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ABSTRACT 
The aim of this paper is to examine some convergence as well as some stability results for a pair of nonself mappings 
using a newly introduced Jungck–multistep iteration and given contractive condition. The results are generalization, 
improvements and extensions of the works of Olaleru and Akewe [16] Olatinwo [20, 21], Bosede[4],Singh et al. [28], 
Rhoades[24] as well as of some other analogous ones in the literature. 
 
 
 
1. INTRODUCTION AND PRELIMINARIES 
 
Many authors have worked on multistep iteration schemes to approximate fixed points for a pair of quasicontractive 
maps in Banach spaces. First of all, Jungck introduced an iteration  for a pair of contractive maps[8]. One of the most 
general contractive like operators which have been studied by several authors is the Zamfirescu operators[31] .Rhoades 
[24] used  Zamfirescu operators to obtain some convergence results for Mann and Ishikawa iteration processes in a 
uniformly convex Banach space. Osilike [22] generalized and extended some of the results of Rhoades [24] by using a 
more general contractive definition than those of Rhoades: there exist a∈  [0, 1), L ≥ 0 such that 

d(Tx, Ty) ≤ Ld(x, Tx) + ad(x, y) ∀  x, y∈X                                                                                   (1.1) 
 
In 2003, Imoru and Olatinwo [18] proved the stability of the Picard and the Mann iteration processes for the following 
operator which is more general than the one  introduced by Osilike [22].The operator satisfies the following contractive 
definition: there exist a∈  [0, 1) and a monotone increasing function ϕ : R+→R+  with ϕ (0) = 0, such that 

d(Tx, Ty) ≤ ϕ (d(x, Tx)) + ad(x, y) ∀  x, y∈X                                                                               (1.2) 
 
Olatinwo et al. [19] also considered the stability of the Ishikawa and Kirk iteration process when the operator satisfies 
(1.2). 
 
Let  (X, ||⋅||) be a normed linear space and S, T: Y→X are nonself operators with T(Y) ⊆ S(Y), S(Y) a complete 
subspace of X such that  for each pair of points x, y in X at least one of  the following is true: 

(i) d(Tx, Ty) ≤ ad(Sx, Sy) 
(ii) d(Tx, Ty) ≤ b [d(Sx, Tx) + d(Sy, Ty)] 
(iii) d(Tx, Ty) ≤ c [d(Sx,Ty) + d(Sy, Tx)] ,                                                                                                            (1.3) 

 
Maps satisfying (1.3) are called generalized Zamfirescu operators.    
 
Olatinwo and Imoru [17] proved some convergence results for the Jungck–Mann and Jungck–Ishikawa iteration 
process in the class of generalized Zamfirescu operator. 
 
Singh et al. [28] established some stability results for Jungck and Jungck-Mann iteration processes by employing two 
contractive definitions: 

||Tx − Ty|| ≤ φ(||Sx − Tx||) + L ||Sx−Sy||, L ≥ 0, 
 
||Tx − Ty|| ≤ φ(||Sx − Tx||) + δ||Sx−Sy||, δ∈[0, 1),                                                                             (1.4) 

both of which generalize those of Osilike [19] . 
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Noor [12] introduced a three step iterative scheme and studied the approximate solutions of variational inclusion in 
Hilbert spaces. It has been shown in [6] that the three-step iterative scheme gives better numerical results than the two-
step and one-step approximate iterations. Thereafter, Suantai [29] defined the new three-step iterations which are 
extensions of Noor iterations and gave some weak and strong convergence theorems of the modified Noor iterations for 
asymptotically nonexpansive mappings in Banach space.  
 
Results obtained in this paper can be considered as a refinement and improvement of the previously known results: 

xn+1 = (1−αn −βn −γn) xn + αn nTy + βn nTz  + γn Txn, 

ny  = n n n n n(1 b c )x + b Tz− −  + cn Txn, 

n n n nz = (1 a ) x + a− Txn, n = 0, 1, 2,…..,                                                                                     (1.5) 
 
where {an}, {bn}, {cn}, { bn + cn  }, {αn }, {βn}, {γn}, and {αn +βn +γn }are sequences  in [0, 1] satisfying  certain 
conditions. 
 
