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ABSTRACT

Inthe present paper, a common fixed point theorem for six mappings satisfying a rational inequality has been obtained
in intuitionistic fuzzy metric space, the result generalized the result given by Q. H. khan [14] in intuitionistic fuzzy
metric space.
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1. INTRODUCTION

The concept of fuzzy sets was initially investigated by Zadeh [12] as a new way to represent vagueness in everyday
life. Subsequently, it was developed by many authors and used in various fields. To use this concept in Topology and
Analysis, several researchers have defined Fuzzy metric space in various ways. Atanassov [2] introduced the concept of
Intuitionistic fuzzy sets by generalizing the notion of fuzzy set by treating membership as a fuzzy logical value has to
be consistent (in the sense y,(x) + u,(x) = 1). y4(x) and u,(x) denotes degree of membership and degree of non—
membership, respectively. All results hold of fuzzy sets can be transformed intuitionistic fuzzy sets but converse need
not be true. In 2004, Park [6] defined the notion of intuitionistic fuzzy metric space with the help of continuous t- norm
and continuous t-conorm. Since the intuitionistic fuzzy metric space has extra conditions see [3], [11] modified the idea
of intuitionistic fuzzy metric space and presented the new notion of intuitionistic fuzzy metric space with the help of
continuous t- norm and continuous t-conorm.

We recall some definitions and known results in intuitionistic fuzzy metric space.
2. BASIC DEFINITIONS AND PRELIMINARIES

Definition 2.1: [9] A binary operation *:[0,1]x[0,1]—[0,1] is called a t-norm * satisfies the following conditions:
i.  *is continuous,
ii. *is commutative and associative,
iii. a*1l=aforallae][0,1],
iv. a*b<c*dwhenevera<candb<dforalla,b,c,dEe][0,1].
Examples of t-norma*b =ab and a * b=min{a, b}

Definition 2.2: [9]A binary operation 0:[0,1]x[0,1]—[0,1] is said to be continuous t-conorm if it satisfied the following
conditions:

i. Oisassociative and commutative,

ii. a00=aforallae[0,1],

iii. O is continuous,

iv. a0b<c?0dwhenevera<candb<d foreacha,b,c,de [0,1]

Examples of t-conorm a 0 b = min(a+b , 1) and a ¢ b = max(a, b)
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Remark 2.1: [1] The concept of triangular norms (t-norm) and triangular conorms (t-conorm) are knows as axiomatic
skeletons that we use for characterizing fuzzy intersections and union respectively.

Definition 2.3: [1] A 5- tuple (X, M, N, *,0) is called intuitionistic fuzzy metric space if X is an arbitrary non empty
set, * is a continuous t-norm, ¢ continuous t-conorm and M, N are fuzzy sets on X2x [0,0] satisfying the following
conditions:

Foreachx,y,z€ Xandt,s>0

(IFM-1)  M(X, y, ) + N(x,y, ) <1,

(IFM-2) M(x, y, 0) =0, forall x, y in X,

(IFM-3) M(x,y, t)=1forallx,yinXandt>O0ifand onlyif x =y,

(IFM-4)  M(x,y,t) = M(y,x,t), forall x, yin X and t > 0,

(IFM-5)  M(x,y,t) * M(y,z,5) < M(x,z,t + s),

(IFM-6)  M(x,y,.):[0,0] — [0,1] is left continuous,

(IFM-7) lim,, M(x,y,t) =1,

(IFM-8) N(x,vy,0) = 1,forallx,yinX,

(IFM-9)  N(x,y,t) = 0,forallx,yinX andt>0ifandonlyifx=y,

(IFM-10) N(x,y,t) = N(y,x,t),forallx,yinX andt> 0,

(IFM-11) N(x,y,t) O N(y,z,s) = N(x,z,t + 5),

(IFM-12) N(x,v,.):[0,00] — [0,1] is right continuous,

(IFM-13)  lim, ., N(x,y,t) = 0,forallx,yinX and t > 0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The function M(X, y, t) and N(x, y, t) denote the degree of
nearness and degree of non nearness between x and y with respect to t, respectively.

