐴(𝑋𝑋)𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉 ) + 𝐵𝐵(𝑌𝑌)𝑅𝑅(𝑋𝑋, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) +  𝐻𝐻(𝑍𝑍)𝑅𝑅(𝑌𝑌, 𝑋𝑋, 𝑈𝑈, 𝑉𝑉) + 𝐷𝐷(𝑈𝑈)𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑋𝑋, 𝑉𝑉) 
                                        + 𝐸𝐸(𝑉𝑉)𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑋𝑋),                                                                                               (1.1)                     

                                                                                                                                                                                               
for all vector fields X, Y, Z, U, V, Z ∈ χ(M), where 𝐴𝐴, 𝐵𝐵, 𝐻𝐻, 𝐷𝐷 and 𝐸𝐸 are 1-forms (not simultaneously zero) and 𝑟𝑟 denotes 
the operator of covariant differentiation with respect to the Riemannian metric 𝑔𝑔. The 1-forms are called the associated 
1-forms of the manifold. In 1999 De and Bandyopadhyay [7] studied weakly symmetric manifolds and proved that in 
such a manifold the associated 1-forms 𝐵𝐵 = 𝐻𝐻 and 𝐷𝐷 = 𝐸𝐸.  
Then equation (1.1) turns into 

(∇𝑋𝑋𝑅𝑅)(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) = 𝐴𝐴(𝑋𝑋)𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) + 𝐵𝐵(𝑌𝑌 )𝑅𝑅(𝑋𝑋, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) +  𝐵𝐵(𝑍𝑍)𝑅𝑅(𝑌𝑌, 𝑋𝑋, 𝑈𝑈, 𝑉𝑉) + 𝐷𝐷(𝑈𝑈)𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑋𝑋, 𝑉𝑉) 
                                        + 𝐷𝐷(𝑉𝑉)𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑋𝑋).                                                                                               (1.2) 

 
A transformation of an (2𝑛𝑛 + 1)-dimensional Riemannian manifold 𝑀𝑀, which transforms every geodesic circle of 𝑀𝑀 
into a geodesic circle, is called a concircular transformation, which is defined by 

𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) = 𝑅𝑅(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) − 𝑟𝑟
2𝑛𝑛(2𝑛𝑛+1)

[𝑔𝑔(𝑍𝑍, 𝑈𝑈)𝑔𝑔(𝑌𝑌, 𝑉𝑉) − 𝑔𝑔(𝑌𝑌, 𝑈𝑈)𝑔𝑔(𝑍𝑍, 𝑉𝑉)],                                              (1.3) 
 

where 𝑟𝑟 is the scalar curvature of the manifold. Recently Shaikh and Hui [10] introduced the notion of weakly 
concircular symmetric manifolds. 
 
A (2𝑛𝑛 + 1)-dimensional Riemannian manifold is called weakly concircular symmetric manifold if its concircular 
curvature tensor 𝐶̃𝐶 of type (0, 4) is not identically zero and satisfies the condition 

�∇𝑋𝑋𝐶̃𝐶�(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) = 𝐴𝐴(𝑋𝑋)𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) + 𝐵𝐵(𝑌𝑌)𝐶̃𝐶(𝑋𝑋, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) +  𝐻𝐻(𝑍𝑍)𝐶̃𝐶(𝑌𝑌, 𝑋𝑋, 𝑈𝑈, 𝑉𝑉) + 𝐷𝐷(𝑈𝑈)𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑋𝑋, 𝑉𝑉) 
                                        +𝐸𝐸(𝑉𝑉)𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑋𝑋),                                                                                                (1.4) 

 
for all vector fields 𝑋𝑋, 𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉, 𝑍𝑍 ∈ 𝜒𝜒(𝑀𝑀), where 𝐴𝐴, 𝐵𝐵, 𝐻𝐻, 𝐷𝐷 and 𝐸𝐸 are 1-forms (not simultaneously zero). Also in [10], 
it is shown that, in weakly concircular symmetric manifolds, the associated 1-forms 𝐻𝐻 = 𝐵𝐵 and 𝐸𝐸 = 𝐷𝐷. And so 
equation (1.4) reduces to 

