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ABSTRACT

In this paper we study some properties of curvature tensor, projective curvature tensor with respect to semi-symmetric
metric connection in a k-contact and trans-Sasakian manifold. Further we obtained necessary and sufficient condition
for the Ricci tensor to be symmetric and skew-symmetric with respect to this connection'V
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1. INTRODUCTION

The idea of semi-symmetric linear connection on a differentiable manifold was introduced by Friedmann and Schouten
[7]. A linear connection V in a n —dimensional differentiable manifold M is said to be semi-symmetric connection if
its torsion T is of the form.

T(X,Y)=u(X)Y —u(Y)X, (1.1)

where u is1-form The connectionV is said to be metric connection if there is a Riemannian metric g such that
ﬁg =0, otherwise it is non-metric.

In 1932, Hyden [9] defined a semi-symmetric metric connection on a Riemannian manifolds and this was further
developed by Yano [14] in 1970 and later studied by.Amur and Pujar [1], Bagewadi [2], De et al [6], Sharafuddin and
Hussain [12].

Tripathi [13] studied a semi-symmetric metric connection in a Kenmotsu manifolds whereas Bagewadi et all studied k-
contact and trans-Sasakian manifolds with reference to this connection.

2. PRILIMINARIES

Let M" be an almost contact metric manifold [5] with almost contact metric structure (¢,£,77,¢) , thatis ¢ isa (11) -
tensor field, & is a vector field, 77 is a 1 —form and g is a compatible Riemannian metric such that

() ¢*=-1+7®¢, (@) =1, (i) ¢¢)=0, (iv) gog =0, 2.1

8(9X.9Y) = g(X.Y)—n(X)n(¥) 2.2
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(1) g(X,9Y) =—g(¢X.Y) (i) g(X.8)=n(X) , (2.3)
forall X, YeTM.

If M is ak —contact Riemannian manifold, then besides (2.1) and (2.2), the following relations hold [11]:

N(R(X.V)Z) = g(V.Zn(X) - g(X.2n(Y) 2.4)
Vx$=-¢X , (2.5)
(Vxn)¥)=-g@X.Y) , 2.6)
S(X,6)=@n-Dn(X) , @7

for any vector field X,Y ,where R and S denotes respectively the curvature tensor of type (1,3) and the Ricci tensor of
type (0,2).

An almost contact metric structure (¢,£,7,¢) in M is called trans-Sasakian structure[9]if (M x R,J,G) belongs to the
class W, ([4],[8]) where J is the almost complex structure on M x R defined by J(X,/l%l) = (gX —/lf,n(X)%l) for

all vector fields X on M and smooth functions 4 on M xR and G is the product metric on M x R This may expressed
by condition[4].
(Vx0)¥) = alg(X. 1) =n() X )+ Blg (X .Y)& = n(Y)gX ) 2.8)

for some smooth function @ and f on M and we say that the trans-Sasakian structure is of type (&, 3). Let M be an n
—dimensional trans-Sasakian manifold. From (2.8) it is easy to see that

Vy & =—apX + (X -n(X)¢) 2.9)
(Vx 7XY) = —ag(¢X,¥) + Be(#X .4Y) (2.10)
In a n —dimensional trans-Sasakian manifold, we have
REX)E= (a2 - 2= B)n)e - X) | @11
20+t =0 (2.12)
5x.6) = (n-n@ - 2 - 80 -~ (-2 XB - @) 2.13)

If a n —dimensional trans-Sasakian manifold of type (&, )., we have [3].
d(grad &)= (n—2)gradp (2.14)

Then equation (2.11) and (1, 13), reduces to
REXE=(a? - B)xrE-x) | 2.15)

S8 =(n-1@? - 2hxy. (2.16)
In the whole paper we study trans-Sasakian manifold under the condition (2.14).