Remark 2.2: [10] Intuitionistic Fuzzy Metric space, M(X, Y, .) is non decreasing and N(X, v, .) is non increasing for all
X,y € [0, 1].

Example 2.1: [6] Let (X, d) be a metric space. Define a * b = ab and a¢ b = min{1, a+b}, for all a, b € [0, 1] and let
M and N be fuzzy sets on X2 x (0, ) defined as follows:

_ ot _ _dxy)
M(x, y, 1) = prvT— and N(x, y, t) = TrGey) forall x,y € Xandall t>0.

then (M, N) is called an intuitionistic fuzzy metric space on X. We call this intuitionistic fuzzy metric induced by a
metric d the standard intuitionistic fuzzy metric.

Remark 2.3: Note that the above examples holds even with the t- norm a*b = min{a, b}and t-conorm a0b= max{a, b}
and hence (M, N) is an intuitionistic fuzzy metric with respect to any continuous t — norm and continuous t — conorm.

Definition 2.4: [6]A sequence {x, } in intuitionistic fuzzy metric space (X, M, N, *,0) is said to be cauchy sequence if
and only if for each € > 0, t > 0, there exists n, € N such that
M (x, xp,t) > 1- and N(x,, x,,,t) <g for all n, m = n,.

The sequence {x,, } converse to a point x in X if and only if for each € > 0, t > 0, there exists n, € N such that
M(x, x,t) > 1-e foralln = n,.

An Intuitionistic Fuzzy metric space (X, M, N, *0) is said to be complete if every Cauchy sequence in it converges to
a point in it.

Definition 2.5: [10]The intuitionistic fuzzy metric space (X, M, N, *9) is said to be (M, N) complete if every (M, N)
Cauchy sequence is convergent.

Definition 2.6: [10] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N,0%,is said to be
commuting if M(ASx,SAx,t) = 1 and N(ASx,SAx,t) = 0for all x € X.

Definition 2.7: [1] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *0) is said to be
weakly commuting if
M(ASx,SAx,t) = M(Ax, Sx,t) and N(ASx,SAx,t) < N(Ax,Sx,t) forallx € X and t > 0.

Definition 2.8: [10] A pair of self mapping (A, S) of a intuitionistic fuzzy metric space (X, M, N, *0) is said to be
compatible if lim,_, M(ASx,,SAx,,t) = 1 and lim,_ N(ASx,,SAx,,t) =0 for allt > 0. whenever {x,} is a
sequence in X such that lim,, _,,, Ax,, = lim,,_, Sx,, = u for some u € X.

Definition 2.9: [8] A pair (f, g) of self-mappings of a metric space (X, d) is said to be weakly compatible mappings if
the mappings commute at all of their coincidence points, i.e., fx = gx for some xeX implies fgx = gfx.
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Lemma 2.1: [1] Let (X, M, N, *,0) Intuitionistic fuzzy metric space, If there exists k €(0, 1) such that for all x, y € X,
M(X, y, kt) > M(x, y, t) and, N(x, y, kt) < N(x, y, t) forall t >0, thenx = y.

Lemma 2.2: Let (X, M, N, *,0) be an Intuitionistic Fuzzy metric space. f and g be self maps on X and let fand g have
a unique point of coincidence, w = fx = gx, then w is the unique common fixed point of fand g.