�∇𝑋𝑋𝐶̃𝐶�(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) = 𝐴𝐴(𝑋𝑋)𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) + 𝐵𝐵(𝑌𝑌)𝐶̃𝐶(𝑋𝑋, 𝑍𝑍, 𝑈𝑈, 𝑉𝑉) + 𝐵𝐵(𝑍𝑍)𝐶̃𝐶(𝑌𝑌, 𝑋𝑋, 𝑈𝑈, 𝑉𝑉) + 𝐷𝐷(𝑈𝑈)𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑋𝑋, 𝑉𝑉), 
                                    + 𝐷𝐷(𝑉𝑉)𝐶̃𝐶(𝑌𝑌, 𝑍𝑍, 𝑈𝑈, 𝑋𝑋),                                                                                                   (1.5) 

where 𝐴𝐴, 𝐵𝐵 and 𝐷𝐷 are 1-forms (not simultaneously zero). 
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Again Tamassy and Binh [13] introduced the notion of weakly Ricci symmetric manifolds. A Riemannian manifold is 
called weakly Ricci symmetric manifold if its Ricci tensor 𝑆𝑆 of type (0, 2) is not identically zero and satisfies the 
condition 

(∇𝑋𝑋𝑆𝑆(𝑌𝑌, 𝑍𝑍) = 𝐴𝐴(𝑋𝑋)𝑆𝑆(𝑌𝑌, 𝑍𝑍) + 𝐵𝐵(𝑌𝑌)𝑆𝑆(𝑍𝑍, 𝑋𝑋) + 𝐷𝐷(𝑍𝑍)𝑆𝑆(𝑋𝑋, 𝑌𝑌),                                                                          (1.6) 
 

where 𝐴𝐴, 𝐵𝐵 and 𝐷𝐷 are three non-zero 1-forms, called the associated 1-forms of the manifold and ∇ denotes the operator 
of covariant differentiation with respect to the metric tensor 𝑔𝑔. 
 
Let {𝑒𝑒𝑖𝑖 : 𝑖𝑖 = 1, 2, 3, . . . . . . . . , 2𝑛𝑛 + 1} be an orthonormal basis of the tangent space at each point of the manifold and let 

∑ 𝑃𝑃(𝑌𝑌, 𝑉𝑉) = 𝐶̃𝐶(𝑌𝑌, 𝑒𝑒𝑖𝑖 , 𝑒𝑒𝑖𝑖 , 𝑉𝑉)2𝑛𝑛+1
𝑖𝑖=1 ,                                                                                                                      (1.7) 

 
then by virtue of (1.3), we have 

∑ 𝑃𝑃(𝑌𝑌, 𝑉𝑉)2𝑛𝑛+1
𝑖𝑖=1 = 𝑆𝑆(𝑌𝑌, 𝑉𝑉) − 𝑟𝑟

2𝑛𝑛+1
𝑔𝑔(𝑌𝑌, 𝑉𝑉).                                                                                                       (1.8) 

 
Here the tensor 𝑃𝑃, called the concircular Ricci tensor [8], is a symmetric tensor of type (0, 2).  In [8] De and Ghosh 
introduced the notion of weakly concircular Ricci symmetric manifolds. A Riemannian manifold is called weakly 
concircular Ricci symmetric manifold [8] if its concircular Ricci tensor 𝑃𝑃 of type (0, 2) is not identically zero and 
satisfies the condition 

(∇𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝑍𝑍) = 𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌, 𝑍𝑍) + 𝐵𝐵(𝑌𝑌)𝑃𝑃(𝑋𝑋, 𝑍𝑍) + 𝐷𝐷(𝑍𝑍)𝑃𝑃(𝑌𝑌, 𝑋𝑋),                                                                      (1.9) 
where 𝐴𝐴, 𝐵𝐵 and 𝐷𝐷 are three 1-forms (not simultaneously zero).  
 
The present paper is organized as follows: In Section 2, we recall the basic notions and preliminary results of (𝑘𝑘, 𝜇𝜇)-
contact metric manifolds needed throughout the paper. In Section 3, we consider weakly concircular symmetric (𝑘𝑘, 𝜇𝜇)--
contact metric manifold and obtained the expression for sum of associated 1-forms 𝐴𝐴, 𝐵𝐵 and 𝐷𝐷. In fact, section 4 is 
devoted to the study of weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)--contact metric manifold and it is shown that there 
exist no weakly concircular Ricci-symmetric (k, μ)-contact metric manifold of constant scalar curvature, unless the sum 
of the associated 1-forms is everywhere zero. Finally, in Section 5 we consider special weakly concircular Ricci 
symmetric (𝑘𝑘, 𝜇𝜇)--contact metric manifold and if it admits a cyclic parallel Ricci tenor then the 1-form 𝐴𝐴 vanishes 
everywhere. 
 