Let(M",g) be an n —dimensional Riemannian manifold of class C* with metric tensor g and let V be the Levi-
Civita connection on M". A Linear connection V on (M",g) is said to be semi-symmetric [12] if the torsion tensor T of

the connection V satisfies
T(X,Y)=n(X)Y -7(¥)X, 2.17)

where 7 isa 1 —formon (M",g) with p as associated vector field,i.e. 7(X) = g(X,p) for any differentiable vector

field X on (M",g)
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A semi-symmetric connection V is called semi-symmetric metric connection [7] if it further satisfies Vg =0 .In a
almost contact manifold the semi-symmetric metric connection is defined by identifying 1-form 7z of (2.17) with
contact 1-form7 , i.e. setting [12]

T(X.,Y)=n(X)Y -n(Y)X, (2.18)
with & associated vector field i.e. g(X,&)=n(X)

The relation between the semi-symmetric metric connection V and the Levi-Civita connection V of (M",g)has been
obtained by .Yano [14], which is given by
VY =VyY+nX¥)X —g(X.Y)é (2.19)

Further, a relation between the curvature tensor R and R of type (1,3) of the connection V and V respectively is given
by [14]:
R(X.Y)Z=R(X,Y)Z-K(Y.,Z)X +K(X,Z)Y —-g(Y,Z)FX + g(X,Z)FY . (2.20)

where K is a tensor of type (0,2) defined as
KY,2)=g(FY,Z)=(Vx ~77)(Z)—77(Y)77(Z)+%77(§)g(Y,Z) (2.21)

for any vector field X and Y From (2.20), it follows that
S(Y,2)=S(Y.,Z)-(n-2)K(Y,Z)—a-g(Y,Z) (2.22)

where S denotes the Ricci tensor with respect V toanda =TrK .

3. MAIN RESULTS

Lemma: 3.1. Let (M",g)be an n—dimensional trans-Sasakian manifold with semi-symmetric metric connection V
Then

() Fx ok = o -nnx - g x.né
(i Vx& = e — (- Ho’x

G (7 1kv) = ag (. )+ (14 Brg(ox 1)

Proof: From (2.1)-i and(2.19) we get (i). Iin view of (2.9) and (2.19) and by using(2.3)-(ii),we get(ii). Finally taking
covariant derivative of (2.3)-ii and using(2.3)-i and (2.9) we get (iii).
This proves the lemma3.1.

Corollary: 1 In a n— dimensional trans-Sasakian manifold (M ", g) with semi-symmetric metric connection V the
tensor field K of type (0,2) satisfies
2F+1=0 ,forall X.

Let R’ be the curvature tensor of (0,4) type given by
R(X.Y,2,U)= g(R(X.Y)Z.U)

Theorem: 3.1 In a n— dimensional trans-Sasakian manifold (M ", g) with semi-symmetric metric connection V we
have

RENZ =0 - Pg(Y.2) + 20 (0¥ 2) - K(V. )~ (EB(5(Y.2) ~n(¥ 0(2))
—(@ =B+ @)Y + Y5 8(Y.Z)

(@)
(i) R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0

(i) R(Y, X)Z,W)+ R (Y,X)Z,W)=0
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Proof: From (2.15) and (2.20) we get

RENZ = - BV, 2)E-n2)Y |- K(Y. 2)E+K(E L)Y — (¥, Z)FE+8(E Z)FY a1

Using (2.10) and (2.21) in(3.1) ,we get(i) i.e.
RENZ={a® - B)8(V. 2)+ 200V 2) - K(V. 2) [~ (EBs(Y.2) - (@)
~(@ =B+ @)Y + Yy 8(¥, 2) (3:2)
By using (2.20) and first Bainchi identity
RX,Y)Z+R(Y,Z)X +R(Z,X)Y =0
with respect to Levi-Civita connection V .we get .

R(X,Y)Z+R(Y,Z)X+R(Z,X)Y =—K(Y,Z)X +K(X,Z)Y —g(Y,Z)FX + g(X,Z)FY
~K(ZX)Y+K(Y,X)Z—-g(Z, X)FY —K(X,Y)Z+K(Z,Y)X —g(X,Y)FZ - g(Z,Y)FX (3.3)

Therefore K is symmetric then equation (3.3) reduces to
R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0

Finally (2.20), we get
ﬁ'(X, Y)Z,W)=R(X,Y)Z,W)-K(Y,Z)g(X,.W)+K(X,Z)g(Y,W)
—g(Y, 2)g(FX, W)+ g(X,Z)g(FY,W) (34)

By changing the role of X andY in (3.4), we get
R(Y.X)Z,W)=R(Y,X)Z,W)-K(X.Z)g(Y.W)+K(Y,Z)g(X . W)
(X, Z)(FY,W)+g(Y,Z)g(FX, W) (3.5)

Adding (3.4) and (3.5) and using (2.21) we get (iii)i.e.
RY.X)ZW)+R(Y,X)Z,W)=0

This proves the theorem3.1.