Theorem 2.1: [7] Let A, B, S, T, | and J be self- mappings of a complete metric space (X, d) satisfying AB(X) < J(X),
STX)cIX)Vx,yeX

d(Ix,Jy)d(STy,]x
d(ABX, STy) < a4 [%] + ay[d(ABx, Ix) + d(STy,Jy)] + a3[d(STy, Ix) + d(ABx,]y)] + a,d(Ix,]y)

ifd(Ix,Jy) + d(STy,Jy) #0,Vx,y € X,a; =0,(i = 1,2,3,4) with atleast one «; is non zero and
ay + 2a, + 203 +a, <1,
or d(ABx, STy) =0 if d(Ix,Jy) + d(STy,Jy) =0,Vvx,y € X

either pair {AB, 1} is compatible and pair (ST, J) is weakly compatible, | or AB is continuous.
or
either pair {ST, J} is compatible and pair (AB, 1) is weakly compatible, J or ST is continuous.

Then AB, ST, | and J have a unique common fixed point. Further- more if the pairs (A, B), (A, I), (B, 1), (S, T), (S, J)
and (T, J) are commuting mappings then A, B, S, T, | and J have a unique common fixed point.

The purpose of this paper is to present an extension of theorem 2.1 from metric space to intuitionistic fuzzy metric
space by taking the property of intuitionistic fuzzy metric space and weaker conditions compatibility, weak
compatibility of maps than that of commutativity condition.

MAIN RESULT

Theorem 3.1: Let A, B, S, T, | and J be self- mappings of a complete Intuitionistic fuzzy metric space (X, M, N, *, ¢)
satisfying

AB(X) c J(X),ST(X) c I(X) V x,y €X (3.1.1)

M(STy,Ix,t
M(Ix,Jy £)M(STy Ix,t) M(ABx,Ix,t)] STy, Ix,t) + a,M(Ix, )y, )

<

M(ABX, STy, §) < a; [M(zx,/y.t>+M(5Tny,t) Y2 | +M(STy, Jy, 0] T 3 [+M(ABx, Jy, t)
N(Ix,Jy )N(STy Ix,t) u N(ABx,Ix,t) a N(STy,Ix,t)
N(Ix,Jy £)+N STy Jx t) Z|+N(STy,Jy,t) 3|4+N(ABx, ]y, t)

N(ABX, STy, ) = a | ] FaN(xJy ) (3.12)

if M(x,Jy,t) + M(STy,]Jy,t) # 1,and N(Ix,]y,t) + N(STy,Jy,t) #0, Vx,y€ X,a; =0,(i=1,2,3,4) with
atleast one ; is non zero and ay + 2a, + 2a3 + a4 < 1,

or M(ABx, STy,t) = 1and N(ABx, STy,t) =0, if M(Ix,Jy,t) + M(STy,Jy,t) =1
and N(Ix,Jy,t) + N(STy,Jy,t) =0,Vx,y € X
either pair {AB, I} is compatible and pair (ST, J) is weakly compatible, | or AB is continuous. (3.1.3)
or
either pair {ST, J} is compatible and pair (AB, 1) is weakly compatible, J or ST is continuous. (3.1.4)

Then AB, ST, | and J have a uniqgue common fixed point. Further- more the pair (A, B), (A, ), (B, I), (S, T), (S, J) and
(T, J) are commuting mappings then A, B, S, T, | and J have a unique common fixed point.

Proof: Let x, be an arbitrary point in X. Since AB(X) < J(X) then there is a point x; in X such that ABx, = Jx;. Also
since ST(X) c I(X), there exists a point x, with STx; = Ix,. Using this argument repeatedly one can construct a
sequence {z,} such that

Zyn = ABXon = [Xon 11, Zon+1 = STXon41 = [Xon4p forn =012, ...