2. PRELIMINARIES 
 
A (2𝑛𝑛 + 1)-dimensional smooth manifold 𝑀𝑀 is said to be contact manifold if it carries a global differentiable 1-form 𝜂𝜂 
which satisfies the condition 𝜂𝜂 ∧ (𝑑𝑑𝑑𝑑)𝑛𝑛 ≠ 0, everywhere on 𝑀𝑀. Also a contact manifold admits an almost contact 
structure (𝜙𝜙, 𝜉𝜉, 𝜂𝜂), where 𝜙𝜙 is a (1, 1)-tensor field, 𝜉𝜉 is a characteristic vector field and 𝜂𝜂is a global 1-form such that 

𝜙𝜙2 = −𝐼𝐼 + 𝜂𝜂⨂𝜉𝜉,   𝜂𝜂(𝜉𝜉) = 1   𝜙𝜙𝜙𝜙 = 0,    𝜂𝜂 ∘ 𝜙𝜙 = 0.                                                                                      (2.1) 
 

An almost contact structure is said to be normal if the induced almost complex structure 𝐽𝐽 on the product manifold 
𝑀𝑀 × 𝑅𝑅 defined by 

𝐽𝐽 �𝑋𝑋, 𝜆𝜆 𝑑𝑑
𝑑𝑑𝑑𝑑
� = �𝜙𝜙𝜙𝜙 − 𝜆𝜆𝜆𝜆, 𝜂𝜂(𝑋𝑋) 𝑑𝑑

𝑑𝑑𝑑𝑑
�, 

 
is integrable, where 𝑋𝑋 is tangent to 𝑀𝑀, 𝑡𝑡 is the coordinate of 𝑅𝑅 and 𝜆𝜆 a smooth function on  𝑀𝑀⊗𝑅𝑅. The condition of 
almost contact metric structure being normal is equivalent to vanishing of the torsion tensor [𝜙𝜙, 𝜙𝜙] + 2𝑑𝑑𝑑𝑑⨂𝜉𝜉 , where 
[𝜙𝜙, 𝜙𝜙] is the Nijenhuis tensor of 𝜙𝜙. Let 𝑔𝑔 be the compatible Riemannian metric with almost contact structure (𝜙𝜙, 𝜉𝜉, 𝜂𝜂), 
that is, 

𝑔𝑔(𝜙𝜙𝜙𝜙, 𝜙𝜙𝜙𝜙) = 𝑔𝑔(𝑋𝑋, 𝑌𝑌) − 𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌),     𝑔𝑔(𝑋𝑋, 𝜉𝜉) = 𝜂𝜂(𝑋𝑋),                                                                                 (2.2) 
 

for all vector fields 𝑋𝑋, 𝑌𝑌 ∈ 𝜒𝜒(𝑀𝑀). A manifold 𝑀𝑀 together with this almost contact metric structure is said to be almost 
contact metric manifold and it is denoted by 𝑀𝑀(𝜙𝜙, 𝜉𝜉, 𝜂𝜂, 𝑔𝑔). An almost contact metric structure reduces to a contact 
metric structure if  

𝑔𝑔(𝑋𝑋, 𝜙𝜙𝜙𝜙 ) = 𝑑𝑑𝑑𝑑(𝑋𝑋, 𝑌𝑌). 
 
Given a contact metric manifold 𝑀𝑀(𝜙𝜙, 𝜉𝜉, 𝜂𝜂, 𝑔𝑔), we consider a (1, 1) tensor field h defined by  ℎ = 1

2
𝐿𝐿𝜉𝜉𝜙𝜙. where 𝐿𝐿 

denotes the Lie differentiation, ℎ is a symmetric operator and satisfies ℎ𝜙𝜙 =  −𝜙𝜙ℎ. Again we have 𝑡𝑡𝑡𝑡ℎ = 𝑡𝑡𝑡𝑡𝑡𝑡ℎ = 0, 
and ℎ𝜉𝜉 = 0. Moreover, if ∇ denotes the Riemannian connection of 𝑔𝑔, then the following relations hold [3]: 

∇𝑋𝑋𝜉𝜉 =  −𝜙𝜙𝜙𝜙 − 𝜙𝜙ℎ𝑋𝑋, (∇𝑋𝑋𝜂𝜂)𝑌𝑌 = 𝑔𝑔(𝑋𝑋 + ℎ𝑋𝑋, 𝜙𝜙𝜙𝜙).                                                                                         (2.3) 
 