The aim of this paper is to introduce and employ the newly iterative scheme, i.e., modified Jungck-multistep iteration 
process defined iteratively by the sequence { }n n=0

Sx ∞  as follows: 

                x0∈Y,   Sxn+1 = (1−αn −βn −γn)Sxn + αn 1
nTy + βn k-1

nTy  + γn Txn,  

S i
ny  = i i i i+1

n n n n n(1 b c )Sx +b Ty− −  + i
nc Txn, i = 1, 2,…… k −2,                                                (1.6) 

S k-1 k-1 k-1
n n n ny = (1 b )Sx + b− Txn, n = 0, 1, 2,….., k ≥ 2, 

where 0{ } ,n nα ∞
= { }n 0 n 0

{β } , γn n

∞∞
= =

, i i
n 1 n =1{b } ,{c } ,n n

∞ ∞
=  i = 1, 2,…..k−1 are real sequences in [0,1) such that ∑

∞

=

∞=α
0n

n . 

 
Putting γn = βn= 0 in (1.6), we obtain the Jungck-multistep iteration defined by J.O. Olaleru and H. Akewe [16]; 

Sxn+1 = (1−αn )Sxn + αn 1
nTy , 

S i
ny  = i i i+1

n n n n(1 b )Sx +b Ty− , i = 1, 2,…… k −2,                                                                       (1.7) 

S k-1 k-1 k-1
n n n ny = (1 b )Sx + b− Txn, n = 0, 1, 2,….., k ≥ 2, 

where 0{ } ,n nα ∞
= , i

n 1{b }n
∞
=  , i = 1, 2,…..k−1 are real sequences in [0,1) such that ∑

∞

=

∞=α
0n

n . 

If γn = βn= 0, k=3 in (1.6), we have the Jungck-Noor iteration [21]: 
Sxn+1 = (1−αn )Sxn + αn nTy , 

S ny  = n n n n(1 b )Sx +b Tz−                                                                                                          (1.8) 

S 1 1
n n n n= (1 b )Sx + bz − Txn, n = 0, 1, 2,… 

 
If γn = βn= 0, k=2 in (1.6), we have the Jungck-Ishikawa iteration [17]  

Sxn+1 = (1−αn )Sxn + αn nTy , 

S ny = n n n n(1 b )Sx +b Tx− ,    n = 0, 1, 2,…                                                                               (1.9) 
 
If γn = βn= 0, k=1 in (1.6), we have the Jungck-Mann iteration[17]:  

Sxn+1 = (1−αn )Sxn + αn nTx ,    n = 0, 1, 2,…                                                                               (1.10) 
 
In addition to multistep iteration process (1.6), the following contractive definition is used:  

||Tx − Ty|| ≤ eL||Sx−Tx|| {φ(||Sx − Tx||) + δ||Sx−Sy||},                                                                         (1.11) 
where φ is monotonic increasing function with φ(0) = 0, δ∈[0, 1) and L ≥ 0.  
 
Remark 1.1: Contractive condition (1.11) Is more general than (1.4), as by putting L= 0 in (1.11), we get (1.4) 
 
Definition 1.1: [9] A point x∈X is called a coincidence point of a pair of self maps S, T if there exist a point w (called 
point of coincidence) in X such that w = Tx = Sx. Let C(S, T) = (x∈X such that Sx = Tx). Self maps S and T are said 
to be occasionally weakly compatible if they commute at some of their coincidence points, that is, STx = TSx for some 
x∈  C(S, T) 
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Remark 1.2: Weakly compatible mappings are Occasionally weakly compatible but converse is not true. 
 
Definition 1.2: [28] Let S, T: Y→X be nonself operators for an arbitrary set Y such that  T(Y) ⊆  S(Y) and z  a 

coincidence point of S and T such that Tz = Sz = p. Let { }n n=0
Sx ∞ ⊂  X, be the sequence generated by an iterative 

procedure  
Sxn+1 = f (T, xn ),  n = 0, 1……….                                                                                                   (1.12) 

where x0∈X is the initial approximation and f is some function. Suppose { }n n=0
Sx ∞

converges to p. Let { }n n=0
Sy X∞ ⊂  

 

be an arbitrary sequence in X and set nε = d(yn+1, f(T, yn)), n = 0,1,…Then, the iterative procedure (1.12) is said to  be  

( S, T)-stable or stable  if and only if 
n
lim
→∞

 0=∈n   implies 
n
lim
→∞

Syn = p. 