Using (3.1.2), we have
M (23341, Zon+2,£) = M(ST X341, ABXpy 42 t)
<a MIxzn 42, ) %2041, DM (ST X3 41, [X25 42, )
MUxzn42,)%2n 41, t) + M(STXx2511, ] X2 41, )
+ a3 [M(ABxop 42, IX2p 42, ) + M(STX3041,) X2n 41 t)]
+ a3 [M(ABXyn 42, ) Xan 41, ) + M(ST X041, IXa0 42, )] + @aM (15042, ] Xop 41, t)
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and
N(Z2n 41, Z2n42,£) = N(STX2n 41, ABX2p 42, 8)
>« NUx3n42,) %2041, IN (ST X35 41, [X2n 42, 1)
= T INUxgn42. %2041, ) + N(ST X241, J %2041, )
+ a3 [N(ABXyy 42, [Xon 42, t) + N(STXn 11, X2n41,0)]
+ a3[N(ABXyy 2, J%op 41, ) + N(STXp0 41, %0042, t) | + 4N (IXop 42, X211, )
Imp|IeS that M(ZZTL+1' Zon+2s t) < kM(Z2n+1, Zony t)
and N(Zani1, Zans2, £) = kN (Zns1, Zon, ), Where k = % <1
—a2—as
Slmllarly M(ZZn' Zin+1» t) < kM(ZZn—l' Zon, t)
and N(zzn, Z2n 41, ) Z kN (235-1, 235, 1)

Hence foralln  M(z,,z,41,t) < kM(z,_4,2,,t)
and N(zp,Zp41,t) = kN (2,1, 2, ),

which shows that {z,} is a Cauchy sequence in X. By the completeness of X there exists some z in X such that
sequence {z, } and its subsequence {z,,} and {z,, 1} are also converge to z in X.

Now assuming the continuity of 1, {I?x,,} and {IABx,,} converges to lz. Also in view of compatibility of
{1, AB},{ABIx,, } converges to Iz.

Using (3.1.2), we have
M(ABIxz,, STXyp41,t)
a [ M(12x2n']x2n+1rt)M(STx2n+1'12x2n't) ]
= "1

M(12x2n']x2n+1' t) + M(STx2n+1']x2n+1' t)
+ ay[M(ABIxg, 1%, ) + M(STx2n41,J%2n41,t)]
+ a3[M(ABIxy, ) Xpp 41, t) + M(STXpp 11, X0, )| + aaM(I* X, [ X041, £)
and

N(ABIxz,, STX5p11,t)
_ [ N(I*X30, ] Xon 11, ON (ST X 41, 12 X2, 1) ]
=

N(I2x3y, ] Xon+1,t) + N(ST X241, ] X241, 1)
+ ay[N(ABIxy, %35, t) + N(STx2 41,/ %20 41,t)
+ a3[N(ABIxn, JX2n 41, t) + N(STXgp 11, * X0, )] + a4N(I2x00, JXon 41, t)

Taking n— oo, M(lz, z ,t)=1 and N(lz, z, t)=0 we have 1z = z.

Further using (3.1.2), we have
M(ABZ, STX2n+1, t)
< [ M(Iz,]x2n 41, )M (ST X011, 12, 1) ]
= MUz, Jx20 41, 8) + M(ST X041, ] X241, )
+ ay[M(ABz,1z,t) + M(STx3n 41, ] X2ns1,t)]
+ az[M(ABz,]xy11,t) + M(STx2n41,12,0)| + ayM (12, ] X35 41, t)

and
N(ABZ, STX2n+1, t)
. [ N(z,]%3n41, )N(STx25 41,12, 1) ]
= N NUz Jxzn410,0) + N(STx2n 41, %2011, )
+ ay[N(ABz,1z,t) + N(STx2n41,J %2041, )]
+ a3[N(ABz,Jxy41,t) + N(STx2n11,12,0)| + ayN(Iz, ] %3541, t)

On letting n — o and using 1z = z, we get M(ABz, z ,t) = 1 and N(ABz, z, t) = 0, yield that ABz = z.