Blair, Koufogiorgos and Papantoniou [3] introduced the (𝑘𝑘, 𝜇𝜇)-nullity distribution of a contact metric manifold 𝑀𝑀 and 
is defined by 

𝑁𝑁(𝐾𝐾, 𝜇𝜇): 𝑝𝑝 ⟶ 𝑁𝑁𝑝𝑝(𝐾𝐾, 𝜇𝜇) = {𝑈𝑈 ∈ 𝑇𝑇𝑝𝑝𝑀𝑀′|𝑅𝑅(𝑋𝑋, 𝑌𝑌)𝑈𝑈 = (𝐾𝐾𝐾𝐾 + 𝜇𝜇ℎ)𝑅𝑅0(𝑋𝑋, 𝑌𝑌)𝑈𝑈, 
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for all 𝑋𝑋, 𝑌𝑌 ∈ 𝑇𝑇𝑇𝑇, where (𝑘𝑘, 𝜇𝜇) ∈ 𝑅𝑅2. A contact metric manifold with 𝜉𝜉 ∈ 𝑁𝑁(𝑘𝑘, 𝜇𝜇) is called a (𝑘𝑘, 𝜇𝜇)-contact metric 
manifold. If  𝐾𝐾 = 1, 𝜇𝜇 = 0, then the manifold becomes Sasakian [3]. If 𝜇𝜇 = 0, the (𝑘𝑘, 𝜇𝜇)-nullity distribution is reduced 
to the 𝑘𝑘-nullity distribution [14]. The 𝑘𝑘- nullity distribution 𝑁𝑁(𝑘𝑘) of a Riemannian manifold is defined by: 

𝑁𝑁(𝐾𝐾): 𝑁𝑁𝑝𝑝(𝐾𝐾) = {𝑈𝑈 ∈ 𝑇𝑇𝑝𝑝𝑀𝑀|𝑅𝑅(𝑋𝑋, 𝑌𝑌)𝑈𝑈 = 𝐾𝐾𝑅𝑅0(𝑋𝑋, 𝑌𝑌)𝑈𝑈, 
𝑘𝑘 being constant. If 𝜉𝜉 ∈ 𝑁𝑁(𝐾𝐾), then we call a contact metric manifold 𝑀𝑀 an 𝑁𝑁(𝑘𝑘)-contact metric manifold. 
 
In a (k, μ)-contact metric manifold the following relations hold [3, 4]: 

ℎ2 = (𝑘𝑘 − 1)𝜙𝜙2,                                                                                                                                              (2.4) 
𝑅𝑅0(𝑋𝑋, 𝑌𝑌)𝑍𝑍 = 𝑔𝑔(𝑌𝑌, 𝑍𝑍)𝑋𝑋 − 𝑔𝑔(𝑋𝑋, 𝑍𝑍)𝑌𝑌,                                                                                                                (2.5) 
𝑅𝑅(𝑋𝑋, 𝑌𝑌)𝜉𝜉 = (𝑘𝑘𝑘𝑘 + 𝜇𝜇ℎ)𝑅𝑅0(𝑋𝑋, 𝑌𝑌 )𝜉𝜉,                                                                                                                  (2.6) 
𝑆𝑆(𝑋𝑋, 𝜉𝜉) = 2𝑛𝑛𝑛𝑛𝑛𝑛(𝑋𝑋),                                                                                                                                         (2.7) 
𝑆𝑆(𝑋𝑋, 𝑌𝑌 ) = [2(𝑛𝑛 − 1) − 𝑛𝑛𝑛𝑛]𝑔𝑔(𝑋𝑋, 𝑌𝑌) + [2(𝑛𝑛 − 1) + 𝜇𝜇]𝑔𝑔(ℎ𝑋𝑋, 𝑌𝑌) + [2(1 − 𝑛𝑛) + 𝑛𝑛(2𝑘𝑘 + 𝜇𝜇)]𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌),      (2.8) 
𝑆𝑆(𝜙𝜙𝜙𝜙, 𝜙𝜙𝜙𝜙) = 𝑆𝑆(𝑋𝑋, 𝑌𝑌) − 2𝑛𝑛𝑛𝑛𝑛𝑛(𝑋𝑋)𝜂𝜂(𝑌𝑌) − 2(2𝑛𝑛 − 2 + 𝜇𝜇)𝑔𝑔(ℎ𝑋𝑋, 𝑌𝑌).                                                              (2.9) 

 
3. WEAKLY CONCIRCULAR SYMMETRIC (k, μ)-CONTACT METRIC MANIFOLD 
 
Definition 3.1: A (2𝑛𝑛 + 1)-dimensional (𝑘𝑘, 𝜇𝜇)-contact metric manifold 𝑀𝑀 is said to be weakly concircular symmetric 
if its concircular curvature tensor 𝐶̃𝐶 of type (0, 4) satisfies (1.5). 
 