 
Lemma 1.1 [3]: If δ is a real number such that 0 ≤ δ < 1, and n n=0{ }∞∈  is a sequence of positive numbers such that 

n
lim
→∞

 0=∈n , then for any sequence of positive numbers n n=0{u }∞  satisfying n+1 n nuδu ≤ +∈ , n = 0, 1, 2….., 

We have  
n
lim
→∞

 u 0n =  

 
2. MAIN RESULTS 
 
Theorem 2.1: Let (X, ||⋅||) be an arbitrary Banach space, S, T: Y→X are nonself operator for an arbitrary set Y such 
that T(Y) ⊆ S(Y) and that (1.11) holds. Suppose z is a coincidence point of S and T such that Tz = Sz = p. Then the 
multistep iteration {Sxn} given by (1.6) converges strongly to p. In addition, if Y=X and S, T are occasionally weakly 
compatible mappings, then p is unique common fixed point of S and T. 
 
Proof: Since Tz = Sz = p, using (1) and (2), we have  
||Sxn+1 −p|| ≤ (1−αn −βn −γn) ||Sxn−p|| + αn || 1

nTy p− || + βn ||
k-1
nTy p− || + γn||Txn−p|| 

                  ≤ (1−αn −βn −γn) ||Sxn−p|| + αn eL||Sz−Tz|| {φ(||Sz−Tz||) + δ|| 1
nSy Sz− ||} 

                       + βn eL||Sz−Tz|| {φ(||Sz−Tz||) + δ k-1
n|| Sy Sz− ||}+ γn eL||Sz−Tz|| {φ(||Sz−Tz||) + δ ||Sxn−Sz||} 

                  = (1−αn −βn − γn)||Sxn− p||+αnδ||S 1
ny Sz− ||+βn δ

1
n|| Syk− −Sz|| +γ δ||Sxn−Sz|| 

                  = (1−αn −βn −γn + γn δ) ||Sxn−p|| + αn δ||S 1
ny p− || + βn δ||S 1k

ny − −p||                                                          (2.1) 
 
An application of (1.6) and (1.11) yields 
|| 1

nSy p− || ≤ (1− 1bn  − 1cn ) ||Sxn−p|| + 1bn  ||T 2
ny −p|| + 1cn ||Txn−p|| 

                   ≤ (1− 1bn  − 1cn ) ||Sxn−p|| + 1bn eL||Sz−Tz||{φ(||Sz−Tz||) + δ||S 2
ny −Sz||}+ 1cn eL||Sz−Tz||{φ(||Sz−Tz||)+δ||Sxn −Sz||} 

                   = (1− 1bn  − 1cn ) ||Sxn−p|| + δ 1bn ||S 2
ny −p|| + 1cn δ||Sxn−p|| 

                   = (1− 1bn  − 1cn + 1cn δ ) ||Sxn−p|| +δ 1bn ||S 2
ny −p||                                                                       (2.2) 

 
Again using (1.6) and (1.11), we have  
|| k 1

nSy p ||− − ≤ (1− bk−1) ||Sxn−p|| + bk−1 ||Txn − p|| 
                     ≤ (1−bk−1) ||Sxn−p|| + bk−1 eL||Sz−Tz|| {φ(||Sz−Tz||) + δ ||Sxn−Sz||} 
                     = (1− bk−1) ||Sxn−p|| + δ bk−1  ||Sxn−p|| 
                     = (1− bk−1 + δ bk−1) ||Sxn−p||                                                                         (2.3) 
 
Substituting (2.2) and (2.3) in (2.1) and rearranging the terms, we have  
||Sxn+1 −p|| ≤ {1−αn (1−δ) −βn(1−δ) − γn(1−δ) −δαn c1(1−δ)−δβn bp−1(1−δ) − δ αn

