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ABSTRACT

In this paper we introduce the divisible hyper rings as a generalization of the usual hyper rings. We investigate some
of their properties and examples are constructed for divisible hyper rings.
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INTRODUCTION

The theory of algebraic hyper structures which is a generalization of ordinary algebraic structures was first introduced
by Marty [3].Since then, many researchers have studied the theory of hyper structures and develop it. Krasner has
studied the notion of hyper ring Davvaz [2] (2009) has defined some relations in hyper rings.

The hyper ring have appeared as a new class of algebraic hyper structures more general than that of hyper fields,
introduced by Krasnar in the theory o valued fields. Several types of hyper rings have been proposed, but the most
general one is that introduced by Spartalis[4], used also in the content of P -hyper rings or (H, R) -hyper rings [5]. A
comprehensive review of hype rings theory is covered in Nakassis, Vougioklis and in the book written by Davvaz,
Leoreanu-Fotea. R.Ameri, H. Hedayati defined k -hyper ideals in semi hyper rings in [1].

The aim of this paper is to initiate the study of divisibility in semi hyper rings and we construct some of their
properties, theorems and examples. First, we present the basic definitions.

PRELIMINARIES
In this section, some of the basic definitions are summarized which are needed in sequel.

Definition 2.1: A hyper groupoid (H, x) is called a semi hyper group if for all a, b, cof H, (ax b) x c=a x (b x ¢)
which means that U, cgxp U X € =Upepxe @ X V.

Definition 2.2: A hyper groupoid (H, x) which is both a semi hyper group and a quasi hyper group is called a hyper
group.

Definition 2.3: A hyper structure (H,®, ©®)is called a Ringoid if both @, ® are binary operations.

Definition 2.4: A Semi hyper ring is an algebraic structure (R, +, -) which satisfies the following axioms:
(1) (R, +) is a commutative hyper monoid, That is:
@ (x+y)+z=x+(y+2z)forallx,y,zeR.
(b) Thereis0 € R,suchthatx+0=0+x=xforall x €RR.
(c) x+y=y+xforallx,y € R.
(2) (R,.) is semi group, that is x.(y.z) = (x.y).z forall x, y, z € R.
(3) The multiplication is distributive with respect to hyper operation ‘+’ that is; x.(y + z) = x.y + X.z and
(4) (x+y)z=xz+yzforalxy zeR.
(5) The element 0 € R, is an absorbing element, that is; x.0 = 0.x =0 for all x € R.
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Example 2.5: Consider the set of 2x2 matrix on W: S :[[‘CI Z] la,b,c,d € W} where W is a set of whole numbers.
Then (S, +, -) is a semi hyper ring under the hyper operation of addition and multiplication is defined below:

For, A :[Z Z] and B :[Z,’ Z:] be taken from S.

mansn {2 O+ [f 5] (20 S eswonaft Y12 )

Then the additive identity being null matrix and multiplicative identity being identity matrix.

Example 2.6: The set R = {0, 1} with the following hyper operations is a semi hyper ring.

@ 0 1 ©1 0 1
0| {0}y | {1} 0 | {0} | {0}
1 {1 {01}y [ 1[{0}] {01}

Definition 2.7: An algebraic system (R, +, .) is said to be general hyper ring, if
(1) (R, +) is hyper group.
(2) (R, .)isasemi hyper group.
(3) ‘.”isdistributive with respect to ‘+’ .

Example 2.8: Hyper ring in the example 2.6 it is a general hyper ring and hence it satisfies the distributive property.
000®1)=0060 (001

0®0)O1=0601)B 061

001ld)=001)® (061

0d1)®1=(0061) & (LO1) and The other cases can be proved similar.

Example 2.9: The set R = {0, 1, 2} with the following hyper operations is a general hyper ring

@& 0 1 2 ©| 0 1 2

0 {0y {1} | {2} 0 | {0} | {0} | {0}
11y 2y ({12} ) | 1 {0} {1} {2}
2 [{2+[{12}| R 2 [ {0} | {2} | {01}

It satisfies the distributive property.

00102)=001)® (002

081)e2=002)8 (1 2

10002)=100® (1062

100)®2=(1©2)® (0® 2)and The other cases can be proved similar.

Definition 2.10: A hyper ring (R, +, -) is called commutative if (R, -) is commutative.