Since AB(x) < J(x) there exists a point z' such that JZ' = z so that STJZ = STz.
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Further using (3.1.2), we have
M(z,STz',t) = M(ABz,STz',t)
M(Iz, ]z, t)M(STz' 1z, t)
=71 [M(lz, Jz',t) + M(STz', ]z, t)
+ a3;[M(ABz,Jz',t) + M(STz',1z,t)] + ayM(Iz,]z' t)

+ a,[M(ABz,1z,t) + M(STz,]z,t)]

and
N(z,STz,t) = N(ABz,STz',t)
Nz ]z t)N(STz',1z,t)
= [N (Iz,]7,t) + N(STZ, ]z, )
+ a3[N(ABz,Jz',t) + N(STz' Iz, t)]| + a,N(Iz,]z' t)

+ a,[N(ABz,Iz,t) + N(STz, ]z ,t)]

implies that M(z, STZ', t) = 1 and N(z, STZ', t) = 0, yield that STz' = z = Jz' which shows that z' is the coincidence point
of ST and J. Now using the weak compatibility of (ST, J), we have STz = ST(Jz') =J(STz') = Jz, which shows that z is
also coincidence point of the pair (ST, J).

Now from (3.1.2), we have
M(z,5Tz,t) = M(ABz,STz,t)
M(lz, ]z, t)M(STz,1z,t)
=" MUz, )z, t) + M(STz, ]z t)
+ a3[M(ABz,]z,t) + M(STz,1z,t)] + a,M(Iz,]z,t)

+ ay[M(ABz,1z,t) + M(STz,]z,t)]

and
N(z,STz,t) = N(ABz,STz,t)
N(lz, ]z, t)N(STz,1z,t)
=% [N(Iz, Jz,t) + N(STz,Jz,t)
+ a3[N(ABz,Jz,t) + N(STz,Iz,t)] + ay,N(Iz,]z,t)

+ a;[N(ABz,1z,t) + N(STz,]z,t)]

Implies that M(z, STz, t)=1 and N(z, STz, t) =0, yield that z= STz =Jz which shows that z is a common fixed of AB,
I, ST and J.

Similarly it can be proved that if we suppose AB is continuous then z is the common fixed point of AB, I, ST and J.
Also proof the similar if we take the maps ST or J is continuous, pair (ST, J) is compatible and pair (AB, 1) is weakly
compatible instead of the maps AB or | continuous, pair (AB, 1) is compatible and pair (ST, J) is weakly compatible.

For the unigueness of z suppose v be another fixed point of AB, I, ST and J then from (3.1.2), we have
M(z,v,t) = M(ABz,STv,t)
[ Mz, Jv, t)M(STv,Iz,t)
=0

Mz ]0.0) + MGSTv,Jv,0) + a;[M(ABz,1z,t) + M(STv,Jv,t)]

+ a3[M(ABz,Jv,t) + M(STv,Iz,t)] + ayM(Iz,]v,t)
and
N(z,v,t) = N(ABz, STv,t)
[ N(z,Jv,t)N(STv,Iz,t)
=

N(z]v.0) + NSTv.jv. D) + a,[N(ABz,1z,t) + N(STv,]v, t)]

+ a3[N(ABz,Jv,t) + N(STv,1z,t)] + a,N(z,Jv,t)
Implies that M(z,v,t) = 1 and N(z,v,t) = 0, yield that z = v, i.e., z is unique common fixed point of AB, ST, | and J.
Finally, we need to show that z is common fixed point of A, B, S, T, I and J. For this let z be the unique common fixed
point of both the pairs (AB, 1) and (ST, J). From (3.1.4), we have
Az = A(ABz) = A(BAz) = AB(Az),Az = A(Iz) = I(A=z),
Bz = B(ABz) = B(A(Bz)) = BA(Bz) = AB(Bz),Bz = B(Iz) = I(Bz),

which shows that Az and Bz is a common fixed point of both the pairs (AB, 1) yield that Az = z = Bz = [z = ABz in
the view of uniqueness of the common fixed point of the pair (AB, I).