1
nb }||Sxn−p||+ δ2 αn 1

nb ||S 2
ny −p|| (2.4) 

 
Similar to (2.2), an application of (1.6) and (1.11) gives  
||S 2

ny −p|| ≤ (1− δ+− 2
n

2
n

2
n ccb ) ||Sxn−p|| + δ 2 3

n nb ||Sy p||−                                                                                     (2.5) 
 
Substituting (2.5) in (2.4) and rearranging the terms, we have  
||Sxn+1 −p|| ≤ {1−αn(1−δ) −βn(1−δ) −γn(1−δ) −δαn

1cn (1−δ) − δβn bk−1(1−δ) 

                        − δαn
1
nb (1−δ) −δ2 αn 1

nb 2
nc (1−δ) −δ2 αn 1

nb 2
nb } ||Sxn−p|| + δ3 αn

1
nb 2 3

n nb ||Sy −p||             (2.6) 
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Similar to (2.5), an application of (1.6) and (1.11) gives  
3
n|| Sy −p|| ≤ (1− )ccb 3

n
3
n

3
n δ+−  ||Sxn−p|| + δ 3 4

n nb ||Sy p||−                                                                        (2.7) 
 
Substituting (2.7) in (2.6) and rearranging the terms, we have  
||Sxn+1−p|| ≤ {1−αn(1−δ) −βn(1−δ) − γn(1−δ) −δαn

1
nb  (1−δ)− δαn 1

nc (1−δ) 

                           − δβ bp−1(1−δ) −δ2 αn )1(bb)1(cb 2
n

1
nn

22
n

1
n δ−αδ−δ−  − δ3 αn 3

n
2
n

1
n cbb (1− δ) 

                                   − δ3 αn }bbb 3
n

2
n

1
n ||Sxn−p|| + δ4 αn 

1 2 3 4
n n n nb b b ||Sy p||−  

                 ≤ {1−αn(1−δ) − δ3 αn 3
n

2
n

1
n bbb } ||Sxn−p|| + δ4 αn 3

n
2
n

1
n bbb  4

n||Sy p||−  (2.8) 
 
Continuing the above process, we have  
||Sxn+1 −p|| ≤ {1−αn(1− δ) − δk−2 αn

3
n

2
n

1
n bbb ........ k 2

nb − } ||Sxn−p|| + δk−1αn
3
n

2
n

1
n bbb ...... k 2 k 1

n nb || Sy p ||− − −  

                  ≤ {1−αn(1−δ) − δk−2 αn 3
n

2
n

1
n bbb .... k 2

nb − } ||Sxn−p||  

                          + δk−1 αn 3
n

2
n

1
n bbb ...... k 2

nb − {(1−bk−1)||Sxn−p|| +bk−1||Txn−p||} 

                  ≤ {1−(1−δ) αn − δk−2 αn 3
n

2
n

1
n bbb ....... 2k

nb − } ||Sxn−p|| 

                          +δk −1 αn 3
n

2
n

1
n bbb +...

k 2
nb − [(1−bk−1) ||Sxn−p|| + k 1

nb − eL||Sz−Tz||{φ(||Sz−Tz||) + δ||Sxn −Sz||}] 

                  =  {1−(1−δ)αn−δ
k−2 αn

2
n

1
nbb ..... k 2bn

− }||Sxn−p||+δk−1αn
3
n

2
n

1
n bbb ..... k 2bn

− {1− k 1
nb −  + δ k 1

nb − }||Sxn−p|| 

                  ≤ 1−(1−δ)αn − δk−2 αn 2
n

1
nbb ....... k 2bn

− (1−δ)} ||Sxn −p|| 
                  ≤ {1−(1−δ)αn} ||Sxn−p|| 

                  ≤ 
0

{
n

k=
∏ 1−(1−δ)αk }||Sx0 − p|| 

                  ≤ ∏
=

αδ−−
n

0k

k)1(e ||Sx0 − p|| 

                  = 

n

k
k=0

(1δ) α

e
− − ∑

||Sx0 −p||                                                            (2.9) 

Since 0 ≤ δ < 1, αk ∈[0, 1) and ∑
∞

=

∞=α
1n

n , then  
∑
=

−−

∞→

n

k
k

e
n

0

)1(

lim
αδ

 = 0 

 
It follows from (2.9) that 

∞→n
lim ||Sxn+1−p|| = 0. Therefore n n=0{Sx }∞  converges strongly to p. 