Setting 𝑌𝑌 = 𝑉𝑉 =  𝑒𝑒𝑖𝑖  in (1.5) and taking summation over 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 2𝑛𝑛 +  1, we get 

∇𝑋𝑋𝑆𝑆(𝑍𝑍, 𝑈𝑈) = −
𝑑𝑑𝑑𝑑(𝑋𝑋)

(2𝑛𝑛 + 1) 𝑔𝑔
(𝑍𝑍, 𝑈𝑈) = 𝐴𝐴(𝑋𝑋) �𝑆𝑆(𝑍𝑍, 𝑈𝑈) −

𝑟𝑟
(2𝑛𝑛 + 1) 𝑔𝑔

(𝑍𝑍, 𝑈𝑈)� 

                     +𝐵𝐵(𝑍𝑍) �𝑆𝑆(𝑋𝑋, 𝑈𝑈) − 𝑟𝑟
2𝑛𝑛+1

𝑔𝑔(𝑋𝑋, 𝑈𝑈)� + 𝐷𝐷(𝑈𝑈)[𝑆𝑆(𝑍𝑍, 𝑋𝑋) − 𝑟𝑟
(2𝑛𝑛+1)

𝑔𝑔(𝑍𝑍, 𝑋𝑋)] 
                     +𝐵𝐵(𝑅𝑅(𝑋𝑋, 𝑍𝑍)𝑈𝑈) + 𝐷𝐷(𝑅𝑅(𝑋𝑋, 𝑈𝑈)𝑍𝑍) 
                     − 𝑟𝑟

2𝑛𝑛(2𝑛𝑛+1)
[�𝐵𝐵(𝑋𝑋) + 𝐷𝐷(𝑋𝑋)�𝑔𝑔(𝑍𝑍, 𝑈𝑈) − 𝐵𝐵(𝑍𝑍)𝑔𝑔(𝑋𝑋, 𝑈𝑈) − 𝐷𝐷(𝑈𝑈)𝑔𝑔(𝑋𝑋, 𝑍𝑍).                                      (3.1) 

 
Putting 𝑋𝑋 = 𝑍𝑍 = 𝑈𝑈 = 𝜉𝜉 in (3.1) and then using (2.6) and (2.7), we obtain 

𝐴𝐴(𝜉𝜉) + 𝐵𝐵(𝜉𝜉) + 𝐷𝐷(𝜉𝜉) = 𝑑𝑑𝑑𝑑(𝜉𝜉)
𝑟𝑟−2𝑛𝑛𝑛𝑛 (2𝑛𝑛+1)

,   𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 + 1).                                                                              (3.2) 
 
Hence we can state the following theorem: 
 
Theorem 3.1: In a weakly concircular symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold, the relation (3.2) holds true provided  
𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 + 1). 
 
Next, substituting 𝑋𝑋 and 𝑍𝑍 by 𝜉𝜉 in (3.1) and then using (2.6) and (2.7), we get 

[𝐴𝐴(𝜉𝜉) + 𝐵𝐵(𝜉𝜉)] �
𝑟𝑟

2𝑛𝑛 + 1
− 2𝑛𝑛𝑛𝑛� 𝜂𝜂(𝑈𝑈) + �

𝑟𝑟(2𝑛𝑛 − 1)
2𝑛𝑛(2𝑛𝑛 + 1) + (𝐾𝐾𝐾𝐾 + 𝜇𝜇ℎ)� 𝐷𝐷(𝑈𝑈) 

          +𝐷𝐷(𝜉𝜉)[ 𝑟𝑟
2𝑛𝑛(2𝑛𝑛+1)

− (𝐾𝐾𝐾𝐾 + 𝜇𝜇ℎ)] − 𝑑𝑑𝑑𝑑 (𝜉𝜉)
(2𝑛𝑛+1)