Similarly = Sz =Tz =] = STz . Hence z is common fixed pointof A, B, S, T, l and J.
(1) Suppose  M(Ix,]x,t) + M(STy,Jy,t) =1

implies M(ABx,STy,t) =1
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and N(Ix,Jx,t) + N(STy,Jy,t) =0
implies N(ABx,STy,t) =0
then we argue as follows:

Suppose there exists an n such that z, = z, 4. Then also z,, .1 = z,,, because if it not so then from (3.1.3) we have
0< M(Zn+1' Zn+2s t) < kM(an Zn+1» t)

and
1> N(Zp41)Zng2 t) = kN(2,, 2,41, t) yielding thereby z, 1 = z, 5.

Thus z, = z,,1 fork=12,...... It then follows that there exist two w; and w, such that v; = ABw; = Iw; and v, =
STw, =1Iw,. Since MIw;,Jwy,t) + M(STwy, Jw,,t) =1 and Nw;,Jw,, t) + N(STwy, Jw,,t) =0 from
(3.1.2) M(ABw; ,STw,,t) = 1and N(ABw;,STw,,t) =0 i.e. v; = ABw; =STw, = v,. Note also that Iv; =
I(ABwyy = AB(Iwy ) = ABv,. Similarly STv, = Jv,.

Deflne yl = ABv1 ,yz = STUZ . Slnce M(I'UZ ,]vz, t) + M(STVZ,]vz,t) = 1 and N(I'UZ ,]vz, t) + N(STVZ,]vz,t) = 0
it follows (3.1.2) M(ABv,,STv,,t) = 1and N(ABv,,STv,,t) =0 i.e. y; =y,. Thus ABv, = Iv; = STv, = Jv,.
But v; = v,. Therefore AB, I, ST and J have common coincidence point.

Define w = ABv;. it then follows that w is also a common coincidence point AB, I, ST and J. If ABw # ABv,
STv,, then M(ABw,STv,,t) <1land N(ABw,STv,,t) >0. But since M(w,Jv;,t) + M(STv,,Jv,,t)
land N(Iw,Jv,,t) + N(STvy,Jv;,t) = 0,it follows from (3.1.2) that M(ABw, STv, ,t) = 1 and N(ABw, STv, ,t) =
0i.e. ABw = STv, a contradiction. Therefore ABw = ABv; = w and w is a common fixed point of AB, I, ST and J .

The rest of the proof is similar to the case (1), hence it is omitted.

This complete the proof.

Corollary 3.1: Let A, S, | and J be self- mappings of a complete Intuitionistic fuzzy metric space (X, M, N, *, 0)
satisfying

AX)cJ(X), SX)cI(X)Vx,yeX

M(Ix,Jy £)M(Sy Ix.t) u M(Ax,Ix,t)
M Jy D+MSy Jxol T T2 [+ M(Sy, ]y, )

M(AX, Sy, t) < a; [ ] + az[M(Sy, Ix,t) + M(Ax, ]y, t)] + ayM(Ix,]y, t)

N(x,Jy )N(Sy Ix,t) N(Ax,Ix,t)

N(AX, Sy, 1) = a; [N(Ix.ly.t)+N(Sny.t) 22 | +N(Sy, Jy, t

)] + az[N(Sy,Ix, t) + N(Ax,Jy, )] + ay,N(Ix, ]y, t)

if M(Ix,Jy,t) + M(Sy,Jy,t) # 1,and N(Ix,Jy,t) + N(Sy,Jy,t) # 0, Vx,y € X,a; = 0,(i = 1,2,3,4) with atleast
one a; isnon zero and ay + 2a, + 2a3 + a4 < 1,
or M(Ax, Sy,t) =1and N(Ax, Sy,t) =0, if M(Ix,]y,t) + M(Sy,Jy,t) =1

and N(Ix,Jy,t) + N(Sy,Jy,t) =0,Vx,y € X

either pair {A, I} is compatible and pair (S, J) is weakly compatible, | or A is continuous.
or
either pair {S, J} is compatible and pair (A, 1) is weakly compatible, J or S is continuous.

Then A, S, I and J have a unique common fixed point.
Proof: Assuming B and T are Identity mappings, result follows from Theorem 3.1.
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