 
Now we show that p is unique. If possible, let p∗ be another point of coincidence then Tz∗= Sz∗ = p∗ for some z∗ ∈X.  
 
Hence, from (1.7) we have  
||Tz−Tz∗|| = ||p − p∗|| ≤ eL||Sz−Tz|| {φ(||Sz − Tz||) + δ||Sz−Sz∗||} = δ||p−p∗||. 
 
Since 0 ≤ δ < 1, then p = p∗ and so p is unique. 
 
Since S, T are occasionally weakly compatible, then Sp = STz =TSz = Tp and hence p is a coincidence point of S and T 
and since the coincidence point is unique, then p = p∗  and hence Sp= Tp = p and therefore p is unique common fixed 
point of S and T. 
 
Corollary 2.2: [Theorem 3.2 [16]] Let (X, ||⋅||) be an arbitrary Banach space, S, T: Y→X are nonself operator for an 
arbitrary set Y such that T(Y)⊆ S(Y) and that (1.4) holds. Suppose z is a coincidense point of S and T such that           
Tz = Sz = p. Then the multistep iteration {Sxn} given by (1.7) converges strongly to p. In addition, if Y = X and S, T are 
weakly compatible mappings, then p is unique common fixed point of S and T. 
 
Corollary 2.3: Let (X, ||⋅||) be an arbitrary Banach space, S, T: Y→X are nonself operator for an arbitrary set Y such 
that T(Y)⊆ S(Y) and that (1.11) holds. Suppose z is a coincidence point of S and T such that Tz = Sz = p. Then the 
Jungck- Noor iteration (1.8) converges strongly to p. In addition, if Y=X and S, T are occasionally weakly compatible 
mappings, then p is unique common fixed point of S and T. 
 
Remarks: 
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2.1 If  L= 0 in (1.10), then weaker version of  corollary 2.3  gives the results of [20] where the convergence is to 

the coincidence point of S and T and S is assumed injective. 
2.2 We know that Jungck-Mann and Jungck Ishikawa iterations are special cases of Jungck-Noor iteration, so if 

L= 0, then weaker version of corollary 2.3 gives results of [20]. where the convergence is to the coincidence 
point of S and T and S is assumed injective. Also weaker version of corollary 2.2 gives results of [4]. 

2.3 Since the contractive condition(1.11) is more general than (1.4) and( 1.3) so convergence theorems for 
operators satisfying(1.4) and (1.3) using multistep iterations (1.6), (1.7) and Jungck –Noor iteration (1.8) are 
obtained in theorem 2.1, corollary 2.2 and corollary 2.3 respectively. 

2.4 If S =Id (identity map), corollary 2.3 gives the results of [2] with the help of remark 2.2. 
 
Theorem 2.4: Let (X, ||⋅||) be a normed linear space and S, T: Y→X are nonself operators such that (1.11) holds and 
T(Y) ⊆ S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any   
x0∈Y, let n n=0{Sx }∞ be the Jungck-multistep iteration defined by (1.6) with 0≤ α≤ αn, 0≤ β≤ βn, 0≤ γ ≤ γ n, 0≤ i

nb ≤ b, 
for all  i =1, 2, 3,…k-1 and  for all n, converges to p. Then the Jungck-Multistep iteration is (S, T) stable. 
 