𝜂𝜂(𝑈𝑈) = 0.                                                                               (3.3) 
 
By virtue of (3.2), it follows from (3.3) that 

𝐷𝐷(𝑈𝑈) = 𝐷𝐷(𝜉𝜉)𝜂𝜂(𝑈𝑈),    𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 + 1).                                                                                                        (3.4) 
 
Next, setting 𝑋𝑋 = 𝑈𝑈 = 𝜉𝜉 in (3.1) and proceeding in a similar manner as above, we obtain 

𝐵𝐵(𝑍𝑍) = 𝐷𝐷(𝜉𝜉)𝜂𝜂(𝑍𝑍),   𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 +  1).                                                                                                        (3.5) 
 
Again, setting 𝑍𝑍 = 𝑈𝑈 = 𝜉𝜉 in (3.1) and using (2.6), we get 

𝐴𝐴(𝑋𝑋) = 𝑑𝑑𝑑𝑑 (𝑋𝑋)
�𝑟𝑟−2𝑛𝑛𝑛𝑛 (2𝑛𝑛+1)�

 − 1
𝑟𝑟−2𝑛𝑛𝑛𝑛 (2𝑛𝑛+1)

� 𝑟𝑟
2𝑛𝑛
− (𝐾𝐾𝐾𝐾 + 𝜇𝜇ℎ)� �𝐵𝐵(𝑋𝑋) + 𝐷𝐷(𝑋𝑋)� 

          +�𝐵𝐵(𝜉𝜉) + 𝐷𝐷(𝜉𝜉)� � 𝑟𝑟
2𝑛𝑛
− (𝐾𝐾𝐾𝐾 + 𝜇𝜇ℎ) − �𝑟𝑟 − 2𝑛𝑛𝑛𝑛(2𝑛𝑛 + 1)�� 𝜂𝜂(𝑋𝑋).                                                        (3.6)      

  
Theorem 3.2: In a weakly concircular symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold, the associated 1-forms 𝐷𝐷, 𝐵𝐵 and 𝐴𝐴 
are given by (3.4), (3.5) and (3.6), respectively. 
 
4. WEAKLY CONCIRCULAR RICCI-SYMMETRIC (k, μ)-CONTACT METRIC MANIFOLD 
 
Definition 4.2: A (2𝑛𝑛 + 1)-dimensional (𝑘𝑘, 𝜇𝜇)-contact metric manifold 𝑀𝑀 is said to be weakly Concircular Ricci-
symmetric if its concircular Ricci tensor 𝑃𝑃 of type (0, 2) satisfies (1.9). 
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In view of (1.8) and (1.9), we have 

(∇𝑋𝑋𝑆𝑆)(𝑌𝑌, 𝑍𝑍) − 𝑑𝑑𝑑𝑑(𝑋𝑋)
2𝑛𝑛+1

𝑔𝑔(𝑌𝑌, 𝑍𝑍) = 𝐴𝐴(𝑋𝑋) �𝑆𝑆(𝑌𝑌, 𝑍𝑍) − 𝑟𝑟
2𝑛𝑛+1

𝑔𝑔(𝑌𝑌, 𝑍𝑍)�  +𝐵𝐵(𝑌𝑌) �𝑆𝑆(𝑋𝑋, 𝑍𝑍) − 𝑟𝑟
2𝑛𝑛+1

𝑔𝑔(𝑋𝑋, 𝑍𝑍)� 
                                                 +𝐷𝐷(𝑍𝑍)[𝑆𝑆(𝑌𝑌, 𝑋𝑋) − 𝑟𝑟

2𝑛𝑛+1
𝑔𝑔(𝑌𝑌, 𝑋𝑋)].                                                                    (4.1) 

 
Setting 𝑋𝑋 = 𝑌𝑌 = 𝑍𝑍 = 𝜉𝜉 in (4.1), we get the relation (3.2) and hence we can state the following: 
 
Theorem 4.3: In a weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold, the relation (3.2) holds true. 
 
