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ABSTRACT
The out binary neighborhood graph B, (H) of a directed graph H =(V, E) is the undirected graph with

vertex set V (S where S"is the set of all open out neighborhood sets of H in which two vertex U,V are adjacent

if uyveSTand Uflv#¢ or ueVand V is the out open neighborhood set of U .Similarly we can define the in
open binary neighborhood graph. In this paper some properties of these new graphs are discussed.
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1. INTRODUCTION

We are considering only finite, simple, directed or undirected graphs. Consider a graph G = (V, E) and a vertex V
inV . Then the open neighborhood set of V is the set N(v) ={u €V :uv € E}. The idea of neighborhood graph
was introduced by Kulli in [1] and according to him for a graph G = (V, E) the neighborhood graph of G is the

graph with vertex set V U S where S is the set of all open neighborhood sets of vertices of G in which two vertex
u,v are adjacentif U,veSand ufv= gor ueV and Vv isan open neighborhood set containing U .

Let H = (V, E) be a directed graph and V be a vertex inV . Then the out open neighborhood set of Vis the set

N~ (V) ={u eV :vu e E} and the in open neighborhood set of Vis N~ (V) ={u eV :uv e E}. We devote this
paper to introduce a new type of graph using these definitions.

2. OUT AND IN BINARY NEIGHBORHOOD GRAPHS

Definition 2.1 Out binary neighborhood graph: The out binary neighborhood graph B, (H) of a directed graph
H :(V, E) is the undirected graph with vertex set V [JS ™ ,where S*is the set of all non-empty out open

neighborhood sets of vertices of H , in which two vertex U,V are adjacent if U,ve S and U[)V# ¢ or
U eV and V isthe out open neighborhood set of U .

Definition 2.2 In binary neighborhood graph: The in binary neighborhood graph B:d (H) of a directed graph
H =(V,E) is the undirected graph with vertex set V (JS™ where S*is the set of all non-empty in open

neighborhood sets of vertices of H, in which two vertex U,V are adjacent U,ve S"and u(lv#gor ueV
and the in open neighborhood set of U .
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Example 2.3: In figure 1, 2 and 3 a directed graph H and its B, (H ) and B, (H )are given. For H in figure 1
the out open neighborhood sets of Hare N~ (A) ={C}, N’(B) ={C,D},N"~ (C) ={D},N"~ (D) ={¢} and
the in open neighborhood sets of Hare N*(A)={B], N"(B)=¢,N"(C)={A,B},N*(D)={B,C}.

Figure-1: H Figure-2: B, (H ) Figure-3: B, (H )

Where the vertices E, F, G, H, | & J represents,
N’(A), N’(B), N’(C), N’(D),N*(A), N*(B), N*(C)&N*(D) respectively.

Result 2.4: For any directed graph H , if a vertex V in H isolated then it remains isolated in both B:d (H )and
B (H)-

Definition 2.5 Source, sink vertex [2]: A vertex V of a directed graph H is said to be a sink vertex if
N’(V)z(pand is said to be a source vertex if N*(V)zgp.

Theorem 2.6:
a. Avertex V in Hisisolated in By (H) iffitissink vertexin H

b. Avertex V in Hisisolated in B, (H) iff itis sourcein H

Proof:
a. Avertex V in Hisisolated in B, (H) it N™(V)=¢ iff v issinkvertexinH .

b. Avertex V in Hisisolatedin By (H) iff N*(v)=¢ iffitisasourceinH .

Result 2.7
a. If Vis a vertex of the directed graph H, then the degree of v in B, (H ) is equal to 0 if Visasinkin H

and equal to 1 if Visnotasinkin H .
b. If Visa vertex of the directed graph H , then the degree of Vin B, (H ) is equal to 0 if Visasourcein H

and equal to 1 if Visnotasourcein H .

Remark 2.8: Result 2.7 is the reason behind the name “in / out binary neighborhood graph”.

~

Definition 2.9 I-sequence collection: Let I ={S,,S,,...,S,} be a collection of non-empty sets. Then we call

Jan I-sequence collection if there exist a sequential arrangement Skl,Sk2 ;-ey Oy Of elements of I such that it

contains all elements of J at least once and for all t, 1<t < n, there exist at least one d <t with Skt N Skd =g.

Lemma 2.10: For any directed graph H = (V, E), the out binary neighborhood graph B, (H ){or B (H )} is

connected then degree each out open neighborhood { respectively in open neighborhood} of vertices of H has
degree at least 2in By (H) {or By (H)}.

Proof: follows from the connectedness of the graph and by result 2.7.
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Theorem 2.11:
a. For any directed graph H = (V, E), if the out binary neighborhood graph B, (H) is connected then S~

the set of all non-empty out open neighborhood sets of vertices of H, is an I-sequence collection and
N_(V);t(pforall VinV.

b. For any directed graph H = (V, E), if the in binary neighborhood graph B, (H )is connected then S™ the

set of all non-empty in open neighborhood sets of vertices of H , is an I-sequence collection and N~ (V) e X0
forall v inV.

Proof:
a. Let B, (H) is connected. Then clearly N_(V);twfor all v in V. We need only to prove S~ is an

I-sequence collection. For let V,,V,,...v be the verticesof Hand N~ (Vkl) be the out open neighborhood set
of some vertex Vi, of V. Then by lemma 2.10, there must exist another out open neighborhood set N~ (sz) of
some vertex V, #V, of V, such that N~ (Vkl) and N~ (sz ) are adjacent in By, (H ) .Then by
definition N (v, )N (v, ) = .

Now suppose we have an I-sequence collection {N~ (Vkl), N- (sz ),..., N~ (th} )} forl <t <n.Ouraimis
find a N~ (Vkm) such that {N~ (Vkl), N~ (sz ),..., N~ (th}), N~ (VKH1 )} is I-sequence collection .If
possible no such N~ (th+1) exist. But that means none of the remaining out open neighborhood sets is adjacent

to any of the sets in{N~ (Vk1 ), N™ (sz ),..., N- (th} )} But then by connectedness of B, (H ) at least one

vertex in V has degree greater than 1. This is a contradiction. Hence by mathematical induction, the result follows.
b.  Similar proof follows

The following theorem is useful,
Theorem 2.12: A connected graph G is Eulerian® if and only if every vertex of G has even degree.
Theorem 2.13: For any directed graph H = (V, E), the out binary neighborhood graph B, (H ) or the in binary
neighborhood graph B, (H ) are never Eulerian
Proof: follows from theorem 2.12 and result 2.7.
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