Definition 2.11: Let R; and R, be hyper rings. A mapping f: R; — R, is said to be good homomorphism if for all
a, b € Ry, f(a + b) = f(a) + f(b) and f (a.b) = f(a).f (b)

Example 2.12: Consider the hyper ring defined in the example 2.6, f: P — H where P = {0, 1}, for f(x) = 1.x
Then f(0) = 1.0 = {0}

f(1)=1.1={0, 1}

f1®0)=1601e&0)={0,1}

f(1) & f(0) = {0, 1} and

fl1O0)=10(1060)={0}

f(1) © f(0) = {0}

Hence f is a good homomorphism for f(x) = 1.x

DIVISIBILITY OF HYPER RINGS

Definition 3.1: A semi hyper ring (R,+, .) is called divisible if for any x € R and n € N, there is an element y € R such
that x € (y, .)" denotes the subset y.y.y.....y (n times) of R.
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Example 3.2: Consider the semi hyper ring H = {0, 1} defined in the Example 2.6. It is divisible.

Since,0eH,neNand1€eH
0e(, )
n=2,0€1®1={0, 1}
1e(, )
n=2,1€11={0, 1}
Hence H is divisible.

Definition 3.3 [2]: A non-empty subset S of a semi hyper ring (R, +, .) is called sub semi hyper ring of R if
(i) (@a+b)cSforalla, bes.
(ii) (@ab)=Sforalla, bes.

Example 3.4: In the semi hyper ring (R, +, ). Consider the example 2.9 is a sub semi hyper ring. Hence S = {0, 1},
S={0,2}and S={1, 2} and all.

Now, to prove S is a sub semi hyper ring
0@l=1cSforall0,1€S.
0@1l=0cSforall0,1€S.

Hence S satisfies the sub semi hyper ring property.

Now, to prove S = {0, 2} is a sub semi hyper ring
0@2=2cSforall0,2€S.
0©2=0cSforall0,2€S.
Hence S satisfies the sub semi hyper ring property.
Now, to prove S = {1, 2} is a sub semi hyper ring
1@2={1,2ycSforall1,2€S.
1®2=2cSforall1,2€S.
Hence S satisfies the sub semi hyper ring property.
Definition 3.5 [2]: A left hyper ideal of a semi hyper ring R is non-empty subset | of R, satisfying
(i) Forallx,yel,x+ycl.
(ii) Forallaelandx e R, x.a€l.

Example 3.6: Consider the semi hyper ring R = {0, 1} and | = {0} c R defined in the example 2.6. Hence | = {0} is a
left hyper ideal of R.

Now, to prove | is the left hyper ideal of R.
Let0.0el,000={0rcIforallx,y€l

ForallOeland1€R,0.1=0€1.
Hence we have | is the left hyper ideal of R.

Example 3.7: Consider the semi hyper ring R ={0, 1, 2} and | = {1, 2} c R.
Now, to prove | is the left hyper ideal of R.
Letl.2el,1@2={1,2}clforallx,y€el

Forallleland2€eR,1.2=2€1.
Hence we have | is the left hyper ideal of R.

Theorem 3.8: A sub semi hyper ring of a semi hyper ring is divisible and vice versa.
Proof: Let S be a sub semi hyper ring. That is

(i) @a®b)cSforalla,bes.

(i) @@b)cSforalla,bes.

To prove S is divisible.

Thatistoprovea € S,n e Nand b € S such thata € (b, -)"
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Let us considerae S,neN
Thena € (b, -)" for some b € S is divisible.
Conversely let us assume that S is divisible.
To prove S is sub semi hyper ring.
Since, S is divisible, we can get S is a semi hyper ring.
Then it also satisfies the sub semi hyper ring properties. That is

(i) (@a+b)ycSforalla,bes.

(if) (a.b)c Sforalla, beSs.
Now, leta € Sand b € S, then it Satisfies the sub semi hyper ring property.
Hence S is a sub semi hyper ring.
Example 3.9: Let S = {0, 1} is a sub semi hyper ring. Since from the above Example 3.4 is divisible.
Conversely suppose that S = {0, 1} is divisible. To prove S is a sub semi hyper ring. That is to prove

(i) (@+b)ycsforallabes.