Next, substituting 𝑋𝑋 and 𝑌𝑌 by 𝜉𝜉 in (4.1) and then using (2.7), we get 

𝐷𝐷(𝑍𝑍) = 𝐷𝐷(𝜉𝜉)𝜂𝜂(𝑍𝑍), 𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 +  1).                                                                                                         (4.2) 
 
Again putting 𝑋𝑋 = 𝑍𝑍 = 𝜉𝜉 in (4.1), we obtain 

𝐵𝐵(𝑌𝑌) = 𝐵𝐵(𝜉𝜉)𝜂𝜂(𝑌𝑌),   𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 +  1).                                                                                                         (4.3) 
 
Now setting 𝑌𝑌 = 𝑍𝑍 = 𝜉𝜉 in (4.1), we get 

       𝐴𝐴(𝑋𝑋) = 𝑑𝑑𝑑𝑑 (𝑋𝑋)
𝑟𝑟−2𝑛𝑛𝑛𝑛 (2𝑛𝑛+1)

+ �𝐴𝐴(𝜉𝜉) − 𝑑𝑑𝑑𝑑(𝜉𝜉)
𝑟𝑟−2𝑛𝑛𝑛𝑛 (2𝑛𝑛+1)

� 𝜂𝜂(𝑋𝑋),   𝑟𝑟 ≠ 2𝑛𝑛𝑛𝑛(2𝑛𝑛 + 1).                                                  (4.4) 
 
Hence we can state the following: 
 
Theorem 4.4: In a weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold, the associated 1- forms 𝐷𝐷, 𝐵𝐵 
and 𝐴𝐴 are given by (4.2), (4.3) and (4.4), respectively. 
 
Adding (4.2), (4.3) and (4.4) and then using (3.2), we get 

𝐴𝐴(𝑋𝑋) + 𝐵𝐵(𝑋𝑋) + 𝐶𝐶(𝑋𝑋) = 𝑑𝑑𝑑𝑑 (𝑋𝑋)
𝑟𝑟−2𝑛𝑛𝑛𝑛 (2𝑛𝑛+1)

,   for 𝑋𝑋.                                                                                                  (4.5) 
 
This leads us to the following: 
 
Theorem 4.5: In a weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold, the sum of the associated         
1-forms is given by (4.5). 
 
Also from (4.5), we can state the following: 
 
Corollary 4.1: There exist no weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold of constant scalar 
curvature, unless the sum of the associated 1-forms is everywhere zero. 
 
5. SPECIAL WEAKLY CONCIRCULAR RICCI-SYMMETRIC (𝒌𝒌, 𝝁𝝁)-CONTACT METRIC MANIFOLD 
 
A Riemannian manifold is said to be special weakly concircular Ricci symmetric manifold if its concircular Ricci 
tensor 𝑃𝑃 of type (0, 2) is not identically zero and satisfies the condition 

(∇𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝑍𝑍) = 2𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌, 𝑍𝑍) + 𝐴𝐴(𝑌𝑌)𝑃𝑃(𝑋𝑋, 𝑍𝑍) + 𝐴𝐴(𝑍𝑍)𝑃𝑃(𝑌𝑌, 𝑋𝑋),                                                                     (5.1) 
 
where 𝐴𝐴 is a non zero 1-form defined by 

𝐴𝐴(𝑋𝑋) = 𝑔𝑔(𝑋𝑋, 𝜉𝜉),                                                                                                                                               (5.2) 
where 𝜌𝜌 is the associated vector field. 
 
Now taking cyclic sum of (5.1), we get 

(∇𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝑍𝑍) + (∇𝑌𝑌𝑃𝑃)(𝑍𝑍, 𝑋𝑋) + (∇𝑍𝑍𝑃𝑃)(𝑋𝑋, 𝑌𝑌) = 4{𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌, 𝑍𝑍) + 𝐴𝐴(𝑌𝑌)𝑃𝑃(𝑋𝑋, 𝑍𝑍) + 𝐴𝐴(𝑍𝑍)𝑃𝑃(𝑌𝑌, 𝑋𝑋)}.                (5.3) 
 
Let 𝑀𝑀 admits a cyclic Ricci tensor. Then (5.3) reduces to 

𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌, 𝑍𝑍) + 𝐴𝐴(𝑌𝑌)𝑃𝑃(𝑋𝑋, 𝑍𝑍) + 𝐴𝐴(𝑍𝑍)𝑃𝑃(𝑌𝑌, 𝑋𝑋) = 0.                                                                                         (5.4) 
 
Substituting 𝑍𝑍 = 𝜉𝜉 in the above equation and by virtue of (1.8), (2.7) and (5.2), we obtain 

(2𝑛𝑛𝑛𝑛(2𝑛𝑛 + 1) − 𝑟𝑟)[𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + 𝐴𝐴(𝑌𝑌)𝜂𝜂(𝑋𝑋)] + 𝜂𝜂(𝜌𝜌)((2𝑛𝑛 + 1)𝑆𝑆(𝑌𝑌, 𝑋𝑋) − 𝑟𝑟𝑟𝑟(𝑌𝑌, 𝑋𝑋)) = 0.                          (5.5) 
 