Proof: Suppose that n n=0{Sy }∞  be an arbitrary sequence in X and define  

n n=0{ }∞∈ by n∈ = ||Syn+1 − (1−αn −βn −γn) Syn − αn nTp − βn nTq  −γnTyn ||, 

where                   nSp  = i i i
n n n n n(1 b c )Sy +b Tq− − + icn Tyn, i = 1, 2,…… k −2, 

k 1 k 1
n n n n nSq =(1 b )Sy +b Ty ,− −−  n = 0, 1, 2,…., k ≥ 2,                                                                 (2.10) 

 
Let lim

n→∞ n∈ = 0, then by employing contractive condition (1.11) and the triangle inequality to establish that 

lim
n→∞

Syn = p: 

||Syn+1 −p || ≤ (1−αn −βn −γn) ||Syn −p || + αn || nTp −p ||+βn || nTq −p ||+γn ||Tyn−p|| + n∈                                          (2.11) 
 
An application of (1.11) and (2.10) gives  
||T np  −Tz || ≤ eL|| Sz−Tz || {φ(||Sz−Tz||) + δ|| nSp Sz− ||} 

                     = δ|| nSp Sz− || 

                     ≤ δ{ i i i
n n n n n(1 b c ) Sy Sz +b Tq Tz− − − −  + i

n nc Ty Tz− }, i = 1, 2,.. k −2                        (2.12) 
 
||T nq −Tz || ≤ eL || Sz−Tz || {φ(||Sz−Tz||) + δ|| nSq Sz− ||} 

                    = δ|| nSq Sz− || 

                    ≤ δ{ k 1 1
n n n n(1 b ) Sy Sz +b Ty Tzk− −− − − }, i = 1, 2,.. k −2 

                    ≤ δ k 1 1
n n n(1 b ) Sy Sz +δb k− −− − { eL || Sz−Tz || {φ(||Sz−Tz||) +δ|| nSy Sz− ||} 

                    ≤ δ k-1 2 k-1
n n n(1-b +a b ) Sy -Sz                                                                                                              (2.13) 

 
From (1.11) we have  
||Tyn−Tz||  ≤ eL || Sz−Tz || {φ(||Sz−Tz||) + δ|| nSy Sz− ||} 

                 = δ|| nSy Sz− ||                                                                                                                                           (2.14) 
 
Substituting (2.13) and (2.14) in (2.12), we have  
||T np −Tz ||≤ i i 2 i 2 i k 1 3 i k 1 2 i

n n n n n n n n n(δ δb δc +δ b  δ b b +δ b b +δ c ) Sy Sz− −− − − −                                                  (2.15) 
 
Substituting (2.13), (2.14) and (2.15) in (2.11) and rearranging the terms, we have  
||Syn+1 −p || ≤ [1−αn (1−δ)−βn(1−δ) −γn (1−δ)  − αnδ i

nb (1−δ) −αnδ
i
nc (1−δ) 

                       −βnδ
k -1
nb (1−δ)−αnδ

2 i
nb k -1

nb (1−δ)] || nSy Sz− || + n∈  

                   ≤ [1−α(1−δ)−β(1−δ) −γ(1−δ)−αδb (1−δ) −αδc(1−δ) −βδb(1−δ) −αδ2b2 (1−δ)] || nSy Sz− || + n∈       (2.16) 
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Since 0 ≤ 1−α(1−δ)−β(1−δ) −γ(1−δ)  −αδb (1−δ) −αδc(1−δ) −βδb(1−δ) −α δ2 b2 (1−δ) < 0 and lim
n→∞ n∈ = 0, using 

Lemma (1.1) in (2.16) yield lim
n→∞

Syn = p. 

 
Conversely, let lim

n→∞
Syn = p. Then an application of contractive condition (1.11) and the triangle inequality gives  

n∈ ≤ || n+1Sy p− ||+(1−αn−βn −γn) ||Syn −p|| +αn || nTp −p ||+βn || nTq −p ||+γn ||Tyn−p||                                            (2.17) 
 
Substituting (2.13), (2.14) and (2.15) in (2.17), we have  

n∈ ≤ || n+1Sy Sz− || + [1−αn (1−δ)−βn(1−δ)−γn (1−δ) − αnδ i
nb (1−δ)                                   

             −αnδ
i
nc (1−δ) −βn δ k -1

nb (1−δ)−αnδ
2 i

nb k -1
nb (1−δ)] || nSy Sz− || 

       ≤ || n+1Sy Sz− ||+ [1−α(1−δ)−β(1−δ) −γ(1−δ)−αδb(1−δ) −αδc(1−δ) −β δ b(1−δ)−αδ2b2(1−δ)]|| nSy Sz−      (2.18) 
 