(if) (@b)cSforalla, bes.

0@1={1}cSs.
001={0}csS

This implies that S is a sub semi hyper ring.
Hence S is a sub semi hyper ring.
Theorem 3.10: A left hyper ideal of a semi hyper ring is divisible and vice versa.
Proof: Let | be a hyper ideal of a semi hyper ring R. Then foranya,b € l,we havea® b < I.
Also, foranya, b €l,sinceael € R,wehavea, bel.
Claim I is divisible. That is to prove thata € (b, -)", wheren € N, a, b € I.
Leta€l,andn € N.
Since R is divisible, then a € (b, -)" for some b € Rand I <R, we have a € (b, -)" for some bel.
Hence 1 is divisible in R.
Conversely let us assume that, | is divisible in R.
To prove | is a left hyper ideal of R. That is to prove

(i) Forallx,yel,x+y c1l.

(if) Forallaelandx e R, x.a€l.
Obviously | is a hyper ideal of R.

Example 3.11: From the example 3.6 is divisible and vice versa.

Theorem 3.12: Let (R, +, -) is a semi hyper ring and {I;};c, be a family of hyper ideals of R is divisible. Then N;¢, I; is
also a hyper ideal of R which is divisible.

Proof: Leta, b € N;c, I, thena, b € I forall i € A.
Since, each I; is a hyper ideal of R,soa @ b < I; for all i € A.
Thus,a@® b S N;ep I

Now, forx e Randa e N, I; = a€ljforallie A,sox-a€ljforallieA = Xx-a€ N, I
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Similarly a - X € Njep I;
Then N;ep I; is a hyper ideal of R.
Claim n;¢, I; is divisible.
Leta € Ny I, thena € I;forallie Aandn € N.
Each I; is divisible, thena € (b, )" forall b € I; .
Thus b € N, I
Hence N;¢, I; is divisible.
Theorem 3.13: If S is a sub semi hyper ring of a semi hyper ring R is divisible and I is a hyper ideal of R, then
(i) S+ lisasubsemi hyperring of R which is divisible.
(i) SN lisahyperideal of S is divisible.
Proof: (1) S+ 1 = Useg (S +1)
Let x, y € S + 1, then there exists s;, S, € Sand iy, i, € I such that x € s; + iy and y € s, + iy, then
X+yS(sits)+(in+i))SS+l
X YyCS(s1+8) (i1+i) SS+I
Hence S + | is a sub semi hyper ring of R.
Claim S + | is divisible.
Leta € S + | then there exists s; € S, i; € | such thata € s; + i;.
Since, S + | is a sub semi hyper ring of R then, a.b € (s; +iy) - (s, + i,) for some b € s, + is.
Thatisa € (b, )" forn € N =(b, -)" S s; + is.
Thus, b € s, + i, wheres, €S, i, € .
Hence S + | is divisible.
(2) Leta,be SN, impliesa,beSanda bel.
Since, S is a sub semi hyper ring and | is a hyper ideal of R, thena+tb € Sanda+b < I, whichimpliesa+b<c SN I.
Also, for s € S, then obviouslya-s < S,alsoa-sc |, since | is a hyper ideal and S is sub semi hyper ring.
Hence S N I is a hyper ideal of R.
Claim S N 1 is divisible.
LetaeSNI=aeSandacel.
Since both S and | are divisible, thena € (b, -)" for some b € S, also a € (b, -)" for some b € 1.
Hence a € (b, -)" for some b € S N I. Hence S N | is divisible.
Example 3.14  Consider the sub semi hyper ring S = {0, 1} and the hyper ideal | = {0, 2}. S+1={0, 1, 2}
Now, let0 € (2, -)"
n=2,0e€2-2={0,1}
n=3,0€2-2-2={0,1}-2={0, 2}

Hence S + | is divisible.
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Similarly we can prove S N 1 is divisible.
SNi={0}
0€e (0, )"

0e0

Hence S N 1 is divisible.

Example 3.15: Let us consider S={a, b} and | = {a, b}.Then S + | = {a, b}

Now,a € (b,")"=b-b={a,b}andaeb-b-b={a b} -b={a b}

Hence S + | is divisible.

Now, to prove S N | is divisible. SN I = {a, b}

Similarly S N I is divisible.
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