Taking 𝑌𝑌 = 𝜉𝜉 in (5.5), gives 

𝐴𝐴(𝑋𝑋) = −2𝜂𝜂(𝜌𝜌)𝜂𝜂(𝑋𝑋).                                                                                                                                      (5.6) 
 
Again taking 𝑋𝑋 = 𝜉𝜉  in (5.6), we have 

𝜂𝜂(𝜌𝜌) = 0.                                                                                                                                                         (5.7) 
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In view of (5.6) and (5.7), we get 

𝐴𝐴(𝑋𝑋) = 0 for all 𝑋𝑋.                                                                                                                                          (5.8) 
 
Hence we can state the following theorem: 
 
Theorem 5.6: If a special weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇) contact metric manifold Admits a cyclic Ricci 
tensor then the 1-form 𝐴𝐴 vanishes everywhere. 
 
Also from Theorem 5.6., we can derive the following corollary: 
 
Corollary 5.2: If a special weakly concircular Ricci-symmetric (𝑘𝑘, 𝜇𝜇)-contact metric manifold is not an Einstein 
manifold, then the 1-form 𝐴𝐴 is always non zero. 
 
REFERENCES 

 
1. Ahmet Yildiz and U.C. De, A classification of (𝑘𝑘, 𝜇𝜇)-Contact Metric Manifolds, Commun. Korean Math, Soc., 

27 (2012), 327-339. 
2. D.E. Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Math. 509, Springer-Verlag, 1976. 
3. D.E. Blair, T. Koufogiorgos and Papantoniou, Contact metric manifolds satisfying a nullity condition, Israel J. 

Math., 91, 189 (1995). 
4. E. Boeckx, A full classification of contact metric (𝑘𝑘, 𝜇𝜇)-spaces, Illinois J. Math., 44 (1), 212 (2000).  
5. W.M. Boothby and H.C. Wang, On contact manifolds, Ann. of Math., 68 (1958), 721-734. 
6. E. Cartan, Sur une classe remarquable despaces de Riemannian, Bull. Soc. Math., France 54 (1926), 214-264. 
7. U.C. De and S. Bandyopadhyay, On weakly symmetric Riemannian spaces, Publ. Math. Debrecen, 54 (1999), 

377-381. 
8. U.C. De and G.C. Ghosh, On weakly concircular Ricci symmetric manifolds, South East Asian J. Math. and 

Math. Sci., 3 (2), (2005), 9-15. 
9. Y.A. Ogawa, Condition for a compact Kaehlerian space to be locally symmetric, Natur. Sci. Report 

Ochnomizu Univ., 28, 21 (1977). 
10. A.A. Shaiakh and S.K. Hui, on weakly concircular symmetric manifolds, Ann. Sti. Ale Univ., Al. I. Cuza, Din 

Iasi, 1 (2009), 167-186. 
11. A.A. Shaiakh and S.K. Hui, On weak symmetries of trans-Sasakian manifolds, Proc. Estonian Acad. Sci., 58 

(4) (2009), 213-223. 
12. Shyamal Kumar Hui, On weak concircular symmetries of kenmotsu manifolds, Acta Universitatis Apulensis, 

26 (2011), 129-136. 
13. L. Tamassy and T.Q. Binh, On weak symmetries of Einstein and Sasakian manifolds, Tensor N. S., 53 (1993), 

140-148. 
14. S. Tanno, Ricci curvatures of contact Riemannian manifolds, Tohoku Mathematical journal, 40, 441 (1988). 
15. S. Tanno, Locally symmetric 𝐾𝐾-contact Riemannian manifolds, Proc. Japan Acad., 43, 581 (1967).  
16. Venkatesha and C.S. Bagewadi, On concircular 𝜙𝜙-recurrent LP-Sasakian manifolds, Differ. Geom. Dyn. 

Syst., 10, (2008), 312-319. 
17. K. Yano, Concircular geometry I, concircular transformations, Proc. Imp. Acad. Tokyo, 16 (1940), 195- 200. 
18. K. Yano and M. Kon, Structures on Manifolds, Vol. 3 of Series in Pure Mathematics, World Scientific, 

Singapore, 1984.  
 

Source of support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 

 