Since  
0 ≤ 1−α(1−δ)−β(1−δ) −γ(1−δ)−αδb (1−δ)−αδc(1−δ) −βδb(1−δ) −αδ2b2 (1−δ) < 0 and lim

n→∞
Syn = p, from (2.18) we 

have lim
n→∞ n∈ = 0 

 
Corollary 2.5: Let (X, ||⋅||) be a normed linear space and S, T: Y→X are nonself operators such that (1.11) holds and 
T(Y) ⊆ S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any x-

0∈Y, let  n n=0{Sx }∞  be the Jungck-multistep iteration defined by (1.7) with  0≤ α≤ αn, 0≤ i
nb ≤ b, for all  i =1,2,3,…k-1 

and  for all n, converges to p. Then the Jungck- multistep iteration (1.7) is (S, T) stable. 
 
Corollary 2.6: Let (X, ||⋅||) be a normed linear space and S, T: Y→X are nonself operators such that (1.11) holds and 
T(Y) ⊆ S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any x-

0∈Y, let  n n=0{Sx }∞  be the Jungck-Noor iteration defined by (1.8) with 0≤ α≤ αn, 0≤ 1
nb , bn ≤ b for all n, converges to 

p. Then the Jungck-Noor iteration (1.8) is (S, T) stable. 
 
Corollary 2.7: Let (X, ||⋅||) be a normed linear space and S, T: Y→X are nonself operators such that (1.9) holds and 
T(Y) ⊆ S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any    
x0∈Y, let n n=0{Sx }∞  be the Jungck-Ishikawa iteration defined by (1.10) with  0≤ α≤ αn , 0≤ 1

nb  ≤ b  for all n, converges 
to p. Then the Jungck-Ishikawa iteration is (S, T) stable.  
 
Remark 2.5: If L=0, then corollary 2.2 gives theorem 3.2 in [19] 
 
Corollary 2.8: Let (X, ||⋅||) be a normed linear space and S, T: Y→X are nonself operators such that (1.10) holds and 
T(Y) ⊆ S(Y), S(Y) a complete subspace of X. Let z be a coincidence point of S and T such that Tz = Sz = p. For any   
x0∈Y, let  n n=0{Sx }∞  be the Jungck-Mann iteration defined by (1.10) with 0≤ α≤ αn for all n, converges to p. Then the 
Jungck-Mann iteration is (S, T) stable.   
 
Remark 2.6: As contractive condition (1.11) more general than [1.4] corollary 2.8 gives results in [28] 
 
Remark 2.7: As given condition 1.11 is more general than generalized Zamfirescu operators, the above results        
[2.5-2.8] also hold for generalized Zamfirescu operators (1.3). 
 
REFERENCES 
 

1. Abbas, M., Jungck, G.: Common fixed point results for noncommuting mappings without continuity in cone 
metric spaces, J. Math. Anal. Appl., 341(2008), 416-420. 

2. Berinde, V.: On the convergence of Ishikawa iteration in the class of quasi- contractive operators, Acta Math. 
Univ. Comenianae, LXXIII (1) (2004), 119-126. 

3. Berinde, V., Iterative Approximation of Fixed Points, Editura Efemeride (2002). 
4. Bosede, A O., Strong convergence results for the Jungck–Ishikawa and Jungck–Mann iteration processes, 

Bulletin of Mathematical Analysis and Applications, 2(3) (2010), 65-73.  
5. Das K.M., Naik K.V.: Common fixed point theorems for commuting maps on metric spaces, Proc. Amer. 

Math. Soc., 77(1979), 369-373. 
 



Anju Panwar* / Results on Convergence and Stability of the modified Jungck-multistep iteration scheme / IJMA- 7(4), April-2016. 

© 2016, IJMA. All Rights Reserved                                                                                                                                                     237   

6. Goebel, K. and Kirk, W.A.: A fixed point theorem for asymptotically nonexpansive mappings, Proceeding of 
American mathematical society, 35(1972), 171-174.  