Corollary: 2 If the curvature tensor R with respect to semi-symmetric metric connection V vanishes in trans-Sasakian
manifold the scalar curvature of the manifold is that r = —2a.

4. SYMMETRIC AND SKE-SYMMETRIC CONDITION

Theorem: 4.1 The Ricci tensor S with respect to semi-symmetric metric connection V in a trans-Sasakians manifold is

symmetric if and only if K(Y,Z) = ng(Y,Z) .
n—

Proof: From (2.22), we get
S(Y,2)=S(Y,Z)-(n-)K(Y.,Z)—a-g(Y,Z) .1
and
S(Z,Y)=S(Z,Y)-(n-2)K(Z,Y)—a-g(Z,Y) (4.2)

Subtracting (4.2) from (4.1), we get
S(Y,2)-S(Z,Y)==2(n-2)K(Y,Z)-2a-g(Y,Z)

If S is symmetric then left hand side of above equation vanishes then, we get
K(Y.Z)=——g(¥,2)
n-2
This prove the theorem 4.1.
Theorem: 4.2.The necessary and sufficient condition for the Ricci tensor S with respect to connection V in trans-

Sasakian manifold is skew-symmetric is that
SY,Z)y=n-2)K(Y,Z)+a-g(Y,Z)
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Proof: From (4.1) and (4.2), we get

S(Y,2)+S(Z,Y)=25(Y,Z)-2(n-2)K(Y,Z)-2a- g(Y,Z) 43)

If S is skew-symmetric then left hand side of the equation(4.3) vanishes then, we get
S(Y.Z)=(n-DK(Y.Z)+a g(Y.Z) @)

Moreover if using (4.4.) in(4.3),we get
S(Y,Z2)+S(Z,Y)=0

This proves the theorem4.2.

Corollary: 3 In a k-contact manifold with semi-symmetric metric connection V we have

(i) §(X,§)=%(3n—4—a)r7(x)

n(X)nY)

(ii) §(¢X,¢Y):S(X,Y)+(%_ajg(x’y)+(n_2)g(¢x,Y)_[Zn—2a—lj

5. PROJECTIVE CURVATURE TENSOR

Let M be an n —dimensional k-contact manifold. The projective curvature tensor P of type (1,3) of with respect to the

semi-symmetric metric connection V is defined by[10].

n

n2 —n

P(X,Y)Z=R(X,Y)Z +% {E(x, Y)Z-S(Y, X)z}— {§(Y, )X -S(X, Z)Y}
n
—+{§(Z,Y)X —§(Z,X)Y}
n° -1 5.1

Theorem: 5.1 An n -dimensional ¢ -projectively flat k-contact manifold is locally & -projectively flat with semi-

symmetric metric connection V .

Proof: Let P and P be the projective curvature tensor with respect to V andV respectively
By using (2.20) and (2.22) equation (5.1) reduces to
n

I12 —n

P(X,Y)Z=R(X,Y)Z +%{S(X, Y)Z-S(Y,X)Z}- s, 2x-sx,z)r}
n
n(n-2) B (n=2)

n?-n  n?-1

1
_ﬁ{S(z, V)X -S(Z, X)Y}+(1— (52)

][K(X,Z)Y—K(Y,Z)X]
na

I’l2 —-n

+ (e(X,2)Y-g(Y.2)X)+g(X,Z)FY —g(Y,Z)FX

Equation (5.2), yields
_ n(n—-2) _ (n—2)

n?-n  n?-1

P(X,Y)Z= P(X,Y)Z+(1 ][K(X,Z)Y—K(Y,Z)X]

L_na 5.3)

(¢(X,Z2)Y—g(Y,Z)X )+ g(X,Z)FY —g(Y,Z)FX
n —n
Taking Z =¢ in (5.3) and using (2.10) and(2.21),we get
~ 1 (n-2) (-2 an
P(X,Y)E=P(X,Y)E+| —— - +
(X.1)e =PX. 1) [2 2n=1) 2m%-1) n’-n
+1(X)FY -n(Y)FX

][n(Y)X ~n(x)Y]
5.4

Taking X and Y orthogonal to &,we get ﬁ(X,Y)gE:O

This prove of the theorem5.1.
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