7. Ishikawa, S.: Fixed points by a new iteration method, Proc. Amer. Math. Soc., 149(1974), 147-150. 
8. Jungck, G.: Commuting mappings and fixed points, Amer. Math. Monthly, 83(1976), 261-263. 
9. Jungck, G., Rhoades, B.E.: Fixed point theorems for occasionally weakly compatible mappings. 
10. Kannan, R.: Some results on fixed points II, Amer. Math. Monthly, 76(1969), 405-408. 
11. Mann, W.R.: Mean value methods in iteration, Proc. Amer. Math. Soc., 4(1953), 506-510. 
12. Noor, M.A.: New approximation schemes for general variational inequalities, Journal of Mathematical 

Analysis and Applications, 251(1) (2004), 217-229. 
13. Olaleru, J.O.: On the convergence of the Mann iteration in locally convex spaces, Carpathian Journal of 

Mathematics, 22(1-2) (2006), 115-120. 
14. Olaleru, J.O.: On the equivalence of Picard, Mann and Ishikawa iterations for a class of quasi-contractive 

operators, J. Nig. Assoc. Math. Phys., 11(2007), 51-56. 
15. Olaleru, J.O.: A new approximation method for the common fixed points of two weakly compatible mappings. 
16. Olaleru, J.O and Aweke, H.: On multistep iterative scheme for approximating the common fixed points of 

contractive-like operators.  
17. Olatinwo,M.O. and Imoru,C.O.: Some convergence results for the Jungck-Mann and Jungck-Ishikawa 

iteration process in the class of generalized Zamfirescu operators, Acta Math. Univ. Comenianae, 77(2) 
(2008), 299-304. 

18. Olatinwo,M.O. and  Imoru,C.O.: On the stability of Picard and Mann iteration processes, carp. j. Math. 19(2) 
(2003), 155-160.     

19. Olatinwo, M. O., Owojori, O. O. and Imoru, C. O., On Some Stability Results for Fixed Point Iteration 
Procedure, J. Math. Stat. 2 (1) (2006), 339-342. 

20. Olatinwo, M.O.: Some stability and strong convergence results for the Jungck-Ishikawa iteration process, 
Creative Math. and Info., 17(2008), 33-42. 

21. Olatinwo, M.O.: A generalization of some convergence results using the Jungck-Noor three step iteration 
process in arbitrary Banach space, Fasc. Math., 40(2008), 37-43. 

22. Osilike, M.O.: Stability results for Ishikawa fixed point iteration procedure, Indian J. Pure Appl. Math., 26(10) 
(1995), 937-941. 

23. Rafiq, A.: On the equivalence of Mann and Ishikawa iteration methods with errors, Math. Comm., 11(2006), 
143-152. 

24. Rhoades, B.E.: Comments on two fixed points’ iteration methods, J. Math. Anal. Appl., 56(2)(1976), 741-750. 
25. Rhoades, B.E.: Soltuz S.M., The equivalence between Mann-Ishikawa iterations and multi-step iteration, 

Nonlinear Anal., 58(2004), 219-228. 
26. Popescu, O.: Picard iteration converges faster than Mann iteration for a class of quasi-contractive operators, 

Math. Comm., 12(2007), 195-202. 
27. Singh, S.L.: On Common fixed points of commuting maps, Math. Sem. Notes Kobe Univ., 5(1977), 131-134. 
28. Singh, S.L.: Bhatnagar C., Mishra S.N., Stability of Jungck-type iterative procedures, International J. Math. 

and Math. Sc., 19(2005), 3035-3043. 
29. Suantai, S.: Weak and strong criteria of Noor iterations for asymptotically nonexpansive mappings, J. Math. 

Anal. Appl., Vol 311, No. 2 (2005), 506-517. 
30. Zhiqun, X.: Remarks of equivalence among Picard, Mann and Ishikawa iterations in normed space, Fixed 

Point Theory and Applications, Vol. 2007,  Article ID 61434, 5 pp. 
31. Zamfirescu, T.: Fixed point theorems in metric spaces, Arch. Math. (Basel), 23(1972), 292-298. 
32. Zeidler, E., Nonlinear Functional Analysis and its Applications, Fixed-Point Theorems I. Springer-Verlag, 

New York, Inc. (1986). 
 

Source of support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


